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PREFACE TO THE SECOND EDITION. 



Fob the present edition the text has been carefiilly examinedi 
and yarious changes and amplifications have been made* 

Additional illustrative example ^ave been introduced, and 
fully worked out, and those proposed for exercise have been re- 
arranged throughout, examples which have been found useless 
being excluded, and new examples appended to most of the 
Chapters. 

In correcting the proof sheets I have received much valuable 
assistance from Mr E, Hill, Fellow of St John's College, who has 
kindlj examined the whole of them, and has tested many of 
the examples* 

I venture to hope that the alteration? which have been 
made, and the care which has been taken to ensure accuracy 
of results, will render this treatise of increased utility to the 
mathematical student. 



W. H. BESANT. 



Nov. 1867. 



PREFACE TO THE FIEST EDITION. 



In compiling the present treatise, I have endeavonred to place 
before the reader the course of study, in theoretical Hydrostatics 
and Hydrodynamics, which is usually required in the Exami- 
nation for the Mathematical Tripos. 

For the main portions of the subject, I have consulted chiefly 
Foisson's M^nique and Duhamel's Gours de M^nique, but I 
have occasionally found it necessary to refer to the larger and 
more important works of Laplace and Lagrange, the M^camque 
Celeste and the M^caniqae- Analytique. The problem discussed 
in Chapter vii., for instance, is given with greater clearness and 
fulness by Laplace, than by any subsequent writer whose works 
I have been able to consult 

By the kindness of Professor Stokes I have been permitted 
to make some extracts, on a difficult part of the subject, from a 
very valuable paper by him in the Cambridge Philosophical 
Transactions. 

The Examples by which the various Chapters are illustrated, 
and which it is hoped will form a sufficient and useful set of 
exercises for the student, have been chosen almost entirely from 
the Senate-House papers of the last few years, and from the 
Examination papers of St John's College and Caius College. * 



VIU PREFACE. 

The investigations, relating to the vibrations of rods and 
strings, which have been introduced in Chapter xiii., can hardly 
be said to belong to the province of Hydrodynamics ; they are 
however so closely connected with the theory of sound, and 
especially of musical sounds, that a chapter on the subject is not 
complete without them, and I have therefore ventured to devote 
a few articles to their discussion. 

I have to oflfer my best thanks to several friends who have 
kindly assisted me by their advice, and in particular to Mr G. D. 
Liveing, of St John's College, and also to the Eev. J. R. Lunn, 
of St John's College, to whom I am indebted for important hints 
and corrections in the chapter on musical sounds. 



W. H. BESANT. 



St John's Collbqe, 
. June 7, 1859. 
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MISCELLANEOUS PROBLEMS, 



HYDROSTATICS. 



CHAPTER I. 

1. We learn from common experience that such substances 
as air and water are characterised by the ease with which por- 
tions of their mass can be removed, and by their extreme divi- 
sibility. These properties are illustrated by various common 
facts; if, for instance, we consider the ease with which fluids 
can be made to permeate each other, the extreme tenuity to 
which one fluid can be reduced by mixture with a large portion 
of another fluid, the rarefaction of air which can be eflccted by 
means of an air-pump, and other facts of a similar kind, it is 
clear that, practically, the divisibility of fluid is unlimited : we 
find, moreover, that in separating portions of fluids from each 
other, the resistance ofiered to the division is very slight, and in 
general almost inappreciable. By a generalization from such 
observations, the conception naturally arises of a substance pos- 
sessing in the highest degree these properties, which exist, in a 
greater or less degree, in every fluid with which we are acquaint- 
ed, and hence we are led to the following 

Definition of a Fluid. 

2. A fluid is an aggregation of particles which yield to the 
slightest effort made to separate them from each other. 

If then an indefinitely thin plane be made to divide a fluid 
in any direction, no resistance will be ofiered to the division, 
and the pressure exerted by the fluid on the plane will be en- 
tirely normal to it ; that is, a perfect fluid is assumed to have 
no ''viscosity," no property of the nature of friction. 

The following fundamental property of a fluid is therefore 
obtained from the above definition. 

The pressure of a fluid is always normal to any surface with 
which it is in contact, 

B. u. \ 



2 DEFINITION OP A FLUID. 

t 

As a matter of fact, all fluids do more or less offer a resist- 
ance to separation or division, but, just as the idea of a rigid 
body is obtained from the observation of bodies in nature which 
only change form slightly on the application of great force, so 
is the idea of a perfect fluid obtained from our experiences of 
substances which possess the characteristics of extremely easy 
separability and apparently unlimited divisibility. 

3. Fluids are divided into Liquids and Gases ; the former, 
such as water and mercury, are not sensibly compressible, ex- 
cept under very great pressures ; the latter are easily compres- 
sible, and expand freely if permitted to do so. 

Hence the former are sometimes called inelastic, and the 
latter elastic fluids. 

4. Fluids are acted upon by the force of gravity in the 
same way as solids ; with regard to liquids this is obvious ; and 
that air has weight can be shewn directly by weighing a closed 
vessel, exhausted as far as possible : moreover, the phaenomena 
of the tides shew that fluids are subject to the attractive forces of 
the sun and moon as well as of the earth, and it is assumed, from 
these and other similar facts, that fluids of all kinds are subject to 
the law of gravitation, that is, that they attract, and are attracted 
by, all other portions of matter, in accordance with that law. 

Measure of the Pressure of Fluids. 

5. Consider a mass of fluid at rest under the action of any 
forces, and let A be the area of a plane surface exposed to the 
action of the fluid, that is, in contact with it, and P the force 
which is required to counterbalance the action of the fluid upon 

P 

A. If the action of the fluid upon A be uniform, then -j Is 

the pressure oh each unit of the area A. If the pressure be not 
uniform, it must be considered as varying continuously from 
point to point of the area A, and If «r be the pressure on a small 

portion a of the area about a given point, then — will approxi- 
mately express the rate of pressure over a. When a Is indefi- 
nitely diminished let — ultimately —p, then p is defined to be 
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the measure of the pressure at the point considered, p being the 
pressure which would be exerted on an unit of area, if the rate 
of pressure over the unit were uniform and the same as at the 
point considered. 

The pressure upon any small area a about a point, the 
pressure at which is p, is therefore poL + y, where 7 vanishes 
ultimately in comparison with pa when a (and consequently pa) 
vanishes. 

6. In order to employ the principles of Statics in the dis- 
cussion of the equilibrium of fluids, the following proposition is 
necessary. 

In a mass of fluid at rest any portion may he supposed to 
become solid without any other change in the circumstances of the 
equilibrium. 

For, if this supposition be made, there will be no alteration 
in the forces acting on the fluid, and the action between the 
solidified portion and the rest of the fluid, or between the solidi- 
fied portion and any smooth surface with which it may be in 
contact, will be, as before, normal to its surface ; the equilibrium 
of the solid can therefore be considered as maintained by the 
external forces which act upon it, and the pressure of the re- 
maining fluid. 

7. TTie pressure at any point of a fluid at rest is the same in 
every direction. 

This is the most important of the characteristic properties 
of a fluid; it can be deduced from Articles (2) and (6) in the 
following manner : 

Let a small tetrahedron of fluid be supposed solidified ; then 
it is kept at rest by the pressures on its faces, and by tlie im- 
pressed force on its mass. 

The former forces depending on the areas of the faces vary 
as the square, and the latter depending on the volume and 
density varies as the cube of one of the edges of the solid, which 
is considered to be homogeneous, and therefore supposing the 
solid indefinitely diminished, while it retains always a similar 
form, the latter force vanishes in comparison with the pressures 



4 MEASUBE OF THE PBESSUBE OF FLUIDS. 

on the feces ; and these pressures consequently form a system 
of forces in equilibrium. 

Let p, p' be the units of pressure on the faces ABC, BCDy 
and resolve the forces parallel to the edge ^ 

AD; then, since the projections of the areas > 

ABG^ BCD on a plane perpendicular to / 

AD are the same (each equal to a suppose), a <^ — 
we have ultimately, ^>>^ 

or p^p\ 

And similarly it may be shewn that the pressures on the other 
two faces are each equal to p or p\ 

As the tetrahedron may be taken with its faces in any direc- 
tion, it follows that the pressm'e at a point is the same in 
every direction. 

8. The following proof of the foregoing proposition is taken 
from Cauchy's Eocercicea*. 

Let P and Q be two points in a fluid at a finite distance 
from each other ; about PQ as axis describe a cylinder of very 
small radius, draw a plane through Q perpendicular to QP, 
draw any plane through P, and suppose the portion of fluid 
PQ to become solid. 

The solid PQ is kept at rest by the pressures on its ends 
and on its curved surface, and by the impressed forces which 
act upon it. 

Let jp, p' be the pressures at Q and P, a the area of the 

section Q of the cylinder, and r^ 7^ 

0! of the section P; then the \^ L/' 

pressure pd on the end P, resolved parallel to the axis of the 
cylinder, is equal to /?'a, and therefore 

poL —poL = the impressed force, resolved parallel to QP. 

Now whatever be the direction of the plane through P, this 
impressed force, when the radius of the cylinder is indefinitely 



* Seconde Ann4e, 1827, page 23. 
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diminished, is nltimatelj equal to the impressed force on the 
portion QP of the cylinder cut off by a plane through P per- 
pendicular to the axis*, that is, to 



/ 



PQ 

fpaSx, 

o 



where mf is the force on a particle m of the floid at a distance 
X from Q. Hence 

•'0 

oip' is constant for all positions of the plane through P. 



Transmission of Fluid Pressure, 

9. Any pressure, or additional pressure, applied to the 
surface, or to any other part, of an incompressible fluid kept at 
rest, is transmitted equally to all parts of the fluid. 

This property of incompressible fluids is a direct result of 
experiment, and, as such, is sometimes assumed. It is however 
deducible from our definition of a fluid by aid of the proposition 
of Art 6. 




* The following condderatioDS may complete this part of the proof : 

Let A B, A'ff be the two planes 

through P\ pp' the mean densities _______ 

of APA', BPB'; and //' the ac- q O) ^ 

ederations of the forces which are \J. 

acting on these portions of fluid. 

Then the difference of the forces on QAB and QA^B'y (the volumes of which are 
equal) 

=the difference of the forces on APA' and BPB' 

=W-pf)'^o\,APA' 
^6{pf).^aAA\ 



and therefore jp'=p+/ pfdx+^AA'.d{pf). 



The forces being continuous, the last term is obviously evanescent com^^ared 
with the other quantities in the equation^ and p' is thereioie conaWi^i. 



6 TRANSMISSION OP FLUID PRESSURE. 

Let P be a point in the surface of a fluid at rest, and Q any- 
other point in the fluid; about the straight line PQ describe a 
cylinder, of very small radius, bounded by the surface at P and 
by a plane through Q, perpendicular to QP, and suppose this 
cylinder to become solid. 

If the pressure at P be increased by/?, the additional force on 
the cylinder, resolved in the direction of its axis, is j?a, a being 
the area of the section of the cylinder perpendicular to its axis, 
and this must be counteracted by an equal force poL at Q in the 
direction QP, since the pressure of the fluid on the curved surface 
is perpendicular to the axis. The pressure at Q is therefore 
increased by p. 

If the straight line PQ do not lie entirely in the fluid, P and 
Q can be connected by a number of straight lines, all lying in 
the fluid, and a repetition of the above reasoning will shew that 
the pressure p is transmitted, unchanged, to the point Q. 

10. In consequence of this property, a mass of inelastic 
fluid can be used as a * machine ' for the purpose of multiplying 
power. 

Thus, if in a closed vessel full of water two apertures be 
made and pistons A, A' fitted in them, any pressure P applied 
to one piston must be counteracted by a pressure P on the other 
piston, such that P : P in the ratio of the area A' : A, for the 
increased rate of pressure at every point of A is transnjitted to 
every point of A\ and the amount of pressure upon -4' depends 
therefore upon its area*. 

The action between the two is analogous to the action of a 
lever, and it is clear that by increasing A' and diminishing -4, 
we can make the ratio P' : P as large as we please. It is equally 
clear that this is independent of the quantity of fluid employed, 
and hence 

" The Hydrostatic Paradox^ 

Any quantity of fluids however smally can be made to sup- 
port any weight, however large. 

This statement is of course only practically true within the 



' Bramab*B Preaa is an instauoe of the practical use of this property of fluids. 
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Iniihs assigned by the strength of the materials employed in 
the eonstmction of the necessary machinery. 

11. The juressnre of an elastic fluid is found to depend upon 
its density and temperature, as well as upon the nature of the 
fluid itself. 

When the temperature is constant, experiment shows tliat 
the pressure varies inversely as the space occupied by the fluid| 
that is, directly as its density. 

Hence if p be the density of an elastic fluid, and p its 
piessare, then, as long as the temperature remains the samOi 

^ = jfcp, 

where X; is a constant, to be determined experimentally in any 
given case. 

Measures of Weighty Mass^ and Density. 

12. The weight, mass, and density of a fluid are measured 
in the same way as for solid bodies. 

If TFbe the weight of a mass if of fluid, then, in accordance 
with the usual convention which defines the unit of mass, 

W^Mg. 

Next, let p be the density and Fthe volume of the mass M 
of fluid, which we suppose homogeneous, and p' the density, V 
the volume of an unit of mass of a standard fluid ; 

Then M: 1 :: pV: pT. 

Let V =1, and make p the unit of density. 

Then M^^pV, 

- and W=:gpV. 

13. Sometimes the conception of the intrinsio weight of 
a fluid is required, and for this the term " specific gravity" is 
employed. 

Measure of Specific Oravity. 

The specific gravity of a fluid is the ratio of the weight of any 
volume of it to that of an eqital volume of a standard siijbsiauc^^ 
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Thus, if 117 be the weight of an nnit of Tolxnne of the standard 
sabBtance, and s the .specific gravity of any floid, the weight W 
of a Yolnme V is given by the equation 

or if 117= 1, 

' 14. It win be observed that the unit of weight, implied in 
the equation W^sV^ is not necessarily the same as in the 
equation W=gpV, and in fact, from the arbitrary way in which 
the units have been chosen, they are in general different 
quantities. 

In order to illustrate this point, we proceed to consider, in 
two cases, the nature of the relations between the several units 
employed in the equations under discussion. 

First case. Let the unit of length be the same in both 
equations, and take also the standard substance the same ; then 
the equation W=sV implies that the unit of weight is the 
weight of an unit of volume of the standard substance, whereas 
from W=gpV, putting p = 1, and F= 1, we obtain 

Weight of an unit of volume of the standard substance =g 
times the unit of weight, 

and therefore the unit of weight in the latter formula is - th of 

the unit in the former. 

Second case. Let the unit of length be as before the same 
in both equations, and suppose the unit of weight assigaed, and 
the same in both, taking it for example to be 1 lb. Now it is 
known that a cubic foot of water at a certain temperature weighs 
1000 oz.; if then one foot be the unit of length, and s represent 
the specific gravity of water, the equation TF=«F gives 

1000 „ „ 1000 

"Y^ lbs. = « lbs., or« = -Y^, 

that is, the specific gravity of water = -—^ (the specific gravity 
of the standard substance). 
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Again, considering p as the density of water, we obtain from 
the equation W^gpV^ 

1000 „ „ 1000 

-^Ibs. =5rp lbs., or p = — , 

that is, 

the density of the standard substance : the density of water 

:: 16^ : 1000; 

the numerical value of g of course depending on the unit of 
time. 

In a similar manner other arrangements of the xmits can be 
treated, but the two cases just discussed will suflSciently illustrate 
the meanings of the symbols employed. 

15. In the previous articles no account has been taken of 
fluids in which the density is variable ; but it is easy to con- 
ceive the density of a mass of inelastic fluid varying continuously 
from point to point, and it will be hereafter foimd that a mass 
of elastic fluid, at rest under the action of gravity, and having a 
constant temperature throughout, is necessarily heterogeneous: 
the density at a point of a fluid must therefore be measured in 
the same way as the pressure at a point, or any other con- 
tinuously varying quantity. 

Measure of the density at any point of a heterogeneous mass 
of fluid. 

Let m be the mass of a volume v of fluid enclosing a given 
point, and suppose p the density of a homogeneous fluid such 
that the mass of a volume v is equal to wi, or such that 

m = pv ; 

then p may be defined as the mean density of the portion v of 
the heterogeneous fluid, and the ultimate yalue of p when v is 
indefinitely diminished, supposing it always to enclose the point, 
is the density of the fluid at that point. 

In a similar manner the specific gravity at any point of a 
heterogeneous fluid is measured. 



EXAMPLES. 



(In these Examples g is taken to be 32, when a foot and a second are units.) 



1. The top of a Hydrostatic Bellows is a circular plate, 5 feet 
in diameter, and the diameter of the cylindrical pipe is one-eighth of 
an inch; the machine being filled with water, find the weight which 
can be lifted by a pressure of 15 lbs. applied to the water in the pipe. 

2. ABGD is a rectangular area subject to fluid pressure; AB 
is a fixed line, and the pressure on the area is a given function (P) 
of the length BC {x) ; proye that the pressure at any point of GD 

is —r- , where a = AB, 
adx 

If ^ be a fixed point, and AB^ AD fixed in direction, and if 

AB = X and AD = y, the pressure at (7 = 3— r"* 

3. If in the equation W^aVy the unit of weight be 100 lbs., 
and the unit of length 2 feet, compare the specific gravity of the 
standard substance with that of water. 

4. In the equation W=gpVy if the units of weight and length 
be the same as above, and the unit of time ^th of a second, compare 
the density of the standard with that of water. 

5. If the units of weight and length be the same in the two 
equations 1F=«F, W=gpV, and if the unit of length be 8 feet, and 
the unit of time half a second, compare the standard substances. 

6. If the unit of length be 2 feet in each equation, but the unit 
of weight in the first equation four times what it is in the second, 
compare iJie standards, the unit of time being half a second. 
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7. If the units of weight and length be the same in the two 
equations, the latter being 123 feet, find the unit of time in order 
that the standards may be the same. 

8. If the standards and the units of weight be the same, and the 

9 
unit of time -t^ seconds, compare the units of length. 

9. A velocity of four feet per second is the unit of velocity; 
water is the standard substance and the unit of weight is 125 lbs. ; 
find the units of time and length in the equation W=gpV. 

10. If the same substance be the standard for density and 
specific gravity, find the unit of time in order that lF=«Fmay give 
the weight in pounds, and p = gpz the pressure in ounces. 

11. The unit of time is one-third of a second, and the unit of 
acceleration that of a falling body; find in lbs. the unit of weight in 
the equation W=gpV. 

12. A velocity of 8 feet per second is the unit of velocity, the 
unit of acceleration is that of a falling body, and the unit of weight 
is a ton; compare the density of the standard with that of water in 
the equation W=gpV. 



CHAPTER II. 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS. 

« 

16. Taking the most general case, suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at 
rest under the action of given forces, and let it be required to 
determine the conditions of equilibrium, and the pressure at any 
point 

Let X, y, Zy be the co-ordinates referred to rectangular axes, 
of any point P in the fluid, and let ^ be a point near it, so taken 
that PQ is parallel to the axis of x. 

Take x+Sx, y, z, as the co-ordinates of Q; about PQ 
describe a small prism or cylinder bounded by planes perpen- 
dicular to PQ, and conceive this cylinder to be solidified. 

Let a be the area of the section of the cylinder perpendicular 
to its axis, j> the pressure at P and p + Sp the pressure at Q. 

Then, a being very small the pressure at any point of the 
plane P will be very nearly equal to p, and the pressure upon it 
will therefore be 

{p+y)a, 

where 7 vanishes in comparison with p when a is indefinitely 
diminished. 

We can therefore consider a so small that 7 may be neglected 
in comparison with p, and the pressure on the end P of the 
cylinder may be taken equal to^a, and similarly the pressure on 
the end Q equal to 

{p + Bp) a. 

If p be the mean density of the cylinder PQ, its mass = paSx, 
and XpaSx will represent the force on PQ parallel to its axis, 
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if XSniy YSm, ZSm, be the components of the forces acting on 
a particle Sm of fluid at the point ayz. 

Hence for the equilibrium of PQ, a necessary condition is 

{p + Sp) a — ^a = XpaSXf 
or Sp = pXBx. 

Proceeding to the lilnit when Bx, and therefore Sp, is in- 
definitely diminished, p will be the density at P, and we obtain 

By a similar process, 

dp = ^dx + ^di,+ ;fjz; 



But 



dx 



dz 



.\dp=:p{Xdx+ Ydy + Zdz) 

I 

the equation which determines the pressure. 



(a), 



17. It is therefore an essential condition of equilibrium 
that p {Xdx + Ydy + Zdz) should be a perfect differential of some 
fimctiony(a?,y, i2?); and 



...^0'r)=|(pX) 
|(,z)=|(pr) 



y 



dz 



dx 



(/3), 



* In the above proof, a is taken so small that its linear dimensions may be 
neglected in comparison with Sx ; that is, the change in p, corresponding to a 
change Sas in iB, is considered, undisturbed by any alterations in y and z. 
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from which by differentiating, multiplying the equations respec- 
tively by Zy X, and F, and adding, we obtain 

^(dY dZ\ . ^(dZ dX\ . ^(dX dY\ ^ , , 

a necessary although not a sufficient condition of equilibrium. 

18. Homogeneous Liquids* If the fluid be homogeneous 
and incompressible, Xdx + Ydy + Zdz must be a perfect diffe- 
rential {dV) in order that equilibrium may be possible. 

We then have dp=^pdVy 

and p—9 ^+ ^* 

19. If the forces tend to fixed centres and are functions of 
the distances from those centres, we have 



z — c 



where (a, J, c) are co-ordinates of the centre to which the force 
^ (r) tends 

Now r'=(a;-a)»+(y-J)»+(^-c)^ 

:.Xdx^ Ydy + Zdz -=%<!> {r)dr, 
and d2> = p%<l>{r) dr. 

In this case, since 

, dY ^ f ,,, .y — hx — a ,f\y — hx — a] 

it is obvious that the equation (7) is always satisfied, but it 
is not to be inferred that the equilibrium of a heterogeneous 
fluid is always possible with such a system of forces. 

When the density is constant, the equations (^) become 

dX^dY dZ^dY dX^dZ 
dy dx ^ dy dz ^ dz dx * 
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which are in this case always satisfied, and therefore the equili- 
brium of a homogeneous fluid under the action of such forces is 
always possible. 

20. Elastic Fluids. When the fluid is elastic, an additional 
condition is introduced, for, if the temperature be constant, 

.\^^^{Xd^+Ydy + Zdz) (8). 

« 
If Xdaj+ Ydy-^-Zdz be a perfect differential dV^ 

h^^dV, 
P 

.\ ifclogg= F, 

Z (7 ? 

or2? = C(6*, andp = -7€*. 

When the forces tend to fixed centres and are functions of the 
distances. Art. (19), this equation takes the form 

h^ = t<t>{r)dr, 
p ^ 

and p can be determined. 

If the temperature be variable, the relation between the 
pressure, density, and temperature is found to be 

p^hp{\-\-aLt)^ 
where t is the temperature, and a = '003665. 

In this case — = , . {Xdx + Ydy + Zdz)^ 

and therefore t must be a function of Xy y, and z. 

In any of these cases, if the pressure at any particular point 
be given the constant can be determined. 

In the case of elastic fluids, if the mass of fluid and the space 
within which it is contained be given, the constant is determine.d* 
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21. The equation for determining p may also be obtained 
in the following manner. 

Let FQ be the axis of a very small cylinder bounded by 
planes perpendicular to PQ, and imagine this cylinder solidified. 

Let p and p + 8p he the pressures at P and Q, a the areal 
section, and Ss the length of PQ. Then, if SBm be the compo- 
nent, in the direction PQ, of the forces acting on an element &w, 

{p + Sp) a —poL = poiSSsy 
and therefore, proceeding *to the limit, 

dp = p8ds. 

If X, y, z be the co-ordinates of P, and X, Y, Z the com- 
ponents of 8 parallel to the axes, 

5=^^ + 7^+^^, 
08 as as 

and .\ dp = p {Xdx + Ydy + Zdz) as in Art. 16. 

If the position of P be given by r, 6, and z, where r and 
are the polar co-ordinates of the projection of Pon the plane xy, 
and if P, T, Z, be the components of 8 in the directions of r, 6, «, 

ds ds ds^ 

and the equation for j? becomes 

eZp = p [Pdr + 2VcZ5 + ^S^;}. 

In a similar manner the expression for dp may be obtained 
for any other system of co-ordinates. 

22. Surfaces of equal pressure. In all cases, in which the 
equilibrium of the fluid is possible, we obtain by integration 

p = <l>{x,y,z). 

lip be constant and equal to p, 

^(^,y,«)=y (A), 

is the equation to the surface at all points of which the pressure 
Is constant, and by giving different values to^p' we obtain a series 
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of surfaces of equal pressure, and the external surface, or free 
surface, is obtained by making p' equal to the pressure external 
to the fluid. 

K the external pressure be zero the free surface is therefore 

The quantities 

d(l> d<\> d<l> 
dx* dy^ dz ^ 

which are proportional to the direction-cosines of the normal at 
the point {x, y, z) of the surface -4, are equal to 

dp dp dp 
dx^ dy^ dz^ 

respectively, i.e. to pX, pY^ pZ^ and are therefore proportional 

to jsr, r, z. 

Hence the resultant force at any point is in direction of the 
normal to the surface of equal pressure passing through the 
point*. 

23. In the particular cases, in which Xdx + Ydy + Zdz is a 
perfect differential dV^ p must be a function of V, 

For dp=^ pdV 

and dp being a perfect differential, p must be a function of F; 

let p=/(F), 

ihea dp =f {V) dV, 



* This last result may also be obtained in the following manner: 
Consider two consecutive surfaces of equal pressure, containing between them 
a stratum of fluid, and let a small circle be described about a point P in one surface, 
and a portion of the fluid cut out by normals through the circumference. The 
portion of fluid so cut out may be considered rigid, and kept at rest by the impressed 
force, and the pressures on its ends and on its circumference. Being very nearly 
a small cylinder, and the pressures at all points of its circumference being equal, 
the difference of the pressures on its two faces must be due to the force, which 
must therefore act in the same direction as these pressures, i,e, in direction of the 
normal at P, 

B. H. 1 
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Hence F, and therefore p, is a function of p, and surfaces of equal 
pressure are also surfaces of equal density. 

If the fluid be elastic and the temperature variable 



dp ^ 1 

p A (1 + a^) 



dV. 



Hence by a similar process of reasoning Hs a function of |}, and 
surfaces of equal pressure are also surfaces of equal temperature. 

24. If however Xdx + Ydy + Zdz be not a perfect diffe- 
rential, these surfaces will not in general coincide. 

1st. Let the fluid be heterogeneous and incompressible; then 
the surfaces of equal pressure and of equal density are given 
respectively by the equations 

dp = 0, dp = 0, 
or Xdx + Ydy + Zdz ::= "j 

|^^|.,^|^=o| ™- 

These then are the differential equations of surfaces which by 
their intersections determine curves of equal pressure and density. 



From (B) we obtain 

dx _ dy dz 

r^dp ydp -vdp^ _ ^dp ydp y dp 
dy dz dz dx dx dy 

But from the conditions of equilibrium we have 

dy dy '^ dx dx' 

^ A. Y^ = —4-Z~ 
dz dz ^ dy dy ^ 

dZ . y dp ^ dX , Y^P 
^ dx dx '^ dz dz ' 



•• I 



•(C). 
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and therefore the equations (C) become 

dx dy dz ,^. 

wi^'^^T^^^n^'' 

dy dz ds dx dx dy 

the differential equations of the curves of equal pressure and 
density. * 

2nd. Let the fluid be elastic and of variable temperature ; 

and the curves of equal pressure and temperature are given by the 
simultaneous equations 

dp-0, dt = 0; 

or Xdx+Ydy + Zdz = 

dt J dt ^ dt , 
-r-dx+-r-dy + ^~az=0 
ax dy ^ dz 

But, since — is a perfect differential, the conditions of equi- 
librium are in this case 

X \ d ( Y 



> . 



d ( X \^d f Y \ 
dy \X + dt) dx VI + (jjt) ' 



/I • ^^\ ^^ V dt . . dY ^ dt 

or(l+««)^-aX^ = (l + aO^-ar^, 

with similar equations between X and Z, and Y and Z respec- 
tively. 

From the preceding equations, we obtain 

dx dy dz 

^ dt ^ dt y dt y ^ y^^ -y dt^ 
dz dy dx dz dy dx 

X—- XT ^^ _ ^ + ^^ (^^ ^^\ 
dy dx^ OL \dy dx) 



dx dz^ a \dx dz j 



^— ^ 
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dz dy a \dz dy)^ 

^ dx dy dz 

dy dz dz dx dx dy 

equations of the same form as (D), are in this case the 
differential equations of the curves of equal pressure and 
temperature, and therefore also of equal density. 

25. Fluid at rest under the action of gravity. 

Taking the axis of z vertical, and measuring z downwards, 

Z=0, r=o, Z^g, 

and the equation (a) becomes 

dp = gpdz^ 

an equation which may also be obtained directly by consider- 
ing the equilibrium of a small vertical cylinder. 

In the case of homogeneous liquid, 

and the surfaces of equal pressure are horizontal pknes. 

Hence the free surface is a horizontal plane, and, taking the 
origin in the free surface, and 11 as the external pressure; 

n= c, 

and p=gpz + Il. 

If there be no pjessure on the free surface, 

P = gpz, 

or the pressure at any point is proportional to the d^th below the 
surface. 

26. If two liquids^ which do not mix, meet in a bent tube, the 
heights of the free surfaces above the common surface are inversely 
as the densities. *. ., .-^ 
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For the pressures at the common surface are the same, and if 
s, z' be the heights of the upper surfaces above the common 
surface, and />, p the densities, these pressures are respectively 

ffpz + U, ffpz' + U, 

and .*. - = ^ . 
^ P 

27. In the case of heterogeneous liquid, the equation 

dp = gpdz^ 

shews th^t p must be a function of z. The density and pressure 
are therefore constant for all points in the same horizontal plane. 

As an exainple^ let p ac «" = fiz^^ 
then p = QU' 7 + n. 

28. If the fluid be elastic, p = kp, 
and ^^=f<fo; 

•'• ^^Sp'^^i: ^^^ i^= ^^^' 

The surfaces of equal pressure are in this case also horizontal 
planes, and the constant G must be determined by a knowledge 
of the pressure for a given value of Zj or by some other fact in 
connection with the particular case. 

Example. A closed cylinder, the axis of wMck is vertical, 
contains a given mass of air. 

Measuring z from the top of the cylinder, 



= P=^ 



9* 



.'. if M be the given mass, a the radius, and h the height of the 
cylinder, 

if = I pira^dz = Tra'— (e* — 1), 
whence G is determined. 
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29. lUtntrationB of the use of the general equation, 

(1) Let a given volame Fof liquid be acted upon by forces 

fix fiy fiz 
"■^' ""P' "■?' 

respectively parallel to the axes; 

then , dp^p{^f^dx-^^dy-^idz^y 

The surfaces of equal pressure are therefore similar ellipsoids, 
and the equation to the free surface is 

assuming that there is no external pressure. 

The condition which determines the constant is that the 
volume of the fluid is given, and we have 

(2) A given volume of heavy liquid is at rest under the action 
of a force to a fixed point varying as the distance from that point. 

Take the fixed point as origin, and measure z vertically 
downwards ; 

« 

then X= — /AOJ, Y^ — fiyyeLniZ^g — fiz; 

.'. dp==p{---fiaxlx-'fiydy+{g'-'fiz)dz\, 

and ^^^G—fi ^ Vgz. 

9 ^ 
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The surfaces ef equal pressure are spheres, and the free sur- 
face, supposing the external pressure zero, is given by the equation 

The volume of this sphere is 

equating this to the given volume, the constant C is deter- 
mined, and the pressure at any point is then given in terms of 
r and z. 

Rotating Fluid. 

30. If a quantity of fluid revolve uniformly and without any 
relative displacement of its particles, about a fixed axis, the pre- 
ceding equations will enable us to determine the pressure at any 
point, and the nature of the surfaces of equal pressure. 

For, in such cases of relative equilibrium, every particle of 
' the fluid moves uniformly in a circle, and the resultant of the 
external forces acting on any particle m of the fluid, and of the 
fluid pressure upon it, must be equal to a force ma?r towards- the 
axis, o) being the angular velocity, and r the distance of m from 
the axis ; it follows therefore that the external forces, combined 
with the fluid pressures and forces wcdV acting from the axis, 
form a system in statical equilibrium, to which the equations of 

the previous articles are applicable. 

31. A mass of homogeneous liquid^ contained in a vessel, re- 
volves uniformly about a vertical axis ; required to determine the 
pressure at any point, and the surfaces of equal pressure. 

Take the vertical axis as the axis of z ; then, resolving the 
force 7wa)V parallel to the axes, its components are may^x and 
may^g, and the general equation of fluid equilibrium becomes 

dp=ip {cD^xdx + (o^ydy — gdz) , 
and therefore 

p^p{W{^ + f)-ff^}+0. 
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The suifaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free surface 
is given by the equation 

©"(^+2^)-2(7«+— = — , 

r r 

where 11 is the external pressure. 

The constant must be determined by help of the data of each 
particular case. 

For instance, let the vessel be closed at the top .and be very 
nearly filled with fluid, and let 11 = 0; then, taking the origin at 
the highest point of the axis, p=0 when x y and z vanish, and 
therefore C^= 0, and 

32. Next consider the case of elastic fluid enclosed in a 
vessel which rotates about a vertical axis ; 

as before <^ = p {o)* (xAx + ydy) — gdz\y 

andj? = A;/t>; 

.-. A;logp = ft)'— ^ -gz^rC, 
so that the surfaces of equal pressure and density are paraboloids. 

Let the containing vessel be a cylinder rotating about its 
axis, and suppose the whole mass of fluid given ; then, to de- 
termine the constant, consider the fluid arranged in elementary 
horizontal rings each of uniform density: let r be the radius 
of one of these rings at a height Zy Sr its horizontal and hz 
its vertical thickness, h the height, and a the radius of the 
cylinder ; 

the mass of the ring = ^irprSrhz, 

and the whole mass (if) of the fluid = I I 2irprdrdzj 
the origin being taken at the base of the cylinder. 
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Now /» = €*.€ 2* ; 

and .-. if= — r€*(€2* -i)(i-e'*), 
an equation by which G is determined. 

33. In general the equation of equilibrium for a fluid re- 
volving uniformly and acted upon by forces of any kind, is 

dp=^p [Xdx + Ydy + Zdz + ©' {xdx '\-ydy)]. 

In order that the equilibrium may be possible, three equations 
of condition must be satisfied, expressing that ^ is a perfect 
differential, and, if these conditions are satisfied, the surfaces of 
equal pressure, and, in certain cases, the free surface can be de- 
termined; but it must be observed that a free surface is not 
always possible. In fact, in order that there may be a free sur- 
fece, the surfaces of equal pressure must be symmetrical with 
respect to the axis of rotation. 

Example. A closed vessel is completely filled with homo- 
gmeous liquid^ which is made to rotate uniformly about an axis 
inclined to the vertical^ required to find the surfaces of equal 
prmure. 

Let a be the inclination of the axis to the vertical, and take 
the axis of a; in the vertical plane through the axis of rotation ; 

then 

— dp = (a)'aj — g sin a) dx + a?y dy — g cos a <fo, 
^ = i©*(aj* + ^ — ^rajsina — ^;5C0sa+ (7, 

r 

and the required surfaces are paraboloids having their common 
axis parallel to the axis of revolution. 

It will be seen that in this case the pressure about any given 
particle of fluid varies with its position in the circle in which 
it is moving ; in other words, a given particle of fluid passes 
across different surfaces of equal pressure in the course of its 
revolution. 
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Whole Pressure. 

34. Def. The whole pressure ofajluid on any surface with 
which it is in contact is the sum of the normal pressures on each of 
its elements. 

If then p be the pressure at a point of an element 88 of the 
surface, 

pB8 is the pressure on the element, 

and JJpdS is the whole pressure, the summation extending over 
the whole of the surface considered. 

K the fluid be homogeneous liquid, and gravity the only 
force in action, p^ffpz, measuring z vertically downwards from 
the surface of the liquid, 

and fJpdS =Jfgpzd8. 

Let i be the depth of the centre of gravity of the surface 8y 

then z.S=JJzd8; 

and .'. the whole pressure =^/oi/S', 

i.e. the whole pressure is equal to the weight of a cylindrical 
column of fluid, the height of which is z, and the base a plane 
area equal to the area of the surface. 

35. We now add some examples of the determination of 
whole pressure. 

(1) A hemispherical bowl filed with water. 
Let r be its radius, p the density of water. 
Then the surface = 27rr*, 

and 7= - ; 

.*. whole pressure = 5^p7rr', 
i.e. whole pressure : the weight of the fluid :: 3 : 2. 
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(2) The density of a heavy liquid varies as the square of the 
depth ; it is required to find the whole pressure on a semi-circular 
area immersed vertically with its hounding diameter in the surface* 

Let OP^r, AOP^e\ 

then (Art. 26) if the density 
= /A (depth)', the pressure at P 

and the whole pressure 




= 2 f " f ' ^ r* sin' edBdr, 

J J ^ 



= 45 /^«- 

(3) A cylindrical vessel is closed at the top^ and very nearly 
filled with incompressible fluidy which rotates uniformly about the 
axis of the cylinder/ to find the whole- pressure on the curved 
wface and on the top of the cylinder. 

In this case, taking the centre of the top as origin, and 
measuring z downwards, 

P ^ 

Let a be the radius of the cylinder, h its height; then at 
a depth z^ the pressure at its surface 

an element of surface = 27ra . hz ; 

.'. the whole pressure on the curved surface 

= I 2irap {^a?d^-\-gz) dzy 

J 

= TTpa^ho)^ + TTpagh^. 

The pressure on the top at a distance r ftom the origin = J pwV, 

and an element of its area = 2Trr8r •, 
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therefore the whole pressure on the top 

= I TTpfoVdr = Jtt/wwV. 
Jo 

(4) A hollow spherical shell is just filled with homogeneous 
liquid, and the liquid is at rest under the action of a force^ to a 
point on the inner surface of the shelly proportional to the distance 
from that point; it is required to find the whole pressure on the 
shell. 

Let be the centre of force, and r the distance of any point 
from 0. 

Then c^ = — fiprdr^ 

and P^C'— /Ltp— . 



The pressure vanishes at the other extremity of the diameter 
0-4, and therefore 

a being the radius AG, 

If P be a point in the sphere and 

ACP^e, (9P=2acos|, 

and the pressure at P= 2fipc? sin' - . 

If PCQ = S5, in the plane of ^, the surface generated by the 
revolution of the arc PQ about OA 

= 2170^6 . a sin 0, 
and .'. the whole pressure on the surface 

['' . 6 . 

= I Awfipa^ sin' - sin 0d0 



= 2irfipa^ I (1 — cos 0) sin 



0d0 



=■ 4tirfipa*p 
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EXAMPLES. 

!• A rectangular area ABCD is just immersed in water with the 
side AB in the surface ; find a point P in AB such that the pressure 
on the triangle APD may be one-fourth of the pressure on the rect- 
angle. 

2. The side AB of a triangle ABC is in the surface of a fluid, 
and points D, E^ are taken in ACy such that the pressures on the 
triangles BAD, BBEy BEG^ are equal ; find the ratios 

AD : DE : EG, 

3. A triangle ABG is immersed in fluid, in such a position that 
the point ^ is in the surface and the lines AB, AG, are equally in- 
clined to it ; BG being produced to meet the surface in E, shew that 
the pressures on the triangles ABG^ AGE, are in the ratio 

AB'-AG" : AG". 

4. The density of a liquid varies as the square of the depth 
below the surface; find the whole pressures, 1st, on a rectangular 
area just immersed vertically with one side in the sur&ce, 2nd, on a 
circular area just immersed. 

5. A parabolic area, bounded by the latus rectum, is just im- 
mersed vertically, with its vertex in the surface of a liquid ; find the 
whole pressure upon it, 1st, when the liquid is homogeneous, 2nd, 
when its density varies as the depth. 

6. A solid cone is completely immersed in water with a gene- 
rating line vertical, and its vertex in the surface ; compare the whole 
pressures on the curved surface, and the base. 

7. Find the sur&ces of equal pressure when the forces tend to 
fixed centres and vary as the distances from those centres. 

8. A regular tetrahedron is filled with fluid, and held so that 
two of its opposite edges are horizontal ; compare the pressures on its 
several sides with the weight of the fluid. 
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9. A spherical mass of elastic fluid is compressed into the 
cube which can be inscribed within the sphere ; compare the whole 
pressures on the surfaces of the cube and sphere. 

10. A thin tube in the form of an isosceles triangle is just filled 
with three liquids which do not mix; and, when held with its base 
vertical, the three points of junction bisect the sides ; prove that the 
densities are in arithmetic progression. 

11. In a solid sphere two spherical cavities, whose radii are equal 
to half the radius of the solid sphere, are filled with liquid ; the solid 
and liquid particles attract each other with forces which vary as the 
distance : prove that the surfaces of equal pressure are spheres con^ 
centric with the solid sphere. 

J 12. A given quantity of elastic fluid is contained in a hollow 
sphere, and its particles are acted upon by a force to the centre 
of the sphere varying inversely as the distance. The sphere being 
supposed to vary in size, shew that the whole pressure on its surfiice 
varies inversely as its radius, provided fi < Sk, where fi is the absolute 
force, and k the ratio of the pressure to the density of the fluid. 

^ ^ 13. A quantity of incompressible fluid within a cylinder is acted 
upon by a force to a point in its axis varying directly as the distance, 
and is made to rotate uniformly about the axis. Taking no account 
of gravity, determine the nature of the free surfiu^es for different 
angular velocities ; and in particular, find the angular velocity f<* 
which the free surfiuse will be that of a cone. 

H 14. A closed cylindrical vessel is very nearly flilled with in- 
compressible fluid, which is acted upon by a force, varying as the 
distance, to the middle point of the axis of the cylinder ; if 2a be the 
length of the axis and c the radius of either end, shew that the whole 
pressure on the curved surface : the whole pressure on the ends 
:: 8a' : 3c^ 

Also find this ratio when the centre of force is at the centre of 
either end of the cylinder. 

• 15. A mass of fluid rests upon a plane subject to a central attrac- 
tive force (5) > situated at a distance c from the plane on the side oppo- 
site to that on which the fluid is ; and a is the radius of the free 
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spherical surface of the fluid : shew that the whole pressure on the plane 

a ^ ' 

16. If 3 seconds be the unit of time, what must be the unit of 
length in order that the formula p = g^ may give the pressure in 
pounds, supposing the unit of volume of the standard substance to 
weigh 20 lbs.? 

17. If the density of water be the unit of density and a velocity 
of a yard per second the unit of velocity, find the units of space and 
time in order that the formula p=gpz may give the pressure in 
pounds. 

18. The unit of velocity being a velocity of one foot per second, 
and the unit of acceleration that of a falling body, find the unit 
of weight in the equation p » gpg, water being taken as the standard 
substance. 

19. A cylindrical rod, of radius one inch and length eight inches, 
is placed in a vessel of water ten inches deep, with one end on the 
bottom of the vessel, and is inclined to the vertical at an angle 45° ; if 
an inch be the unit of length, a yard per second the unit of velocity, 
and the density of water the unit of density, find the number of units 
of weight in the whole pressure on the rod. 

♦ 20. A vertical cylinder contains water which is made to rotate 

uniformly about the axis : if - th of the axis be above the surfece 

n 

when there is no rotation, prove that the greatest angular velocity 

which can be imparted to the liquid without causing any of it to 

leave the cylinder, ib - */ -- , A being the height and a the radius of 
the cylinder. 

21. A conical vessel, of which the vertical angle is 60°, is placed 
with its axis vertical and vertex downwards, and half filled with water; 
prove that the greatest angular velocity about the axis which the water 

can have without overflowing is */ -^ , where h is the height of the 
cone. 
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22. A closed cylinder, with its axis vertical, is just filled with 
liquid which rotate uniformly about a generating line; find the 
whole pressures on the base, the upper end, and the curved surface. 

23. A vessel in the form of an inverted cone is partly filled with 
fluid, and closed with a lid ; it is then made to revolve uniformly 
about its axis ; if a small hole be now made at the vertex, determine 
how much of the fluid will escape, considering the diflerent cases that 
arise according to the magnitude of the angular velocity. If this be 
indefinitely increased, prove that the surface of the fluid is a circular 
cylinder, and find its radius. 

24. An open vessel, containing two fluids which do not mix, 
revolves round a vertical axis with a given angular velocity; find the 
pressure at any point of the denser fluid, when the fluids have attained 
a state of relative rest, the depth of the lighter fluid in that state 
being given. 

4 25. If r, Oy <f) be polar co-ordinates of a point in a mass of homo- 
geneous liquid at rest under the action of a system offerees, the- ac- 
celerating components of which are E, T, S, in the directions of r, of 
a line at right angles to the plane of <f), and of a line at right angles 
to both of these, and if je> be the pressure at the point, prove that 

^ = Edr + Tr sin 0d<l> + SrdO. 
P 

\l 26. A hollow sphere is just filled with liquid, which rotates uni- 
formly about a diameter, and is acted upon by a force to the centre 
which is a function of the distance ; prove that the pressure on the 
sphere is unaffected by the existence of the force. 

27. A circular cone, of vertical angle -^ , is just filled with 

o 

water, arfd has a generating line rigidly attached to a horizontal 
plane. The plane is caused to revolve with uniform angular velocity 
about a vertical axis through the apex of the cone : find the greatest 
velocity which will allow of the pressure being zero at the highest 
point ; and in this case find the whole pressure on the base. 

28. • A straighfrod, every pai-ticle of which attracts with a force 
varying inversely as the square of the distance, is surrounded by a 
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mass of homogeneous incompressible fluid; find the form of the 
sur&ces of equal pressure. 

29. Water in a vessel completely full is made to rotate uniformly 
about a horizontal axis ; find the surfaces of equal pressure. 

30. A quantity of heavy homogeneous fluid is attracted to a 
fixed centre, by a constant force the intensity of which is equal to the 
force of gravity, and is supported by a horizontal plane. Find the 
form of the surfaces of equal pressure ; and also the pressure on the 
plane, proving that when the plane passes through the centre of force 
it is equal to four-thirds of the weight of the fluid. Find also ex- 
pressions for the pressure on the plane when it is either above or 
below the centre of force. 

\J 31. A rigid spherical shell is filled with homogeneous inelastic 
fluid, every particle of which attracts every other with a force varying 
inversely as the square of the distance ; shew that the difference be- 
tween the pressures at the surface and at any point within the fluid 
varies as the area of the least section of the sphere through the point. 

'' 32. At the vertex of a solid cone (vertical angle 2a) there is a 

centre of force the attraction to which varies as the distance : and a 

given quantity of liquid is in equilibrium under the action of this 

force alone. 'Determine the form of its free surface. If the volume 

4 ot 

of the liquid be ^ ira' cos' ^ , prove that the whole pressure on the 

sorfiice of the cone = \ fifnra* sin a, where p is the density of the 
liquid and fi the absolute force. 

33. An open vessel containing liquid is made to revolve about a 
vertical axis with uniform angular velocity. Find the form of the 
vessel and its dimensions in order that it may be just emptied. 

34. A quantity of liquid (gravity being supposed not to act) just 
fills a hollow sphere, and is repelled from a point in the surface of 
the sphere by a force = ft x distance : if the liquid revolve round the 
diameter passing through the centre of force with uniform angular 
vidodiy «, find the whole pressure on the surface of the sphere. If, 
by diminishing the angular velocity one half, the pressure is also di- 
minished one half, shew that co' = Gfi, 

35. A rectangular plate of thin metal of given size is bent and held 
80 that two opposite edges are parallel and in the ?^am^ lvotviftti\fi\ 

B.H. ?, 
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plane, and the vertical ends are then closed by flat plates ; if this ves- 
sel be filled with water, find its form when the whole pressure upon 
its curved sur&ce is a minimum. 

36. An infinite mass of homogeneous fluid surrounds a closed 
surfiice and is attracted to a point (0) within the surface with a force 
which varies inversely as the cube of the distance. If the pressure 
on any element of the surface about a point P be resolved along FO, 
prove that the whole radial pressure, thus estimated, is constant, 
whatever be the shape and size of the surface, it being given that the 
pressure of the fluid vanishes at an infinite distance from the point 0. 



CHAPTER III. 



THE RESULTANT PRESSURES OF FLUIDS ON SURFACES. 



36. In the preceding Chapter we have shewn how to in- 
vestigate the pressure at any point of a fluid at rest under the 
action of given forces ; we now proceed to determine the result- 
ants of the pressures exerted by fluids upon surfaces with which 
thej are in contact. 

We shall consider, first, the action of fluids on plane surfaces, 
secondly, of fluids under the action of gravity upon curved 
surfaces, and thirdly, of fluids at rest under any given forces, 
upon curved surfaces. 



Fluid Pressures on Plane Surfaces, 

The pressures at all points of a plane being perpendicular 
to it, and in the same direction, the resultant pressure is equal 
to the sum of these pressures, that is, to the whole pressure, and 
acts in the same direction. 

Hence, if the fluid be incompressible and acted upon by 
gravity only, the resultant pressure on a plane 

= the whole pressure 

where A is the area and z the depth of the centre of gravity. 

In general, if the fluid be of any kind, and at rest under the 
action of any given forces, take the axes of x ,and y in the 
plane, and let 2? be the pressure at the point (a;, y]. 
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The pressure on an element of area ixSy =pSa£y ; 
•\ the resultant pressure ^ffpdydx, 
the integration extending over the whole of the area considered. 

If polar co-ordinates be used, the resultant pressure is given 
by the expression 

JJprdrdO. 

37. Dep. The centre of pressure is the point at which the 
direction of the single forcCy which is equivalent to the fluid 
pressures on the plane surface^ meets the surface. 

The centre of pressure is here defined with respect to plane 
surfaces onlj ; it will be seen afterwards that the resultant action 
of fluid on a curred surface \& not always reducible to a single 
force. 

In the case of a heavy fluid, it is clear that the centre of 
pressure of a horizontal area, the pressure on every point of whicli 
is the same, is its centre of gravity; and, since pressure increases 
with the depth, the centre of pressure of any plane area, not 
horizontal, is below its centre of gravity. 

Prop. To obtain formulce for the determination of the centre 
of pressure of any plane area. 




Let p be the pressure at the point (a:, y), referred to rectan- 
gular axes in the plane, x + Sx, y-^-Sy, the co-ordinates of Q, 
X, yy co-ordinates of the centre of pressure. 
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Then y.JJpdydx = moment of the resultant pressure alx>at OX, 

= the sum of the moments of the pressures 
on all the elements of area about OX, 
= XpBySx.y 

. - J!pydy^ 

' Ilpdydx' 

and similarly 0,=^-^^. 

the integrals being taken so as to include the area considered. 

If polar co-ordinates be employed, a similar process will give 
the equations 

^^Jfpr* cos OdrdO - _ JJp^^ sin OdrdO 
^^ JJprdrdd ' y jjprdrde ' 

38. If the fluid be homogeneous and inelastic, and if gravity 
be the only force in action, 

p^gpK 

where K is the depth of the point P belov^ the surface ; and we 

obtain 

- JJhxdydx -_ ffhydydx , 

^^ fjhdydx ' y" iPidydx ' W- 

It is sometimes useful to take for one of the axes the line of 
intersection of the plane with the surface of the fluid : if we take 
this line for the axis of x, and as the inclination of the plane 
to the horizon, p ^gpy sin 0, and therefore 

- _ iSxydydx l^fdydx 

Hydydx ' y^JJydydx ^^> 

From these last equations (/8) it appears that the position of 
the centre of pressure is independent of the inclination of the 
plane to the horizon, so that if a plane area be immersed in fluid, 
and then turned about its line of intersection with the surface aa 
a fixed axis, the centre of pressure will lemam \mOcv^w^<^^, 
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^ If in t£e equations (a) we make h constant, that is, if we suppose 
the plane horizontal, x and y are the co-ordinates of the centre 
of gravity of the area, a result in accordance with Art. (36) ; but, 
in the equations ()8), the values of x and y are independent of 
0, and are therefore unaffected by the evanescence of 6. This 
apparent anomaly is explained by considering that, however 
small be taken, the portion of fluid between the plane area and 
the surface of the fluid is always wedge-like in form, and the 
pressures at the different points of the plane, although they all 
vanish in the limit, do not vanish in ratios of equality, but in 
the constant ratios which they bear to one another for any finite 
value of 0^, 

'39. Ex. 1. A given volume of inelastic fluid is at rest on 
d f,xed plane, under the action of a force^ to a fixed point in the 
planCy varying as the distance ; required to find the pressure on the 
plane. 

Taking the fixed point as origin, the expression for the 
pressure at any point is 

p^G-ifjup {ai'+y^+z') = G-^fjLpr\ 

where r is the distance from the origin ; and if |7ra' be the given 
volurae, the free surface is a hemisphere of radius a, and 



* The equatioDS of this article may be obtained by the following reasoning, 
which, as a slightly different method, it may be perhaps useful to insert. 

Through the boundary line of the plane area draw vertical lines to the surface, 
and let the fluid so enclosed be considered solid ; then the reaction of the plane, re- 
solved vertically, is equal to the weight of the solidified fluid, which acts in a vertical 
line through its centre of gravity ; and the point in which this line meets the plane 
is the centre of pressure. 

Taking the same axes as in (38), the weight of an elementary prism, acting 
through the point x, y, is gphbxSy coa 6, where 6 is the inclination of the plane to 
the horizon ; and therefore the centre of these parallel forces (Todhunter's StaUcSf 
Art. 66) acting at points of the plane, is given by the equations 

- __ffgph X cos ddydx _ __ffgph y cos $dydx 
^~ ffgphcoaddydx * ^~" ffgphcoa ddydx ' 

_fflixdydx ._ ffhydydx 
"^ "^'ffhdydx' ^"ffhdydx' 



! 
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The portion of the plane in contact with fluid is a circle of 
radius a, and therefore the pressure upon it 

This result may be written in the form /tga . fTrpa', which 
is the expression for the attraction on the whole mass of fluid, 
supposed to be condensed into a material particle at its centre of 
gravity, and might in fact have been at once obtained by con- 
sidering the fluid solidified, and kept at rest by the attraction to 
the centre of force and the reaction of the plane. (See Tod- 
hunter's Staticsy Art. 220.) 

Ex. 2. A rectangle has two sides horizontal^ to find its centre 
of pressure. 

Take the upper side for axis of t/ and its middle point as 
origin ; let a, &, be the sides of the rectangle, c the depth of the 
origin, and the inclination to the horizon of the plane of the 
rectangle. 

Divide the rectangle into horizontal strips, and let x be the 
distance of one of these from the origin ; then its depth is 

c+xsinOy 
aud the pressure on an elementary strip 

= gp {c + x sin 0)hSx; 

J -a 
x^ + xsme)dx o , o -a 
a 3c + 2a sin ^ 



/. a? = 



7^^ Tn 

I {c + xmi9)dx 



3 2b + aain0 ' 



and the value of ^ is evidently zero. 



- a 



lf^=0, aj = -, butifc=.0, x=^a, 

results illustrative of the remarks of Art. 38. 

, Ex. 3. A quadrant of a circle just immersed vertically in 

a \mvy homogeneous liquid, with one edge in tfie surface. 
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Take Ox^ tbe edge in the surface, as the axis of a?, 
then p^ffpt/, 
and j^a//(a«-^^y^^y ;-Jltdxdy 

the limits of the integrations for y being the same as for x. 

jfydxdy = i/(a* - a?) <fe = J a', 
jjxydxdy = J/a; . (a* — a^) da? = ^a*, 



Tra* 



16' 



.-. a; = ga, 3^ = jg'ra. 



Employing polar co-ordinates and taking the line Ox as the 
initial line, we should have jp ^gpr sin ^, and 

ir 

f'j r'co3 5sindrfr<i& 

a =-2-2-7 =ra, 

r' Bin ddrdd 

I 

IT 

N't'sm*edrd0 

and 2?=-Ui« ^1 ,ro. 

jf'BiD.edrdd ^^ 

Ex. 4. ^ aVcu2ar area, radius a, w immereed with its plane 
vertical, and its centre at a depth c. 

Take the centre as the origin, and the vertical downwards 
from the centre as the initial line ; then if p be the pressure at 
the point r, 0, 

p=ffp (c + rcos^), 

and the depth below the centre of the centre of pressure 

2j J»r^cos0{c + rcoa0)drd0 , 



2 jjr{c-\'r cos 9) drd0 
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Ex. 5. A vertical rectangle^ exposed to the action of the 
atmosphere at an equable temperature. 

If n be the atmospheric pressure at the base of the rectangle, 

the pressure at a height z is He *, Art. (25), and if b denote the 
breadth, the pressure upon a 'lorizontal strip of the rectangle 

/. the resultar j pressure, if a be the height, 

= / He ScZ^ = n^(l-.€ *), 
•'o 9 

and the height of the centre of pressure 

f * -C _ 
I ze *dz 

J A 



k a 



€ ^dz ^ e*-l 



Ex. 6. A hollow cube is very nearly filled with Itqutd, and 
rotates uniformly about a diagonal which is vertical ; required to 
find the pressures upon, and the centres of pressure of its severed 
faces. 

L For one of the upper feces ABOD. 

Take AD^ AB, as axes of x and y; z^ r, the vertical and 
horizontal distances of any point P (a?, y) from Ay 

then ^ = Jg) V -{-ffz, 

« = — j^ , projecting the broken line ANP on AE, 

.*. the pressure (P) on ABCD= i I pdydx 

J qJ 
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The centre of pressure is given by the equations 

IL For one of the lower faces EGDF, 

take EFy EG as axes, then, for a point Q, 

,_ aj + .v 

and the rest of the process is the same as in the first case. 

Ex. 7. A quadrant of a circle is just immersed vertically y 
with one edge in the surface^ in a liquid, the density of which varies 
as the depth. 

Taking Ox as the edge, in the surface, p = fj^y and p = ^fig^; 
the centre of pressure is therefore given by the equations 

xy^dydx \Wdydx 



X 



jjy^dydx 



, and y = 



jjy^dydx 
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or, in polar co-ordinates, 

j^rr'Qm'0cos0drdd jfr*&in*ddrdd 



x = 



, and y^ 



jjr' ain^ 0drdd ' [|r» sin' 



0drd0 



and it will be found that 



_ 16 a , _ 32 a 
0?=— - and y = T^ -. 

40. Prop. A vessel having a plane base and plane vertical 
sidesy contains two liquids which do not mix ; to find the restdtant 
pressure on one of the sides, and the centre of pressure. 

« 

Let p be the density and h the depth of the upper liquid, p\ h\ 
corresponding quantities for the lower liquid; the common surface 
must be a horizontal plane, (Art 26), the pressure at any point 
of which is gph, and the pressure at a depth z below the common 
surface is gph +gpz. 

Taking h for the breadth of one of the vertical sides, the 
pressure of the upper liquid upon it = ^gpbh^, and the pressure of 
the lower liquid 

= f g{ph + pz) bdz ==gbU {ph + ^ph'). 

The resultant pressure is the sum of these two and is equal to 

gb{yh' + phh' + yh'^. 

The moment of the fluid pressure on this side about its line 
of intersection with the surface 

[h fh' 

= 1 gpbz*dz+j g{ph+pz)b{h + z)dz: 

J Jo 

performing the integrations, and dividing by the expression for 
the resultant pressure investigated above, we obtain the depth of 
the centre of pressure. 

41. Prop. To find tlie resultant vertical pressure on amy 
surface of a homogeneous liquid at rest under the action o/ grooxfoj. 
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Let PQ be a surface exposed to the action of a heavy liquid ; 
let AB be the projection of PQ on the 
surface of the liquid, and suppose the 
portion contained between PQ and the 
vertical lines through its boundary 
which meet the surface in AB to be 
solidified. 




The solid .4^ is supported by 
the horizontal pressure of the liquid, 
and by the reaction of PQ) this 
reaction resolved vertically must be 
equal to the weight of A Q\ and con- 
versely, the pressure on PQ is equal to the weight of AQ^ and 
acts through its centre of gravity. 

If PQ be pressed upwards by the liquid as in the figure, pro- 
duce the surface, project PQ on it as before, suppose the space 
AQ to be filled with liquid of the same kind, and remove the 
liquid from the inside. 




Then the pressures at all points of PQ are the sanxe as before, 
but in the contrary direction, and since the vertical pressure in 
this hypothetical case is equal to the weight of AQ^ it follows 
that in the actual case, the resultant vertical pressure upwards is 
equal to the weight of -4 ^. 

If the surface be pressed partially upwards and partially 
downwards, draw through P, the highest point of the portion of 
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sor&ce considered^ a vertical plane PR, and let AGB be the 
projection of PSQ on the surface of the liquid. 




Then the resultant vertical pressure on P8R, 

= the weight of the liquid in PSB, 

and on BQ^ CQ, 

and the whole vertical pressure = the weight of the liquid in 
CQ + the weight of the liquid in PR. 

This might also have been deduced from the two previous 
articles, for PR can be divided by the line of contact of vertical 
tangent planes into two portions PS, 8R, on which the pressures 
are respectively upwards and downwai'ds ; and since 

pressure on P8 = weight of liquid APS, 
and /Sfi = ASR, 

the difference of these, i.e. the vertical pressure on PR = weight 
of fluid PjB. 

In a similar manner other cases may be discussed. 

It will be observed that this investigation applies also to the 
case of a heterogeneous liquid (in which the density must be a 
fimction of the depth, since surfaces of equal pressure are surfaces 
of equal density), provided we consider that the hypothetical ex- 
tention of the liquid follows the same law of density. 

42. Pbop. To find the resultant horizontal pressure, in a 
given directum, on a surface PQ. 

Project PQ on a vertical plane perpendicular to the given 
direction, and let pq be the projection. 
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Then supposing Pq solidified, it is kept at rest by the pre*-, 
sure onpq, the resultant horizontal pressure on PQ^ and forces 
in vertical planes parallel to the plane pq. 






Hence the horizontal pressure on PQ is equal to that on pq, 
and acts in the same straight line, i.e. through the. centre of 
pressure oipq. 

43. Hence, in general, to determine the resultant fluid pres- 
sure on any surface, find the vertical pressure, and the resultant 
horizontal pressures in two directions at right angles to each 
other. These three forces may in some cases be compounded into 
a single force, the condition for which may be determined by 
the usual methods of Statics. 

Ex. A hemisphere is filled with homogeneous liquid: re- 
quired to find the resultant action on one of the four portions into 
which it is divided hy two vertical planes through its centre at 
right angles to each other. 

Taking the centre as origin, the bounding horizontal radii 
as axes of x and t/, and the vertical radius as the axis of z^ the 
pressure parallel to x is equal to the pressure on the quadrant 
yOzy which is the projection, on a plane perpendicular to Ox, 
of the curved surface. 

Therefore, the pressure parallel to Ox 

and the co-ordinates of its point of action are 



(3 3 \ 
0, -a, TgTraJ , Art. 39, Ex. 3 ; 
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similarljy the pressure parallel to Oy = z9P^^> ^^^ *^^ through 
the point, 

ga, o, ^Tra). 

The resultant vertical pressure = the weight of the liquid 

1 ... .3 

= - gpnrcfy and acts in the direction of the line x = ~a = y. 

The directions of the three forces all pass through the point 

/3 3 3 \ 

and they are therefore equivalent to a single force 

^gpa^fJipi^ 4- 8) in the line 



X 



3 3 2 / 3 \ 



2 

or x = y = -z, 

TT 

a straight line through the centre, as must obviously be the case, 
since all the fluid pressures are normal to the surface. The point 
in which it meets the surface of the hemisphere may be called 
* the centre of pressure.' 

44. Prop. To find the resultant pressure on the surface of 
a solid either wholly or partially immersed in a heavy liquid. 

Suppose the solid removed, and the space it occupied filled 
with fluid of the same kind, and conceive this fluid solidified ; the 
resultant pressure upon it will be the same as upon the original 
solid. But the solidified fluid is at rest under the action of its 
own weight, and the pressure of the fluid surrounding it : the 
resultant pressure is therefore equal to the weight of the fluid dis- 
placed, and acts in a vertical line through its centre of gravity*. 



* This result may also be obtained by means of Arts. 41 and 42, as follows : 
Draw parallel horizontal lines touching the surface, and forming a cylinder which 
encloses it; the curve of contact divides the surface into two parts, on which the 
resnltant horizontal pressures, parallel to the axis of the cylinder, are by Art. 42 
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The same reasoning evidently shews that the resultant 
pressure of an elastic fluid on any solid is equal to the weight 
of the elastic fluid displaced by the solid. 

45. Prop. To find the resultant pressure on any surface of 
a fluid ai rest under the action of any given forces. 

Let p be the pressure, determined as in Chapter II., at any 
point {x, y, z) of a surface, m = 0, exposed to the action of the 
fluid. Then if 

pdu pdu pdu 
^d^' d^' ~dz' 

are the direction-cosines of the normal at the point (a;, y, z). 

Let h8 be an element of the surface about the same point. 
The pressures on this element, parallel to the axes, are 

^^S«« i-'l^*. ^4>*^ 

.'. if X, y, Z^ and X, M^ N be the resultant pressures parallel to 
the axes, and the resultant couples, respectively, 

Hh'>- ^=/^4?« ^=//^4*«. ■ 






du\ 
\r dy ^ dx) 



equal and opposite; the horizontal pressures on the solid therefore balance each 
other and the resultant is wholly vertical. To determine the amount of the resultant 
vertical pressure, draw parallel vertical lines touching the surface, and dividing it 
into two portions on one of which the resultant vertical pressure acts upwards^ and 
on the other downwards ; the difference of the two, by Art. 41, is evidently the 
weight of the fluid displaced by the solid. 
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the integrations being made to include the whole of the surface 
under consideration. 

These resultants are equivalent to a single force if 

XL+YM+ZN^O. 

46. The surface may be divided into elements in three 
different ways by planes parallel to the co-ordinate planes. 

Thus, SxBy = projection of S8onxy = P-r- B8; 
and »\Z=JfpdQDdy; and similarly, X^Jfpdydz^ and Y=^JJpdzdx, 

L -jjp {ydocdy - zdQcdz)^ 
"= JJ p iydy - zdz) dx, 

M=fjp {zdz — xdx) dy^ 
N=Jjp {xdx - ydy) dz. 

47. If the fluid be at rest under the action of gravity only, 
and the axis of x; be vertical, p is a function of z^ j> {z) suppose, 
and therefore, 

X^jjj>{z)dydz, 

which is evidently the expression for the pressure, parallel to a?, 
upon the projection of the given surface on the plane yz ; and 
similarly Fis equal to the pressure upon the projection on xz. 

Again, if the fluid be incompressible and- acted upon by 
gravity only, pSxSy is equal to the weight of the portion of fluid 
contained between S8 and its projection on the surface of the 
fluid; 

.'. Z, or jjpdxdy, is the weight of the superincumbent fluid. 

These results accord with those previously obtained, Arts. 
41 and 42. 



B.H. 
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EXAMPLES. 

1. Find the centres of preesiire oi a parallelogram with one side 
in the sur&ce, and of a triangle with one side in the sur&oe. 

2. Water is poured into a hollow sphere, determine the depth of 
the water when the resultant pressure h half the total normal 
pressure. 

3. A coiiical wine-glass is filled with water and placed in an 
inverted position on a table ; if the whole pressure ot the water 
on the glass be double its resultant pressure, find the vertical angle 
of the cone. 

4. A hollow paraboloidal yessel, open at the top, is inverted 
and placed on a horizontal table; fluid beiog poured in through 
a hole at the vertex, find its height when it be^ns to escape, and the 
condition that this may be possible. 

5. A vessd in the form of a regular pyramid^ whose bas^ is a 
plane polygon of n sides, is placed with its axis vertical and verteii: 
downwards and is filled with fluid. Each side of the vessel is move- 
able about a hinge at the vertex, and is kept in its place by a string 
fiistened to the middle point of its base and to the centre of the 
polygon : shew that the tension of each string is to the whole weight 
of the fluid as 1 : ti sin 2a, where a is the inclination of each side to 
the horizon. 

6. Find the centre of pressure of a square lamina having one 
angular point in the surfiuse of a fluid ; and supposing it to be moved 
about the angular point in its own plane, which is fixed, and to be 
always totally immersed, find the locus of its centre of pa^anue. . 

7. - Find the centre of pressure of an elliptic lamina just immersed 
in a heavy fluid ; and supposing it turned round in the same vertical 
plane, so as to be always just immersed, find the locus with respect to 
its axes of the centre of pressure. 

8. A cubical box, filled with water, has a close-fitting heavy lid 
fixed by smooth hinges to one edge ; compare the tangents of the 
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angles through which the box must be tilted about the several edges 
of its base, in order that the water maj just begin to escape. 

9. A plane area of any form is immersed in a homogeneous 
liquid, and vertical straight lines are drawn through the boundary 
to the sui*face, thus determining a portion of the liquid : shew that 
the centre of gravity of this portion and the centre of pressure of th6 
plane area are in the same vertical straight line, and that the depth 
of the centre of pressure is twice that of the centre of gravity. 

10. Find the centee of pressure of a semi-ellipse (axes 2a and a) 
which is bounded by a diameter inclined at the angle ^ to its major 
axis, its plane being vertical, and the diameter in the sur&ce. 

11. A semi-ellipse bounded by its axis minor^ is just inmiersed 
in a liquid the density of which varies as the depth ; if the axis minor 
be in the sur£eice, find the eccentricity in order that the focus may be 
the centre of pressure. 

12. A square lamina ABGD^ which is immersed in water, has 
the side ^^ in the surface ; draw a line BE to a point E in CD such 
that the pressures on the two portions may be equaL Prove that, if 
this be the case, the distance between the centres of pressure ; the 

side of the square :: V^05 : 48. 

13. A semicircular lamina is completely immersed in water with 
its plane vertical, so that the extremity A of its bounding diameter is 
in the surface, and the diameter makes with the surface an angle a. 

Ptove that if i^ be the centre of pressure and 6 the angle between 
AE and the diameter, 

3ir + 16tana 



tan 03= 



16 + 15 TT tan a* 



14. Find the centre of pressure of a segment of a parabola 
bounded by the curve and the latus-rectum, the tangent at cme end 
<^ the bounding ordinate being in the surface. If the liquid rise, 
the parabola remaining stationary, shew that the centre of pressure 
describes a straight line. 

15. A cone is totally immersed in a fluids the depth of the 
centre of its base being given. Prove that, /*, i^, F^\ beiiig the 

4—^ 
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resultant pressures on its convex surface, when the sines of the incli- 
nation of its axis to the horizon are 8, «, «'', respectively, 

16. Find the centre of pressure of the area between the curve 

tJx-^\/y = sfa, and the axes, taking the axes rectangular and one of 
them in the surface. 

17. A quantity of incompressible fluid acted upon by a central 
force varying as the distance is contained between two parallel planes; 
if Af B,hQ the areas of the planes in contact with the fluid, shew that 
the pressures upon them are in the ratio A* : B*, 

18. A hollow sphere is full of fluid, the density of which varies 
as (the depth)"; shew that the whole pressure on the surface of the 
fiphere : the resultant pressure :: ti + 3 : n + 1. 

19. One asymptote of a hyperbola lies in the sur£stce of a fluid; 
find the depth of the centre of pressure of the area included between 
the immersed asymptote, the curve, and two given horizontal lines in 
the plane of the hyperbola. 

20. A cone is immersed in a fluid with the centre of its base at 

a distance of ^ of its altitude below the surface. A paraboloid of the 

vame base and altitude is also immersed in the fluid with the centre 
of its base at the same distance below the surface as that of the cone, 
and with its axis inclined at the same angle to the vertical Find 
what this angle must be in order that the resultant pressures on the 
convex surfaces of the two solids may be equal. 

21. A regular tetrahedron with one of its faces horizontal is 
filled with two fluids the common sur&ice of which bisects its altituda 
Find the centre of pressure of one of the sides. 

22. A hollow cube is very nearly filled with fluid, and is made 
to rotate uniformly about a vertical edge ; find the pressure upon, 
and centres of pressure of, its several sides. 

23. A closed cylinder, very nearly filled with fluid, rotates 
uniformly about a generating line, which is vertical ; find the re- 
sultant pressure on its curved sur&ce. 
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Determine alao tlie point of action of tbe pranire on iti upper 

end. 

24. A cabe is filled with a fluid the densitj of whidi TKriee as 
the depth. The three edges which peas thioogh the highest comer 
of the cube make an^es a, /3» y, with the rerticaL find the lesolt- 
ant pressure on one of the n|^er fi^es of the cabe. 

25. A cone is filled with fluid, and fitted with a hearj lid, 
moyeable about a hinge ; it is then made to rerolre nnifixml j about 
the generating line throug^i the hing^ which is vertical ; find the 
greatest angular Telocity consistent with no escape of the fluid. 

26. A portion of a spherical shell is cut off bj a plane, and the 
remaining portion is placed on a horizontal plane so tiiat the circular 
section is in contact with the plane and is then filled with water 
through a small hole at the highest point. "Find the largest piece 
which can be cut off so that^ howeyer light the shell may be, the 
water may not escape. 

In this case, prove that the whole pressure on the shell is to the 
weight of the fluid in the ratio 2 : 1. 

27. If a plane area immersed in a fluid revolve about any axis 
in its own plane, prove that the centre of pressure describes a straight 
line in the plane. 

28. A plane area is wholly immersed in a fluid in a position not 
horizontal; if the area be turned about its centre of gravity, in its 
own plane, shew that the locus of the centre of pressure of the area 
will be an ellipse. 

29. A cube whose edge is 2a^ and whose &ces are horizontal 
and vertical, is surrounded by a mass of heavy fluid, the volume of 

which is Scf{ir^'- 1}; the fluid is acted on by a force tending to 
the centre of the cube, and var3ring as the distance, the force at the 
distance a being g ; find the form of the free surface and the pressure 
at any point : also if one of the vertical faces of the cube be moveable 

ahout a horizontal line in its own plane, shew that the face will be at 

4 
rest^ if this line be at a distance -^a from the lowest edge of that face. 

30. A hollow cone open at the top is filled with fluid ; find the 
lesaltant pressure on the portion of its surface cut ofi*, on one side, 
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hy two planes through its axis inclined at a given angle to each other; 
also determine the line of action of the resultant pressure, and shew 
that^ if the vertical angle be a right angle, it will pass through the 
centre of the top of the cone. 

81. A solid cylinder having plane ends is completely immersed 
in water with its centre at a given depth and its axis incHned at a 
given angle to the vertical ; find the direction and magnitude of the 
resultant pressure on the curved surface of the cylinder. 

32. A bowl in the form of a hemisphere is filled with water ; 
find the direction and magnitude of the resultant pressure on the 
upper porUon of the bowl cut off by a plane through its centre in- 
clined at a ^ven angle to the horizon. 

3^. An open conical shell, the weight of which may be neglected, 
is filled with water, and is then suspended from a point in the rim, 

and allowed gradually to take its position of equilibrium; prove that, 

2 

if the vertical angle be cos"^^, the sur^Mse of the water will divide 

the generating line through the point of suspension in the ratio 
2:1. 

34, A regular polygon whoUy immersed in a heavy homogeneous 
liquid is moveable about its centre of gravity; prove that the locus 
of the centre of pressure is a sphere. 

35. A hemispherical bowl is filled with water, and two vertical 
planes are drawn through its central radius, cutting off a semi-lune 
of the sur&ce ; if 2a be the angle between the planes, prove that the 
angle which the resultant pressure on the sur&ce makes with the 
vertical 



= tan" 



, /sin a\ 



36. A vessel in the form of a surfisu^e of revolution has the 
fi^owing property ; if it be placed with its axis vertical, and any 
quantity of fluid be poured into it, the ratio of the total normal 
pressure to the resultant vertical pressure vaiies as the depth of the 
fluid poured in. Shew that the equation to the generating curve is 

C8 = xy. 



CHAPTER IV. 

THE E^yUilBRIUM AND THE OSCILLATIONS OF flfiATUlQ 

BODIES. 



48. Prop. To find ike conditions of equilibrium of a fiooA- 
i^g hody. 

We shall suppose that the fluid is at rest under the action 
of giayitj only, and that the body, under the action of the same 
fbrce, is floating freely in the fluid. The only forces then which 
act on the body are its weight, and the pressure of the surround- 
ing fluid, and in order that equilibrium may exist, the resultant 
£lllid i^iessure must be equal to the weight of the body, and must 
84^; in a ¥er|acal direction. 

2^0 V W0 have shewn, Art. (44), that the resultant pressure 
(^ a heavy fluid on the surface of a 3olid, either wholly or 
partially immersed, is equal to the weight of the fluid displaced, 
and acts in a vertical line through its centre of gravity. 

Hence it follows that the weight of the body must be equal 
to the weight of the fluid displaced, and that the centres of 
gravity of lie body, and of the fluid displaced, must lie in the 
same vertical line. 

These conditions are necessary and sufficient conditions of 
equilibrium, whateyer be the nature of the fluid in which the 
body is floating. If it be heterogeneous, the displaced fluid 
must be looked upon as following the same law of density 
W jthe jSURFOunding fluid; in other words, it must consist of 
strata of the same kind as, and continuous with, th^ horizontal 
strata of uniform density, in which the particles of the surround- 
ing fluid are necessarily arranged. 

M for instonoe a solid body float in water, partially immersed, 
itsifjnghjt wiU be equal to the weight of tiie w;«kter displaced, 
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together with the weight of the air displaced; and if the air 
be removed, or its pressure diminished hj a diminution of its 
density or temperature, Art. (19), the solid will sink in the water 
through a space depending upon its own weight, and upon the 
densities of air and water. This maj be further explained by 
observing that the pressure of the air on the water is greater 
than at any point above it, and that this surface pressure of the 
air is transmitted by the water to the immersed portion of the 
floating body, and consequently the upward pressure of the air 
upon it is grestter than the dowmoard pressure. 

49. We now proceed to illustrate the application of the 
above conditions, by the discussion of some particular cases. 

Ex. 1. A portion of a solid paraboloid^ of given Jieighty 
floats with its axis vertical and vertex doumwards in a homo^ 
geneous liquid^ required to find its position of equilibrium. 

Taking 4a as the latus rectum of the generating parabola, 
h its height, and x the depth of its vertex, the volumes of the 
whole solid and of the portion immersed are respectively 27raA' 
and ^iraa?] and if />, cr, be the densities of the solid and liquid, 
one condition of equilibrium is 

p . 27raA' = a . 27rax^; 



••• ^=v ^*' 



which determines the portion immersed, the other condition 
being obviously satisfied. 

Ex. 2. A triangular prism floats with its edges horizontal, 
to find its positions of equilibrium. 

Let the figure be a section of the prism by a vertical plane 
through its centre of gravity. 

P^ is the line of floatation and H the centre of gravity of 
the liquid displaced. When there is equilibrium the area APQ 
is to ABC in the ratio of the density of the prism to the density 
of the liquid, and therefore for all possible positions of PQ the 
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area AFQia constant; hence FQ always touches, at its i 
point, ft hyperbola of which ABj ACy are the asymptotes. 
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Also HO must be perpendicular to PQ, and therefore since 

AHxHE^AGxGF, 

FE must be perpendicular to PQ, that is, FE is the normal 
at j^ to the hyperbola. The problem is therefore reduced to 
that of drawing normals from jPto the curve*. 

Let icy = c* be the equation to the curve referred to AB^ A G 
as axes, and let 

JL.BAC=0, AB = 2a, AC^2b... (a). 

Let X, y, be the co-ordinaies of E\ the co-ordinates of 2^ are 
a, 6, and the equation to the normal at J? is 






a;cos^— y 

And if this pass through F^ the co-ordinates of which are a, J, 
(5 — y) (a? cos ^ — y) = (a — x) {y cos O — x), 
or a?— (a + bcoaff) x=y^ — {acos0 + h)y (/S). 

• Senate-ffoute ProhlemSf 1852. 
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The equations (a) and (/9) determine all the peinta of the 
hyperbola, the tangents at whieh ean be lines of floatation. 

Also 08) is the equation to an equilateral hyperbola, referred 
to conjugate diameters parallel to AB, AC; the points of inter- 
section of the two hyperbolas are therefore the positions of JE. 

To find Xf we have 

a?* — (a + & cos ^. ic* 4- (acos 5 + J) c^cc — c* = 0, 

an equation which has only one negative root, and one or three 
positive roots, %and there may be therefore three positions of 
equilibrium or only one. 

If the densities of the liquid and the prism be p and cr, we 
have, since the area PA Q 

s= i-4P. ^Q sin fl = 2ajy sin 5 = 2c' sin fl, 
2p(f sin ^ = 2a(ib sin tf , 
or pc^^aahy 
from which c is determined. 

Suppose the prism to be isosceles, then putting a^by the 
equation for a? becomes 

x^-o^-a (1 + cos 0) (a?* - c'a?) = 0\ 

from which we obtain a; = c, which gives y — c^ and makes BC 
bori^outal, &a obvious position of equilibrium^ and ^Iso 

a = 1 (1 + cos 5) ± ll" (1 + cos fl)=-c4* 

= a cos'- ± (a" cos*- — c')*; 

the isosceles prism will therefore have ouly one position of equi- 
librium, unless 

ocos ->c; 
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and, slnoe p(? » era', this is eqniyalent to 

cos' 



2 V p 



Ex. 3. Determine the position of eqmUbriuni of a balloon of 
given size and weight, neglecting the variations of temperature ai 
different heights in the atmosphere. 

If the temperature be constant, the pressure of the air at a 
height £; = lie * , and its density = 7^ e * , 11 being the atmo- 
spheric pressure at the level from which the height is mea- 
sured. 

The air displaced consists of a series of strata of variable 
density, and if js; be the height of the lowest point of the balloon, 
X the distance from that point of anj horizontal section (X) of 
the balloon, and h its height, the weight of a stratum of the air 
displaced is 

11/7 -&^ 

and the whole weight of air displaced 

The form of the balloon being given, X is a known function 
of a?, and if PT be the weight of the balloon and of the gas it 
contains, the height ss will be determined by equating W to the 
egression we have obtained for the weight of the air displaced. 

* NoU on Ex, 2. It is evident that, if any solid float so that the immowed 
portion is a triangular prism, the construction employed in Ex. 2 will determine 
iii poiitaons of equilibrium ; for if (7 be its cenk« of graidty, and AO lie joined 
and piodaoed to i^ so that AQ=20P, jP is a fixed point through which the nonatSL 
at ^ must always passL The construction may also be extended to the case of a 
pyramid of any kind floating with its vertex downwards. For, if the volume of 
!^* tits pyramid cut off by a plane be constant, the plane envelops a surface, its point 
of eovtact with which (Art. 54) is the centre of gravity of the plane. Henoe 
Wfig A AB &e vertex, and E as the centre of gravity of the plane d floatatiox\, 
AB^iAE, and, if AO be produced until AG=iAF, F ib h fixed point, and FE 
]| namial to the envelope. The problem is therefore reduced to that of drawing 
oonnah from F to the envelope. 
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Ex.4. A homogeneoiLS solid Jloatd^ wholly immeraedi in a 
liquid of which the density varies as the depth; to find the depth 
of its centre of gravity. 

Let a, c, be. the depths of the highest and lowest points of 
the solid, Z the area of a horizontal section of the solid at a 
depth Zj and jjlz the density ; 

' the weight of the liquid displaced = I gixzZdz. 

Let z be the depth of the centre of gravity of the solid, and 
V its volume, then 



VI 



= I Zzdz\ 

J a 



therefore the weight of displaced liquid ^gyiaV^ and if /> be the 
density of the solid, its weight =5rpF; hence /9 = /t^, or the 
solid floats in such a position that the density of the liquid at 
the depth of its centre of gravity is equal to its own density. 

60. If a solid float under constraint^ the conditions of equi- 
librium depend on the nature of the constraining circumstances, 
but in any case the resultant of the constraining forces must act 
in a vertical, direction, since the other forces, the weight of the 
body, and the fluid pressure, are vertical. 

If for instance one point of a solid be fixed, the condition of 
equilibrium is that the weight of the body and the weight of the 
fluid displaced should have equal moments about the fixed 
point; this condition being satisfied, the solid will be at rest, 
and the strain on the fixed point will be the difierence of the 
two weights. 

As an additional illustration, consider the case of a solid float* 
ing in water and supported by a string fastened to a point above 
the surface ; in the position of equilibrium the string will be 
vertical, and the tension of the string, together with the result- 
ant fluid pressure, which is equal to the weight of the displaced 
fluid, will counterbalance the weight of the body ; the tension 
is therefore equal to the difference of the weights, and the 
weights are inversely in the ratio of the distances of their lines 
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of action from the line of the string, these three lines J)eing in 
the same vertical plane* 

51. Prop. A solid of revolution floats in a liquid which 
rotates uniformly about a vertical axis, the aods of the solid coin^ 
ciding toith the axis of rotation ; required to find the condition of 
equilibrium* 

In a mass of rotating liquid, suppose a surface of revolution 
described, having its axis coincident i^ith the axis of rotation, 
and let the liquid within this surface be made solid. No imme- 
diate change of motion will be produced, and since the rotation 
is about a principal axis, and the fluid pressures on the solidified 
fluid are normal to its surface, no subsequent change will take 
place, and the solidified fluid will continue to rotate as before. 
The resultant of the fluid pressures upon this solid is therefore 
equal to its weight, and the same pressures being exerted on the 
sur&ce of any solid occupying the same space, it follows that 
any such solid will be in equilibrium, if its weight be equal to 
the weight of the fluid it displaces. 

It will be seen moreover that it is quite indifferent whether 
the solid rotate with the fluid, or with a different angular velocity, 
or be at rest. 

52. Ex. A cylinder floats in rotating liquid; to find the 
depth to which it is immersed. 

If CD be the angular velocity, the equation to the generating 
parabola of the free surface, taking its vertex as the origin, is 
<o*j^ = 2ffZf and if z be the depth of the base of the cylinder 
below the circle of floatation, that is, the circle in which the &ee 
surface intersects the surface of the cylinder, and c the radius of 
the cylinder, the volume of the displaced fluid is the difference 
between the volume of a height z of the cylinder, and the volume 



V 



of a height -^ of the paraboloid. 

if 

Hence, if cr be the density of the cylinder and p of the fluid, 



21 f i ttcoVN 
inrch = p ( TTCZ j — I , 



9 2 

, a y mc" 
and z= - h + 



^ 
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The stability of the equtltbrmm of floating bodies. 

53. If a floating body be slightly displaced, it will in general 
either tend to return to its original position, or will recede 
farther from that position ; in the former case the equilibritim is 
said to be stable, and in the latter unstable, for that particular 
direction of displacement. 

Consider first a small vertical displacement : it is clear that, 
if the body be floating partially immersed in homogeneous fluid, 
or if it be immersed, either wholly or partially, in a hetero- 
geneous fluid of which the density increases with the d^th, a de- 
pression will increase the wei^t of the fluid displaced, and on 
the eonlxarjr an elevation will diminish it; in either case the 
toidency of the fluid pressure is to restore the body to its position 
of rest, and the equilibrium is stable with regard to vertical dis- 
placements. This, it will be observed, is only shewn to be true 
of rifful bodies ; if the increased pressure, caused by depression, 
have the efiect of compressing any portion of the floating body, 
the equilibrium is not necessarily stable^ and in fad: it may be 
unstable. 

54. An arbitrary displacement will in general involve both 
vertical and angular changes in the position of the body ; if 
however the displacement be small, as we have supposed to be 
the case, the effects of the two changes of position can be treated 
independently 7 and we proceed to consider the effect of a small 
angulwr displacement, on the supposition that the weight of fluid 
displaced remains unchanged, and consequently that the fluid 
pressure has no tendency to raise or depress the centre of gravity 
of the body. 

For the proposed investigation, the following geometrical 
proposition will be found important. 

Jf a solid be cut by a plane, and Hvis plane be made to turn 
through a very small angle about a straight line in itself the 
volume cut off will remain the same, provided the straight line 
pass through the centre of gravity of the area of the plane 
section. 
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To pfove this, consider a right cylinder of any kind eat by 
a plane tw^lrmg with its base an angle 6. 

Let i be the distance from the base of the centre of gravity 
of the section A^ SA an element of the area of Ihe section and V 
the Tolnme between the planes. Then 

tjSA.PN) ^ 

^^ A ' 

.'. Acosefz = t{BAco9 0.PN)^V, 

or F = i (area of base). 

Now the centre of gravity of the area A is 
also the centre of gravity of all sections made 
by planes passing through it, as may be seen 
by projecting the sections on the base of the 
cylinder ; it follows therefore, that, i being the 
same for all such sections, the volumes cut off 
are the same*. 

In the case of any solid, if the cutting plane be turned 
through a very small angle about the centre of gravity of its 
section, the surface near the curves of section may be considered, 
without sensible error, cylindrical, and the above proposition is 
therefore established. 

In other words, the difference between the volume lost and 
the volume gained by the change in the position of the cutting 
plane will be indefinitely small compared with either. 

55. A solid, floating at rest in a homogeneous liquid, is made 
to turn through a very small angle in a given vertical plane ; to 
detetmine whether the fluid pressure will tend to restore it to its 
original position or not. 

* The proof may also be given in the following form. 

TtSdng a point in the base as origin, and the base as plane osy, let the equa- 
tion to the plane A, catting the axis of z in the point C, be 

z=ax+by+c ; 
then the ▼idiime<t)ttt off by ii 

=ff{ax+by + c)dxdy, 

and this is independent of a and b if 

jjxdxdy=0, and jjydxdy=0, 

tint k, if be tlie centre of grayity of the base, or (7 the centre of gravity of the 
Mctlon A» 
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Take the iMuse in which the body is symmetrical with respect 
to the vertical plane through its centre of gravity in the direc- 
tion of which it is displaced ; and suppose the volume of liquid 
displaced to be unchanged. 

Let AEG be the original plane of floatation and BO the 
direction of the fluid surface after displacement, O the centre of 
gravity of the solid, H of the fluid originally displaced, and V 
the volume of the fluid displaced. 





In the second figure CNv& the line of intersection of the two 
planes A Ca, BCb^ which is per- 
pendicular to the plane ACBy 
in the first figure. 

The resultant fluid pressure 
is the weight of Bah acting up- 
wards, and is therefore equiva- 
lent to the weight of ABa^ or 
gpV^ acting upwards through S", of the wedge aGb acting up- 
wards, and of the wedge ACB acting downwards. 

These wedges being equal, the resultant action of the two 
wedges is a couple, the moment of which about O is equal to its 
moment about (7. 

Taking gp as unity, the mass of an element PN of one of the 
wedges 



where x = CN^ and y = PN\ and the distance ficom QN of its 
centre of gravity is §y ; 



JSQUILIBRIUM OF 'A FLOATING BODY. 65 

.*. the moment about (7 of the wedges 

- • 

where A is the area -4o, and k its radius of gyration relative to 
the line GN. Hence the moment of the fluid pressure about a 
horizontal axis through G, parallel to GN^ 

^{V.HG-Ak')he; 

and if this moment is negative the solid tends to return to liA 
original position, i.e. the equilibrium is stable 

Ak^ 
when HG < -j^ , . 

and conversely, is unstable 

Ak^ 
when HG>-y . 

If M be the point in HG through which the resultant ver* 
tical pressure of the fluid acts, in other words, if the vertical line 
through the centre of gravity of the fluid displaced meet HG 
in My the- moment is , 

V.GMsinSe, 

or V{HG-'HM)B0; 

AP 



.'. HM= 



V ' 



and the equilibrium is stable or unstable according as HM > or 
<HG. 

■ 

The point M is called the metacentre. 

If HG == -^ , that is, if M and G coincide* the equilibrium 
, is said to be neutral. 

56. If the plane of displacement do not divide the body 
I symmetrically, the expression 

{V.HG-AJ(^)Bd, 
Km ^ 
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will still represent the moment of the fluid pressures, but the 
line of action of the resultant fluid pressure will not necessarilj 
lie in the plane ABa. 

Let X be the distance measured in the direction CN, 2nd 
figure, of the vertical through the centre of gravity (-ff ') of the 
solid Bab, then, 

Vx^Bd.rixQM'dxSeJ'^lxPN^dx, 

where QM refers to the wedge aCb, and x\ x" are the extreme 
values of x ; and if y, an ordinate corresponding to either part of 
the plate of floatation, be considered positive when measured in 
the direction C!a, this may be written 



Vx=S0J' lx(j,^^f')dx. 



If the projection of the vertical through -ff'.on the plane 
ABa meet HO in Jf, the moment of the fluid pressures about G 
will still be represented by F. GMS0, and therefore as in the 
previous case VrnHM^I^A, and if rotation in the direction of 
the plane ABa only be allowed, the position of the point M de- 
fines the stability of the equilibrium. 

57. It must be observed that the above investigation is 
essentially statical; it is simply an inquiry into the direction 
in which the moment of the fluid pressure about a certain 
horizontal axis through G is acting in the position of displace* 
ment contemplated. 

Considered dynamically, if the horizontal axis through O be 
not a principal axis, the forces introduced by displacement will 
cause accelerations about other axes through G, and will' conse- 
quently produce rotations about varying axes. 

Moreover a rotation about G would, except in the case in 
which F and C^ Art. 55, are coincident, cause a change in the 
quantity of fluid displaced, and vertical oscillations would theie^ 

fore ensue. 

' ' » ■• 

58. The following is another method of determining tl)6 
Metacentre. 
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BeFerring to Arts, 54 and 55, and taking the case in which 
the body is symmetrical with regard to the vertical plane of dis- 
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placement yz^ let A CB be the plane of floatation, C being its 
centre of gravity, and aCb the liquid-surface after the body has 
been turned about Cx through a small angle 6, Ca being the axis 
of V and Cz vertical 

Let x^y/zhQ co-ordinates of a point P in the surface of the 
body, and let the vertical ordinate Pn meet the plane xymnf 
and the plane ACB in N^ then, F'n'N' being the projection of 
PnN on the plane yz^ 

Nn=-N'n'^y0, miPir^FN'^z + yB. ' 

Let H' be the centre of gravity of aBb, H of ABBy and O of 
the whole body; 

Then, V being the volume of liquid displaced, HK, H'K' 
perpendiculars on Cz^ and H'LM the vertical through M% 

V.H'K'^jjyz^ydx, and r.HK=^jjy(z+y0)dydx; 



.\ V.HL==jjy'0dydx. 



But, if the vertical through S\ meet HO in Jf, the meta- 

oentre, 

HL^HM.0; 



.\ r.HM^jjy'dydx, 



audi 



be greater than BG, the equilibrium \& «>\s\A!&. 

5—^ 
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The expression jl^dydxy is the moment of inertia of the 

plane area aCb about fy, and is ultimately the same as that of 
A CB about Gx. 

Hence, if -4 be the area AGB, the equation may be written 

V.HM^k^A. 

This result may also be obtained by taking CA as axis 
of y, but the process is then somewhat longer, as it becomes 
necessary to shew that, to the first order of small quantities, 

CK^ GK\ 

HKkni H'K' being the perpendiculars on the new axis ofz» 

This however is easily seen, for 

V.GK^jj^.zdtfdx, 

and V.GK'^jj^{z + xe){z^x0)dffdx, 

and therefore F. KK' = / 7 s ^^ dy dx, 

which is of the second order. 

Again, we may give another form to the process by a direct 
investigation of the moment, about Cx^ of the fluid pressure. 

59» .Ex. 1. A solid cylinder of radius a and length h floaJt' 
ing vnth its axis verticaL 

In this case the plane of floatation is a circle, and 

- .J • - . • . , ,■#-•- 

«=«aM CO8*0 dOy putting a; = a sin ^, 



Tra* 



4 ' 
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Aerefore^ if H. be the length of the axid immersed. 



^a*A'.fiaf=^\ or HM^,^., 



4 ' 4A 

and the eqtiilibriam is stable if 

4h'^2 2' 

Ex. 2. ^ oj^Zuu^er >a;tn^ with its axis honzmUd and in 
the surface is displaced in the vertical plane through the axis. 

The plane of floatation is a rectangle, and 



Ai^=,n^6.=inax . 



• « 



.1 



1 A* 
also n]if=~ — ; 

3 TTtt 

therefore the equilibrium is stable, if 

1 ^ 4a 

or h>2d. . 

Ex.' 3. ^ solid cone floating with its uosis vertical dhd vertex 
doumwards. 

Let Ti be the length of tli6 axi^, 

i. the portion of the axis immersed,. 
, ■ 8a the vertical angle of the cone* 

Tien, ^A^'^x^^t*^*** 

c . • ' ■■■■••■ 4 

. - ■■ 1 .... 

imd F=-7ra*tan*a; 

o 

3 
/. aaf=j«ta^«ar. 

4 4 ' 
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and therefore the eqnilibrinm is stable or unstabley according as 

z tan* a > or < A — r, 

or «>or<Acos*a. ... 

Bat if />, cr, be the densities of the fluid and cone. 



U),~p'. 



.•\ 



therefore the eqnilibriam is stable or unstable as 



<r 



— > or < (cos a)*. 
9 

Ex. 4 An isosceles triangular prism flocUinff toith its base not 
immersed, and its edges horizontal. 

Beferring to Ait. 49, consider first the position of equiUbriom 
in which the base is inclined to the horizon. 

In this case, \iAQ^2y and AP^2x^ x and y are given by 
the equations 

a?+y=2aco8"-, 

xy^(?. 

The co-ordinates of and H referred to AB^ AG as axes 
are respectively, 

2 2 ,2 2 

-a, ^a, and -a;, -y, 

/. irG^*=^{((3t-a?)* + (a-y)* + 2(A-a?)(a-y)cose} 

== 9 {^+y*+ 2a:y cos 5 - 2a (1 + cos ^ (a: +y) + 2a' (1 + cJbfl ^}, 
from which, by means of the above equations, we obtain 

a^(y = ^m|(a«co8»|-.c^». 

The area P^Q = 2c'8in 0, and if if be the metaoentre, and 
I the length of the prism, 
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24c» sin 6' 
But PQ» = 4(a?+y*-2a2rcosd) 

.-. J23f = I — -^ (a- co8» I - c*)', 
c'sin- 

and ffJf > fi(?, if c* sin* I < cos' I (a* COS* I - cO, 

J» J» J» 

i,e. if cos - >-. 
2 a 

Next, consider the case in which the base is horizontal, and 
PQ therefore parallel to AB. 

The area P^Q= 2c"sind, 


AP=AQ==2Cy and PQ = 4csin -• 

■ . ,0 

Hence, -H3lf=-c—2-, and -?(? = - (a — c) cos-, 

cos- 
2 

andfi3f>a^(yifcos*f<-. 

2 a 

Now in the Art. 49, before referred to, we have shewn that 
there are three positions of equilibrium, or one onlj, according as 

^0 c 

cos'->or<-. 
2 a 

Hence it follows, that when there are three positions of equi- 
librium, the intermediate one, in which CB is horizontal, is a 
position of unstable equilibriimi, while in the other two positions 
the equilibrium is stable. 
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If there be only pne pdsition in which, the prism will rest, its 
equilibrium is stable. 

Finite Displdcements. 

60. A more general case for consideration would be that of 
a body displaced through a finite angle from its position of 
equilibrium, the subject of inveiatigation being the direction of 
the moment of the fluid pressure. 

We shall consider only the case of a body which is sym- 
metrical with respect to the vertical plane of displacement pass- 
ing through its centre of gravity ((?). 

Let AG he the line through G in the body which is vertical 
in the position of equilibrium; A being a fixed point in the body 
below (?, H the centre of gravity of the fluid displaced, and L 
the point in which AG ia intersected by the vertical through H. 

Then it is clear that if L is above G, the fluid pressure will 
tend to make AG vertical, and if i is below G^ will tend to turn 
A farther from the vertical. 

It is not to be inferred that if L is above G, the body will 
when set free return to its original position and oscillate through 
it, or even that the original position is one of stable equilibrium, 
according to our previous definition of stability : it is a general 
law of mechanics that positions of stable and unstable equili-^ 
brium ocbiir alternately, and the body may have been displaced 
from its original position through other positions of equilibrium. 

As a particular example take the following. 

A solid cone, floating with its axis vertical and vertex doum* 
wards J is turned tJirough an angle in a, vertical plane, the vtHume 
cf fluid displaced remaining the same; to determine the direction 
of the moment of the fluid pressure. 

Let AB be the major' axis of the elliptic section made by 
the surface plane of the fluid, C its middle point, -4 a, Bby Cc, 
lines at right angles to AB, and let the angle A VB = 2a and 
F4 = rf., Then / 

K4a = d-a, and VBh^ir-^e^a. 



^INITB DISPLAOElCBHm 



F. - j {r» + Fj)-5.|,i-J^ + <i^jj_j ^_^j 

. ■ ' dtsoaO _ 



.. " 4 C08(d+a)* 

The Bemi-minor axis of the ellipae AB is a mean propor- 
tional between the perpendicnkrs from A aii4 -5 on the axis of 
^e cone, 

■":■".' 1 ,.■'-■ ■ i: 
.'. itsarea = ir--45(FJ..KB.Bin'a)' ; 

1 J" ^° g Bin 2a f cos(ff — a) )' 
■ ^2'^ cosCe + a)ico3(f? + a)|' ' 

therefore the volome of the fluid displaced 

= -<i cos (fl— a), (area of ellipse) . ' • 

1 „ . , fco8{5-a))» 

= -wrf'sm'acoeaJ ). { \ . 

3 [WB{tf + a)} 

Hence, if />, o-, be the densiti^ of the fluid and iba corn^ 
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since the weight of the fluid displaced is equal to that of the 
cone, we have 

,g . , (cos(^— a)]* j,^ , 
pa' sm' a cos a < 73 {f^ a-ff tan" a, 

'^ (008 \0 + a) J 



or 



\hj p (COS {0 — a) J cos' a ' 



And FX>FG^ if 



, cos^ , 

a 77% v > A, 

cos (5 + a) ' 



.- '/<r cosacosfg + q) f cos {0 — a) | * 

^"^ V P^ cSs"^ • jcos (^ + a)j • 

Supposing indefinitely small, we obtain the condition of 
stability for an infinitesimal displacement, 

a/"' > COS* a ; as before, Ex. 3, Art, 5^. 
Let the equilibrium of the cone be neutral, that is, let 



6 



o" = p cos a, 

* 

then, after a finite displacement, the action of the fluid will tend 
to restore the cone to its original position, if 

cosa.cos^> V{cos (^ + a) .cos (^— a)}, 

a condition which is always true, a and being each less than 
arightangle. . 

In the case of neutral equilibrium of, a cone, the equilibrium 
may therefore be characterised as stable for any finite displace- 
ment. 

61. When liquid is contained in a vessel, which is slightly 
displaced from its original position, the preceding investigation 
enables us to determine the line of action of the resultant dotcn- 
ti;ar(? pressure. 

The problem in fact in this case, as in the previous case, is 
the following. 
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A given volume, the centre of gravity of which is JST, is cut 
from a solid ABG bj a plane, and the line CH is perpen- 
dicular to the plane ; the same volume being cut off bj a plane 
making a very small angle with the plane AB^ to determine 
the position of^ the straight line perpendicular to the second 
plane, and passing through the centre of gravity of the volum^ 
cut off by it 

'ft • • • 

If the interior surface of the vessel is symmetrical with 
respect to the plane through H perpendicular to the line of inter- 
section of the two planes, the line whose position is required 
will intersebt CH in a point M, the metacentre^ the position of 
which is determined by our previous results. 

62. A hoUaw. vessel containing liquid, floats in liquid; re- 
quired to determine the nature of the equilibrium, supposing that 
the body is symmetrical with respect to the vertical plane of dis^ 
placement through its centre of grasnty, and that the centres of 
gravity of the body and of the liquid are in the same vertical 
line, ' ' 




Let M be the metacentre for the displaced fluid, and if' for 
the contained .fluid, FF, W\ the weights of the displaced and 
contained fluid. 

Taking moments about (7, the resultant fluid pressures will 
tend to restore equilibrium, or the reverse, according as 

W.GM-W'.CfM' • 
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i» poiiitive or native, i.e. as 

W GM' 

Ex. A hollow cone containing toater fioais in water with its 
axis vertical. ^ 

. Let h = the length of the axis of the cone, 

■ ' ■ ■ • . 

I . . ... 

h' = the length of the axis in the contained fimd, 
z = the length beneath the surface of the external fluid. 

Taking 2a as the vertical angle of the cone, we have 

3 
JUf = 7 « tanV Art. 59, Ex. 8. 

4 



But 



sa=lh-lz; 



.•. GM^-r zBec?a — -h. 
Similarly GM' = ? A' sec»a - ? A, 

4 3 



also 



W z 



% 



therefore the equilibrium is stable if 

z \* 9A' sec* a — 8A 

> 



© 



S^sec'^a-SA ' 
z being given by the equation 

W— W' = - gpTT tan* a («' - O = weight of coue. 



) '. 



63. In the case in which the centres of gravity of the con- 
t^ned and of the fluid displaced are not in the same vertical, 
duj^pbse the displacement to take place in direction of the vertical 
plane through the centres of gravity, and that the body" is' sym- 
metrical with respect to that plane. 
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' Jjet G'he the centre of gravity of the body, fl' of th,6 fluid 
.displaced, JS' of the contained fluid, and if, M\ the meta^ 
centres. 




Also let GNN' be horizontal in the position of equilibrium, 
and GLU the horizontal line through G in the displaced 
position. 

Then TT, W\ having the same meanings as before, and 
being the angle of displacement, the equilibrium is stable or 
unstable, as 

W. GL > or < W. GL\ 
OTW{GNcoQ0+MNQmd)>OT<W'{GN'co90+M'N'sm0), 

ie. since W.GN^W':GN\ 



as 



W 



M'N' 



W'><>^< MN • 



64. Stability of the equilibrium of bodies floating under 
constraint. 

In those cases of constraint, in which, for a small displace- 
ment, the volume of liquid displaced remains unchanged, the 
theory of the nietaeentre determines the line of action of the 
fluid pressure, and the question of stability is then easily de- 
termined. 

Soppose, for instance, that a body, partially immersed, is 
moveable about a horizontal axis, which is vertically beneath the 
centre of gravity (G) of the plane of section of the body by the 
surface of the liquid. 
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The effect of a displacement through a small angle will be 
to depress the point C through a space which depends upon ^, 
and therefore, to the first order of small quantities, the. volume 
displaced remains unchanged, and the metacentre is the same as 
if C remained in the surface. 

If the body be moveable about a horizontal axis which is not 
vertically beneath the point (7, the change in the volume dis- 
placed cannot be neglected, and the question of stabih'ty must be 
treated by a direct consideration of the action of the displaced 
liquid. 

Ex. A rectangular lamina rests in a liquid of twice its own 
density with two of its sides vertical^ and is moveahlein its own 
plane about the middle point of one of its vertical sides. 




The figure represents the lamina when slightly displace^ , 
through an angle A OB, (^), the point which is in the surface 
being the middle point* 

Then if OA^ a, and if the height = 2&, the area 

AOB^^a'0, 
and, taking moownts about 0, the equilibrium is stable if 

2p(-a^0.-a-\-ah.ON\>p.2ab.^^ 

JZ^ being the vertical through H] 

or, since OJV^» Off cos^-JEr<?sin^«2«|d, 

if, 2a«>3J». 
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65. The equilibrium of bodies floating in two lipids. 

Suppose the body to be wholly immersed with the portioA V 
of its volume in the upper liquid and F' in the lower. 

Take the case in which the centres of gravity H^ E.\ of the 
liquids displaced by Fand F', and therefore the centre of gra- 
vity G of the body, are in the same vertical. 

Displace the body through a small angle 6 about an axis 
through C the centre of gravity of the section AGBoi the body 
by the common surface of the liquids. 

The action then consists of a pressure gp V acting upwards 
through M' the metacentre for the lower liquid, and of a pres- 
sure gpV acting upwards through M the metacentre for the 

upper liquid. 

» .' 

If -Jf be above Q and M' below Q^ the equilibrium is sta- 
ble, if 

gpV.GM>gp'r.aM\ 

or, observing that EM is measured downwards from JET, 

if pV.HCf-pAk?>p'rH'G^p'A1f, 

or {p'^p)Alf> p'r'.H'G-pV.HG, 

ATf being the moment of inertia of the area A CB about the axis 
through (7. 

The treatment of the problem is the same for other relative 
positions of Mj G and M'. 

When the points -ff, G^ H' are not in the same vertical, the 
metacentres lie in the perpendiculars from H and H' on ACBj 
and the nature of the equilibrium is deiehnined as above by 
comparing the moments about G. 

Oscillations of floating Bodies, 



I 66. We shall consider only the case in which the floating 

body is symmetrical with respect to a vertical plane thtow^bi \\a 



80 FINITE DISPLACEMENTS. 

centre of gravitj, and we shall suppose tb)B initial displacement 
parallel to this plane. 




It is evident that the subsequent motions of all points of the 
body will be parallel to this plane, and if the equilibrium be 
stable, that the motion will consist of small vertical and angular 
oscillations* 

First let the vertical line through O and H{ CED) pass through 
the centre of gravity of the plane of floatation. When this is 
the case we can consider the vertical and angular displacements 
independently of each other. 

Suppose a small vertical displacement; then the portion CE 
of the body which is raised out of the fluid may be considered as 
a thin cylinder. . . 

Let CiE=;r, then JS'f? = (7<y - «, and 

the moving force downwards on the body « the weight of the 
body — the weight of the fluid displaced 

if ^ be the area of the plane of floatation ; 

^.d\EG 



• . 



M being the mass of the body. 

But MG = the weight of fluid displaced 

^ffp^y F being the volume CD; 



d'z 



Si gA 

j+%rZ = 0, 



de • V 
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is the equation which determines the motion. 

The time of a complete oscillation is therefore 2^a/( — j ) • 

Next suppose a small angular displacement (a) about G, then 
G is raised through a space which depends on a', and therefore 
may be neglected in comparison with quantities depending upon a, 
and if the body, supposed at rest, be then left to itself, it will (on 
the supposition that the equilibrium is stable) oscillate about a 
horizontal axis through O. 

It would in fact come to the same thing if the initial displace- 
ment were about (?, as the point G would move sensibly (that is, 
considering small quantities of the first order only,) in a hori- 
zontal direction, and the quantity of fluid displaced would, as 
before, remain unchanged. 

The moment of the fluid pressure about G 

= ff pV.MG. sin 0, 

and tends to diminish d, the angle made by 6^iJwith the vertical 
at the time t 

But MG^^'-a/ifHG^a; 

therefore, since the horizontal axis through (? is a principal axis, 
we have 



MK'^ ffp{J^A-ar)0, 



neglecting higher powers of 0, where MK* is the moment of 
inertia of the bodj about the horizontal axis through G, 



orK*-g^+ff[-y-a)0 = O. 



An equation which, when i^A >aV, that is, when M is above G, 
indicates small oscillations taking place in the time 



'^^y/l^iJt^A-a 



V)\' 



V Gis below H the sign of a will of course be changed. 
B. H. ^ 
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67. Secondly, when the line joining ^T and Q does not pass 
through (7, the two motions are not independent, but the law 
which defines these motions can be determined as follows. 




Suppose the body to be slightly displaced in the vertical 
plane of symmetry, and then left to itself; and at the time t let 
be the angle made by HO with the vertical, and z = CE the 
depth of C below the surface. 

Let HO meet the plane of floatation in i), 

JT(? = a, (7i>=J, DG^c, 
and other symbols as before. 

Then the depth of O = z-\-h^m0 + cQos0 

= j2; + J^ + c, to the order considered. 

The weight of the fluid displaced is the weight of a volume of 
fluid equal to 

aFb+EO, or AFB+EC; 
this weight = ffpV+ ffpAz, 

and .-. M'j^(z + c + b0) =-%- (gpV+gpAz) 



de 



= -ffpAz; 



d\ ,d^e A ,^ 

^'^+*rf? = "^T-' ^^' 

Another equation is to be obtained fk)m the consideration of 
the angular motion about the horizontal axis through (?, which 
is a principal axis, perpendicular to the plane of displacement. 
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The moment of the fluid pressure about G may be divided 
into two parts, the one due to the portion aFb^ and the other to 
the portion EG of the fluid displaced. 

The former part of the fluid pressure ss^^pF acting upwards 
through JIf the metacentre; the IdXXftr^gpAz^ and may be con- 
sidered to act through G the centre of gravity of the plane of 
floatation. 

The moment, in the direction tending to diminish ^, 

= gp F. GMbvq. 6 — gpAz (i cos ^ — c sin 0) 

^gp{lfA-aV)0''gpAz{h-c0) 

'=^gp{J^A — aV)d—gpAhz, 
neglecting the product of z and 9 ; 

.\MK^^=^-gp{TeA^aV)0-\-gpAhz. 

-^S = "^(^-^)^ + ^T-*" (")• 

From the eqoations (I) and (II) we obtain 



A'6 gAh a f¥A \ 



which may be written 

-j^ + mz — bnu = 0, 
do 

To integrate these equations, multiply the second by X, and 
add it to the first, then, 

• \n — Oft X /TTT\ 

""'^"s ^i5r^=j ("I)' 



z + 
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we have ^(^ + ^ + i'^^b) ^^ +^^) =^» 

and if W be the roots of (III) 

\0 = (7j cos ] v/^ - \ T ^ + o^L 

« + V=C;cos|A/m--\|« + a,|, 

from which z and are completely determined. 

The depth of 6^ is given bj an expression of the form 

0+ AcoB(jit + a)+ Bcos Qi't + fi), 

and its motion consists of two distinct oscillations, each following 
the pendulum laws, and compounded together in accordance with 
the principle of the coexistence of small oscillations*. 

It maj be observed that if two points be taken in the line 
AB, whose distances &om C in the direction CD are \j \^ then 
at the time t, the vertical depths of these points are z + \0 and 
z + \0, that is, are 

CjCOsJA/w-XjI^ + ajj, and (7,cos|\/^-\4^ + a«[ > 

and their vertical motions are therefore simple oscillations fol- 
lowing the pendulum law. This remark is quoted bj Dohamel 
{Cours de M^cantqtie, Art. 152) as due to M. Cauchj. 



* Poisson's Coun de Micaniqne, Art. 618. 
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1. A cylindrical block of wood is placed with its apiis vertical 
in a cylindrical vessel whose base is plane, and water is then poured 
in to twice the height of the cylinder ; find the pressure of the wood 
on the base of the vessel. 

If the wood be displaced, and float, find the new pressure on that 
portion of the base with which it was previously in coqtact. 

2. A cylinder floats between two fluids with its axis vertical, its 
height being equal to the depth of the upper fluid; compare the 
pressures on the two ends of the cylinder, the densities of the fluids 
and of the cylinder being given. 

Is the equilibrium of the cylinder stable or unstable for a vertical 
displacement 1 

3. One end of a thin rod of uniform section is mtvde of a substance 
whose specific gravity is 5, and the remainder of a substance whose 
specific gravity is 1*5 : find the proportion of their lengths, in order 
that the rod may be able to float in an inclined position in water. 

4. A cone, placed with its axis vertical and vertex downwards, 
in a fluid, floats with half its axis immersed, and, when placed in 
another fluid, it floats with three-fourths immersed : in wHat propor- 
tion must the&e -fluids be mixed, that it may float in the mixture with 
two-thirds of the axis immersed 1 

• 5. A cone, of given weight and volume, floats with its vertex 

downwards ; prove that the surface of the cone in contact with the 

• 1 

liquid is least when its vertical angle is 2 tan""* —p . 

V 2 

* 6. A triangular lamina ABC, right angled at C, is attached to a 

string at A, and rests with the side AC vertical and half its length 

7 
immersed in liquid ; prove that the density of the lamina is ^ths of 

density of the liquid. 
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7. A square board is placed in liquid of four times its density; 
shew that there are three different positions in which it will float with 
one given comer only below the surface of the fluid. 

8. A body is floating in a fluid ; a hollow vessel is inverted over 
it and depressed : what effect will be produced in the position of the 
body, (1) with I'eference to the surface of the fluid within the vessel, 
(2) with reference to the surface of the fluid outside ? 

9. The base of a vessel containing water is a horizontal plane, 
and a sphere of less density than water is kept totidly immersed by 
a string fastened to the middle point of a circular disc, which lies in 
contact with the base. Find the greatest sphere of given density, 
and also the sphere of given size and least density^ which will not 
raise the disc. 

Examine also, in each case, the eflect of increasing the density of 
the fluid, or of diminishing its depth. 

' 10. A hollow hemispherical shell has a heavy particle fixed to 
its rim, and floats in a fluid with the particle just above the sur&ce, 
and with the plane of the rim inclined at an angle of 45^ to the sur- 
face ; shew that the weight of the hemisphere : the weight of the 
fluid which it would contain 

:: 4V2-5 : 6^2. 

11. A light body is imprisoned under water by a fixed plane 
surface ; point out the conditions of rest; and find the whole pressure 
on the plane, the dimensions of which are given. 

12. From a cone of wood, of height h and specific gravity cr, a 
smaller cone of height h' is cut ofl*, and this smaller cone is replaced 
by an equal and similar cone of metal of specific gravity a-'; shew that 
the cone thus formed will just float in a fluid of speciflc gravity «, if 

h^ : K^ ; : cr —a- : 8^ a; 

13. Two equal slender rods AB^ AC, moveable about a hinge 
at -4, and connected by a string j5(7, rest with the angle A immersed 
in a given fluid ; find the tension of the string. 

14. A solid formed of two co-axial right cone% of the same 
vertical angle, connected at the vertices, is placed with" one end 
in contact with the horizontal base of a vessel : water is then pioured 
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into the vessel ; shew that if the altitude of the upper cone be treble 
that of the lower, and the common density of the spindle four-sevenths 
that of the water, it will be upon the point of rising when the water 
reaches to the level of its upper end. 

15. If to any floating body a second body, weighing W in the fluid, 
be attached by a string, the position of the former when at rest will 
be the same as if it were free, and its weight were increased by W, 
and its centre of gravity moved towards the point where the string 
leaves the body by a distance depending upon W. 

Find the positions of rest of an uniform plank of given dimensions, 
floating in water, and having a given weight attached by a string to 
the centre of one end. Shew whether they be positions of stable or 
imstable equilibrium. 

16. A solid cylinder, one cud of which is rounded off in the 
form of a hemisphei*e, floats with the spherical surface partly immersed : 
find the greatest height of the cylinder which is consistent with sta- 
bility of equilibrium. 

17- A cone, whose vertical angle is 60®, floats in water with its 

axis vertical and vertex downwards ; shew that its metacentre lies in 

the plane of floatation ; and that its equilibrium will be stable provided 

27 
its speciflo gravity ^-fU' 

18. An isosceles wedge floats with its base horizontal, and its 
edge immersed; shew that the equilibrium is stable for displacements 
in a plane perpendicular to the edge, if the ratio of the density of the 
wedge to that of the fluid is greater than the ratio (cos a)^ : 1, 2a 
being the angle of the wedge. 

19. A closed cylindrical vessel, quarter-filled with ice, is placed 
floating in water with its axis vertical ; the weight of the vessel is 
one-fourth of the weight of the water which it can contain ; examine 
the nature of the equilibrium before and after the ice melts, neglecting 
the change of volume consequent on the change of temperature. 

20. A hollow hemisphere moveable about a horizontal diameter 
18 partly filled with fluid ; shew that the time of a small oscillntion 
is the same as if there were no fluid in it. 
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21. A solid, the lower poi*tion of whoae surfiftee is spherical, 
floats in a heavy fluid ; shew that the time of a small angular oscil* 
lation is the same in whatever fluid it floats. 

22. A sphere of given radius floats in equilibrium in a quantity 
of water contained in a cylindrical vessel, revolving uniformly about 
its axis which is vertical ; the velocity of rotation is such that the 
centrifugal force at a distance from the axis equal to the radius of the 
sphere is equivalent to the force of gravity ; prove that the whole 
pressure upon the sphere varies as the cube of the surface immersed. 

23. A solid cone is divided into two parts by a plane through 
its axis, and the parts are connected by a hinge at the vertex ; the 
system being placed in a fluid with its axis vertical and vertex down- 
wards, shew that, if it float without separation of the parts, the length 
of the axis immersed is greater than h sin' a, h being the height of the 
cone, and 2a its vertical angle. 

24. An uniform hemispherical shell, contaiDing fluid, is placed 
on the vertex of a rough sphere of twice its diameter ; shew that the 
equilibrium will be stable or unstable, as the weight of the shell is 
greater or less than twice the weight of the fluid. 

25. An ellipsoid floats in a fluid of twice its own specific gravity; 
find the times of small vertical and angular oscillations. 

26. A cone, the vertex of which is fixed at the bottom of a 
vessel containing fluid, is in equilibrium, with its slant side vertical 
and the lowest point of its bfiuse just touchiug the sur&ce of the fluid. 
Compare the density of the coue with that of the fluid. 

27. K a regular homogeneous tetrahedron, completely immersed, 
be placed in any position in a fluid whose density varies as the depth, 
shew that, when the resistance of the fluid is neglected, the tetra- 
hedron will make vertical oscillations in the time 2ir / (~ ) » '* being 

the depth of the centre of gravity of the tetrahedron in the position 
of equilibrium. 

28. A solid of revolution floats in a fluid with its vertex down- 
wards ; determine its form when the position of the metacentre is 
independent of the density of the fluid. 
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29. The curved sur^Etce of a cup is formed by the revolution of a 

portion of the curve y = 6e« about its asymptote. It floats in fluid 
with ita axis vertical and naiTOw end downwards, and a heavier fluid 
is poured into it. Shew that if the cup be made of proper weight, 
the distance between the surfaces of the two fluids will be constant. 



30. A cylinder floats in a liquid with its axis inclined at an 

2 

angle tan~*-= to the vertical, and its upper end just above the surface ; 



4 
prove that the radius is ^ of the height of the cylinder. 

31. A solid paraboloid, cut off by a plane through the focus, is 
completely immersed, its vertex being at a given depth, and its axis 
inclined at a given angle to the vertical. Find the direction and 
magnitude of the resultant pressure on its curved surface. 



32. A solid of revolution floats with its axis vesical ; find the 
form of the generating curve so that the distances of the metacentre 
and the centre of gravity of the fluid displaced from the lowest end 
of the solid may be in a constant ratio whatever be the density of 
the fluid. 

33. A cylindrical vessel, the weight of which may be neglected, 
contains water, and the vessel is placed on the vertex of a fixed rough 
sphere with the centre of its base in contact with the sphere. Find 
the condition that the equilibrium may be stable for infinitesimal dis- 
placements, and prove that if the equilibrium be neutral for such dis- 
placements it will be unstable for small finite displacements. 

34. A tetrahedron floats in a fluid with one comer immersed. 
The three edges which meet in this corner are equal and mutually at 
right angles. Shew that there are one, two, or three distinct positions 
of equilibrium, according as the ratio of the density of the tetrahedron 
to that of the fluid is greater, equal toj or less than 4 : 27. 

35. A straight rod is dropped vertically from a given height 
&bove the surface of a liquid ; determine its motion, and find the con- 
ation that it may be only just immersed. 
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36. A solid of revolution floats with its axis vertical, and is sunk 
to different depths hy placing weights at a fixed point on its axis. 

Find the form of the solid that the equilibrium may always be 
neutral. 

37. An oblate spheroid is completely immersed in two fluids, 
the specific gravity of the lower being twice that of the upper fluid, 
and floats with its axis vertical, and its centre in the common sur&ce 
of the fluids. 

Supposing a small displacement to take place, 1st, in a vertical 
direction, 2ndly, about a horizontal line through its centre of gravity, 
shew that the times of the small oscillations will be respectively 

where a and b are the semi-axes of the generating ellipse. 

38. Find a solid. of revolution such that, when a segment of 
it is immersed in fluid, the distance between the centre of gravity of 
the displaced fluid and the metacentre may be constant, whatever be 
the height of the segment. 

39. A right cone rests in a vessel containing equal depths of 
two given fluids, with its vertex fastened to the bottom and its axis 
vertical. Find the condition for stable equilibrium, and, supposing 
it satisfied, find the time of a small oscillation. 

40. A cylinder whose axis is vertical is floating in a fluid in 
which the density at any point varies as the n^ power of the depth ; 
the cylinder is depressed till its upper end just coincides with the 
surface of the fluid, and on being let go it rises just out of the fluid ; 
shew that, when the cylinder was floating, the depth immersed was 



i»+i 



to the height of the cylinder as 1 to (n + 2) 

41. If a cylindrical shell without weight contain fluid and float 
in another fluid, shew that the equilibrium will be stable, unless the 
ratio of the density of the internal to the external fluid is less than 
unity, and greater than half the duplicate ratio of the radius of the 
cylinder to the depth of the internal fluid. 
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42. A « cylindrical veeael is moveable about a horizontal axis 
passing through its centre of gravity, and is placed so as to have 
its axis vertical ; if water be poured in, shew that the equilibrium is 
at first unstable; and find the condition which must be satisfied, 
in order that it may be possible to make the equilibrium stable by 
pouring in enough water. 

43. A thin conical vessel of given weight is moveable about a 
diameter of its base, which is horizontal, and is partly filled with a 
heavy fluid ; shew that the equilibrium is always stable if the semi- 
vertical angle of the cone is<30®; and if it be greater than this, 
determine when the equilibrium is stable or unstable. 

44. A vertical cylinder floats in a liquid of twice its own density 
contained in a cylindrical vessel. If the radius of the vessel be 
double that of the cylinder, and the cylinder be slightly displaced in 
a vertical direction, find the time of a small oscillation. 

45. A conical shell, vertex downwards, floats in unstable equi- 
librium ; how much water must be poured in to make the equilibrium 
stable ) 

46. A cone is placed in water, its axis being vertical and its 
vertex on the horizontal base of the vessel containing the water ; 
find the least depth of water consistent with stable equilibrium. 

47. An inverted vessel formed of a substance which is heavier 
than water contains enough air to make it float ; prove that, if it 
be pushed down through a certain space, it will be in a position of 
equilibrium which for vertical displacement will be unstable. 

48. K the height of a right circular cone be equal to the diameter 
of the base, it will float, with its slant side horizontal, in any liquid 
of greater density. 

. 

49. A cone, whose height is h and vertical angle 2a, has its 
vertex fixed at distance c beneath the surface of a fluid; shew that 
it will rest with its base just out of the fluid if 

crc*. cos* a. cos = pA* [cos {0 — a), cos (0 + a)] , 

where o- and p are the densities of the fluid and cone, and 6 is given 
by the equation c cos a = A cos (^ + a). 
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50. A right circular cone floats with its axis horizontal in a fluid, 
the specific gravity of which is double that of the cone, the vertex of 
the cone being attached to a fixed point in the surface of the fluid. 
Prove that for stability of equilibrium the semi-vertical angle of the 
cone must be less than 60^ 

51. A portion of a paraboloid whose latus rectum is ia is cut off 
by a plane perpendicular to the axis, at a distance 3a from the vertex ; 

if the vertex of the paraboloid be fixed at a depth - ^- a beneath the 

surface of a fluid, shew that it will rest with the focus in the surface 
if the ratio of the density of fluid to that of the solid be 729 : 232. 

52. A cube (the length of whose edge is 2a) is floating in a fluid 
with its centre of gravity at a depth c below the surface ; if it receive 
a small displacement so that two of its faces remain vertical, shew 
that the times of its small vertical and angular oscillations are 

'\/(^0 ""* ^' \/{ 9\so'-a') }' '^««P««ti^«ly- 

53. Water is contained in a vessel having a horizontal base, and 
a paraboloid whose specific gravity is four-ninths that of water, and 
the length of whose axis is to the latus rectum as nine to eighty is 
supported partly by the fluid and partly by the base on which the 
vertex rests ; find the least depth of the fluid for which the equili- 
brium is stable. 

54. An isosceles triangular lamina, of which the sides ABy AG 
are equal, floats with the angular point downwards in a fluid of which 
the density varies as the depth : if -4i> be perpendicular to £0, prove 
that if the lamina can float with the line AD inclined at an angle 
to the vertical, is given by the equation 

81cr sin'^ = 64p cos*a (sin» tf - sin»a)*, 

where 2a is the angle BAG, a- is the density of the lamina, and p is 
the density of the fluid at a depth equal to A B or AC. 

55. A lamina of uniform thickness, in the form of an isosceles 
right-angled triangle, has one of the acute angles fixed below the 
surface of a fluid, and rests with the side which is not immersed 
horizontal. Prove that the time of a small oscillation in its own 

plane is 27r /(-)> where a is the length of each of the sides of 

the triangle. 



CHAPTER V. 



PRESSURE OF THE ATMOSPHERE. 



A 



68. If a glass tube, about three feet in length, having one 
end. closed, be filled with mercury, and then inverted in a vessel 
of mercury so as to immerse its open end, it will be found that 
the mercury will descend in the tube, and rest with its upper 
surface at a height of about 29 inches above the surface of the 
mercury in the vessel : this experiment, first made by Torricelli, 
has suggested the use of the Barometer ^ for the purpose of mea- 
suring the atmospheric pressure. 

The Barometer, in its simplest form, is a bent tube ABC, 
the branches of which AB, BG, are parallel 
and vertical, containing mercury : the end A 
is hermetically sealed^ and there is no air in 
the branch AB. 

It is found that the height of the surface P 
of the mercury above the surface C is about 
29 inches, and, as there is no pressure on the 
surface P, it is clear that the pressure of the 
air on C is the force which sustains the column 
of mercury PQ. 

We have shewn that the pressure of a fluid at rest is the 
same at all points of the same horizontal plane ; hence the pres- 
sure at C is equal to the pressure of the mercury at Q. 

Let a- be the density of mercury, and 11 the atmospheric 
pressure at C, then 

and the height PQ measures the atmospheric pressure. 



B 
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On account of its great density, mercury is the most con- 
venient fluid which can be employed in the construction of 
barometers, but the pressure of the air may be measured by using 
any kind of liquid. The density of mercury is about 13*568 
times that of water, and therefore the height of the column of 
water in the water-barometer would be about 33f feet. 

69. The density of mercury changes with the temperature, 
and o- must therefore be expressed as a fonction of the tempe- 
rature. 

Experiment shews that, for an increase of 1^ centigrade, the 

expansion of mercury is ^r^th of its volume; hence if a^ be 

the density at a temperature f, and a, at a temperature 0", 



«^o 



^ ^' (^ "^ 5^) "* ^* ^^ + -OOOISOIS^) ; 



.-. at-=^<T^{l-0t) if ^=-00018018, 
and li^ga,{l'-et)PQ. 

70. By means of the formula, 11 ^gc^ (1 — 6t) A, the atmo- 
spheric pressure at any place can be calculated, making due 
allowance for the change in the value of g consequent on a 
change of latitude. It is found that this pressure is variable at 
the same place, with or without changes of temperature^ and 
that in ascending mountains, or in any way rising above the 
level of the place, the pressure diminishes. This is in accord- 
ance with the theory of the equilibrium of fluids, for, in ascend- 
ing, the height of the column of air above the barometer is 
diminished, and the pressure of the air upon (7, which is equal 
to the weight of the superincumbent column of air, is therefore 
diminished, and the mercury must descend in the tube. 

If then a relation be found between the height of the mer- 
cury and the height through which an ascent has been made, 
it is clear that by observations, at the same time, of the "baro- 
metric columns at two stations, we shall be able to determine 
the difference of their altitudes. 
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We shall investigate a formula for this purpose ; but it is 
first necessary to state the laws which regulate the pressures of 
the air and gases at different temperatures, and also the laws of 
the mixture of gases. 

71. We have before stated the relation 

/? = ifcp (1+ at) 

between the pressure, density, and temperature of an elastic 
fluid : it is deduced from the two following results of experi- 
ment: 

(1) If the temperature be constant ^ the pressure of air varies 
inversely as its volume. {Marriotte's and Boyle^s Law.) 

(2) If the pressure remain constant^ an increase of tempera- 
ture ofl^ G. produces in a mass of air an escpansion '003665 of 
its volume. 

' Hence, if 2? be the pressure and p^ the density of air, at a 
temperature zero, 

p = JcpQ. 

Suppose now the temperature increased to t, the pressure 
remaining the same : the conception of this may be assisted by 
considering the air to be contained in a cylinder in which a 
moveable piston fits closely, and has applied to it a constant 
force, so that an increase of the elastic force of the air would 
have the effect of pushing out the piston, until the equilibrium 
is restored by the diminution of density, and consequent dimi- 
nution of pressure : we shall then have firom the 2nd law, 

taking p as the new density and a = '003665 ; 

.\p =kp (1 +at). 

If p'y p be the pressure and density of the same fluid at a 
temperature t\ 

/ = A;p'(l + aO, 
and ^_pl+^ 



\ 
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The qnantitj a is the same for gases of all kinds, but k has 
different values for different gases, and must of course be deter- 
mined experimentaUj in every case. 

The pressure of a mixture of different elastic fluids. 

72. Consider two different gases, contained in vessels of 
which the volumes are V and V\ and let their pressures and 
temperatures, p and t, be the same. 

Let a communication be established between the two vessels, 
or transfer both the gases to a closed vessel, the volume of which 
is V+V: it is found that, unless a chemical action take place, 
the two gases do not remain separate, but permeate each other 
until they are completely mixed, and that, when equilibrium is 
attained, the pressure and temperature are the same as before. 
From this important experimental fact we can deduce the fol- 
lowing proposition. 

If two gases having the same temperature h^ mixed together in 
a vessel, the volume of which is V, and if the pressure of the two 
gases, alone filling the volume V, ie p and p', the pressure of the 
mixture will Je p + p'. 

Suppose the two gases separated ; let the gas, of which the 
pressure is p, have its volume changed, without any alteration 
of temperature, until its pressure becomes^'; its volume will be, 

by Marriotte's law, ^, V. 
^ P 

Let the two gases be now mixed in a vessel, of which the 
solid content is 

F+^F,or^F; 
p p 

the pressure of the mixture will still bey, and the temperature 
will be unaltered. If the mixture be then compressed into a 
volume V, its pressure will become, by the application again of 
Marriotte's law, p +p. 

This result is obviously true for a mixture of any number of 
gases. 
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73. Two volumes V, V of different gases, at pressures p, p' 
respectively^ are mixed together, so that the volume of the mixture is 
U; to find the pressure of the mixture. 

The pressures of the two gases, reduced to the volume Z7, 
are respectiYely, 

V F' , 

and therefore, by the preceding article, the pressure of the 
mixture is 

V V' , 
UP+TJP' 

and if nr be this pressure, we have 

74. The laws and results of the preceding articles are equally 
true of vapours, the only difference between the mechanical quali- 
ties of vapours and gases, irrespective of their chemical cha- 
racteristics, being that the former are easily condensed into liquids 
by lowering the temperature, while the latter can only be con- 
densed by the application either of great pressure or extreme 
cold, or of a combination of both*. 

75. If water be introduced into a space containing dry air, 
vapour is immediately formed, and it is found that the pressure 
and density of the vapour are dependent only on the temperature, 
and are quite independent of the density of the air, and indeed 
are exacfly the same if the air be removed. If the temperature 
be increased or the space enlarged, an additional quantity of 
vapour will be formed, but if the temperature be lowered or the 
space diminished, some portion of the vapour will be condensed. 



* Professor Faraday has succeeded in condensing a number of different gases ; 
for instance, carbonic acid, hydrochloric acid, and others requiring a considerable 
pressure for the purpose, have been reduced to a liquid form. Oxygen, hydrogen, 
md nitrogen have not yet yielded, but there seems no reason to suppose, if a suffi- 
<aent pressure can be applied, and a sufficient degree of cold obtained, that these 
gases wiU not foUow the same law as those which have been liquefied. Such ex- 
perimental results point to tbe general conclusion that all gases are merely the 
vapours of liquids of different kinds. 

B. H. ^ 
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While a sufficient quantitj of water remains, as a source from 
which vapour is supplied, the space will be always «a^ra^ with 
vapour, that is, there will be as much vapour as the temperature 
admits of; but if the temperature be so raised that all the water 
is turned into vapour, then for that, and all higher temperatures, 
the pressure of the vapour will follow the same law' as the pressure 
of the air. 

In any case, whether the space be saturated or not, if ^ be 
the pressure of the air, and tsr of the vapour, the pressure of the 
luixture is /? + 'or. 

76. The atmosphere always contains aqueous vapour, the 
quantity being greater or less at different times; if any portion 
of the space occupied by the atmosphere be saturated with 
vapour, that is, if the density of the vapour be as great as it 
can be for the temperature, then any reduction of temperature 
will produce condensation of some portion of the vapour, but if 
the density of the vapour be not at its maximum for that tem- 
perature, no condensation will take place until the temperature 
is lowered below the point corresponding to the saturation of 
the space. 

Formation of Dew. If any surface, in contact with the atmo- 
sphere, be cooled down below the temperature corresponding to 
the saturation of the space near it, condensation of the aqueous 
vapour will ensue, and the condensed vapour will be deposited 
in the form of dew upon the surface. The formation of dew on 
the ground depends therefore on the cooling of it^ surface, and 
this is in general greater and more quickly effected, when the 
sky is free from clouds, and when, consequently, the loss of heat 
by radiation is greater than under other circumstances. 

77. The Dew Point is the temperature at which dew first 
begins to be formed, and must be determined by actual obser- 
vation. 

The pressure of vapour corresponding to its saturating den- 
sities for different temperatures must also be determined experi- 
mentally, and, if this be effected, an observation of the dew point 
at once determines the pressure of the vapour in the atmosphere. 
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For if / be' the dew point, and p the known corresponding 
pressure, then at any other temperature t above i the pressure 
p is given by the equation 

Tp _ 1 + a< 



Effed of compression or dilatation on the temperature of a gas. 

78. It has been found by experiment that, if a quantity of 
air be suddenly compressed, its temperature is raised and that 
the increase of temperature is proportional to the condensation. 

Thus, if the density be changed from p to p\ the increase of 
temperature is proportional to - — - . 

If the air be allowed to dilate, its temperature is diminished 
according to the same law. 

79. A mass of air being suddenly compressed or dilated, it 
is required to find the changes of pressure and temperature, 

JjQtp, p, t be the original pressure, density and temperature, 
and Bt the change in t due to a change Sp in p. 

Then & oc — = u -^ , and p = kp(l + at), 
P P 

.\ -^ = k{l + at) 4- kafjL, 

p dp p\ l-\- at) p ' 
and ^ = (^-Y, 

P \PJ 

taking jp' and p as the new pressure and density. 

Also, if T be the total change of temperature, 

p' ^ p{l + a{t-\-T)] 
p, p{l + at) "' 

^—1 
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l-i-at \pj * . 

80. Spedjlc Heat. It is found that in order to produce a 
given change of temperature, different bodies require the appli- 
cation of different quantities of heat, and the relative specific 
heats of two bodies are determined by comparing the quantities of 
heat required to produce the same change of temperature in 
equal masses of the two bodies. 

Dep. The measure of the specific heat of a body is the ultimate 
ratio of the amount of heat imparted to the change of temperature. 

That is, if an amount of heat BH produce a change of tem- 

JJT 

perature 8<, the measure of the specific heat is -^ . 

For elastic fluids it is necessary to consider two cases; 
(1) when the pressure remains constant, the gas being allowed 
to expand, (2) when the volume is constant 

81. In order to compare the specific heats of a gas in the 
two cases, suppose that, the pressure p remaining constant, the 
application of an amount of heat H changes the density from p 
to p, and increases the temperature i by t ; then 

p^hp {\ + aLt)^hp{l-\-aL (< + t)}. 

Now let the air be rapidly compressed into its original volume ; 
the increase of temperature = fi - — ^ 

"^l+at' 

and the whole change of temperature when the volume is 
constant is 



(^■^iS) 



or Xt. 



Hence, if H' be the heat required to produce a change of 
temperature t when the volume is constant, 
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The quantity X is therefore the ratio of the specific heat in 
the two cases, and it is found by experiment that X is indepen- 
dent of t, and consequently that fi is proportional to 1 + at. 

m 

Wliole mass of the Eartlis Atmosphere. 

82. Some idea may be formed of the mass of air and vapour 
surrounding the earth by means of the barometer. Supposing 
the earth to be a sphere of radius r, and that the height of the 
barometric column, A, is the same at all points of its surface, the 
mass of the atmosphere is approximately equivalent to the mass 
4:7rarr^h of mercury. 

Let p be the mean density of the earth ; 
then, the mass of the atmosphere : the mass of the earth 

= 47roT*A : p - irr' 

= Sah : pr. 

But, taking water as the standard substance, a = 13*57, and 
p has been found to be about 5*5 ; and, if we take 29*9 inches as 
an approximate value of A, it will be found that the ratio of the 
masses is somewhat less than the ratio of one to a million*. 

The height of the homogeneous atmosphere. 

83. If the whole column of air had the same density 
throughout as at the surface, its height being I, and the height 
of the mercury being h, we should have 

ah = ply 

where p is the density of the air. It has been found that the 
ratio a : p is about 10462 : I, and therefore, employing as be- 
fore 29*9 as a value of A, it will be found that Z is a little less 
than 5 miles. 



* The observations on the motion of pendulums, made by the Astronomer Royal 
at the Horton Colliery in 1854, have thrown doubt on the accuracy of the value 5*6, 
which has been assumed, in Art. 82, as a measure of the mean density of the earth. 

The value deduced from the Harton Observations is 6*566 with a probable error 
± -0182. PhiJU Trans. 1856. 
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Necessary limit to the height of the aimosphere. 

m 

84. It is clear that, since at a distance from the earth's surface 
its attraction diminishes, and the density and pressure of the air 
are therefore diminished, the above result is very far from the 
truth. A limit to the height can however be found from the 
consideration that, beyond a certain distance from the earth's 
centre, its attraction will be unable to retain the particles of air 
in the circular paths, which they must describe about the earth, 
in order to remain in a state of relative equilibrium. 

At the equator the expression ©V, to being the earth's angu- 
lar velocity, is equal to -^ , and therefore, at a height z, the force 
necessary to retain a particle m of air in its circular motion is 
equal to ^^ ; the earth's attraction at the same height 

mffr 

and the extreme height is given by the equation 

r' ^r + z 
{r + zy " 289 r 

or ;5 = r{^(289)-l}, 

that is, 2; is a little greater than 5r. 

It is possible however that this height is considerably beyond 
the true height, for the temperature of the air has been found, by 
experiments made in balloons, to diminish with great rapidity 
during an ascent, and it is therefore quite possible, that, at a 
height less than 5r, the air may be liquefied by extreme cold, and 
its external surface would be, in that case, of the same kind as 
the surfaces of known inelastic fluids. 

85. The action of a siphon is an illustration of the eflfect of 
atmospheric pressure. The siphon consists of a bent tube ABG 
open at both ends; if it be filled with water, and the ends closed. 
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and if the end C be then immersed in water, and the siphon held 
so that the end A is below the surface of the water, it is clear 
that the pressure at A will be greater than the pressure at Q, 
and therefore greater than the pressure at P, which is equal to the 
atmospheric pressure on the surface of the water. If the end A 
be now unclosed, the water will flow out, and, in consequence of 
the diminution of pressure in the tube, the atmospheric pressure 
on the surface will force the water up the tube, and a continuous 
flow of water results, until the surface is lowered so that the 
height of B above the surface is greater than the height 7i of 
the water-barometer. 

K the height of B be originally greater than A, the effect of 
unclosing the end G will be that the fluid in 5Pwill sink till its 
surface is at a height A above the surface of the water in the 
vessel, while the fluid in BA will remain at rest as long as the 
end A is closed. 

In a similar manner the action of a pump depends upon the 
atmospheric pressure, and is equally limited ; and illustrations 
of Mamotte's law may be found in the contraction of the 
air-space in a diving-hell^ consequent on its descent, and in the 
necessity for pumping into it air from above, in order to prevent 
the rise of the water within it. 

The determination ofheigJita hy the barometer. 

86. Consider a vertical column of the atmosphere at rest 
under the action of gravity: at a height z let p be the pressure 
and p the density, and at a height z + Sz, let p + Sp be the 
pressure. 
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If A be the area of the section of the column, the volume 
A^z of air may be considered as in equilibrium under the action 
of the pressures p J. and (p + Sp) -4, and of its weight gpASz. 

Hence we have Sp = —gpSz ; 

and, if t be the temperature, p = kp {1-^ at) ; 

/. in the limit -./- = — ^ 

p dz 1 + ac 

we shall suppose t constant, and therefore 

and, lip be the pressure at a height e, we obtain 

^p 1 + OLt 

Let A, A', be the observed heights of the barometer at two 
stations, the heights of which are z and z ; then, taking o- as the 
density of mercury at a temperature zero, and t, t', as the 
temperatures at the two stations, 

p = gall (1 — ^t), andy =^gcrh' (1 — 6t) ; 

,.^„ = ,(l + a01og ^,^^^g^^ ; 

t may be taken as approximately equal to J (t 4- t'), and we thus 
have an equation from which the difference of the heights of the 
two stations can be calculated. 

87. If however the heights above the earth's surface be con- 
siderable, it is necessary to take account of the variation of 
gravity at different distances from the earth's centre. We pro- 
ceed then to an investigation of a more exact formula. 

Let g be the measure of gravity at the level of the sea, and 
r the radius of the earth, then, at a height z^ the attractive force 
is measured by 
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and the equation of equilibrium is 

we have also^ = ir/a (1 + oit), and it is Here important to observe 
that I? is the sum of the pressures due to the air itself, and to the 
aqueous vapour which is mixed with it, so that, if p be the 
density of the aqueous vapour, p is the sum of two quantities in 
the form 

Jcp{l'{'at)-\-k'p {1 -i-at), 

and therefore the quantity Icp in the above equation is the sum 
of the two kp, k'p', corresponding respectively to the air and the 
aqueous vapour. 

From the two equations above we obtain 

iclp __ 1 gr^dz 

and, as before, we shall consider t constant, and equal to the mean 
of the temperatures at the two stations. 

By integration 

^loff» = - SL^j^ C 

Let A, h\ be the observed heights of the mercury, and r, t\ 
the temperatures, as before ; then, since the force of gravity at 

a height z is measured by the quantity t-^ — -7^, we have 

i>=7-f-^,o-A(l-^T), 

{r + zy ^ ^^ 



s 



'r + zVl-Br h 



j>~\r+z'J' \-6t h ^'' 

and therefore, observing that ^ is a very small quantity, 
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where /a = log^^ € = '4342945. 

From this formula, if z be known, the value of z can be 
calculated. 

If the lower station be nearly at the level of the sea, z* = 0, and 

88. In the preceding investigation we have taken no account 
of the variation of gravity at different parts of the earth's surface; 
but if 5^' be the measure of gravity at a place of which the latitude 
is X', and ^ at a place of latitude X, it has been found, (Poisson, 
Art. 628), that 

g _ l- 002588 cos 2X 
g'" I- -002588 cos 2V * 

the value oi g obtained from this equation, in which g* and X' are 
supposed to be known, must be employed in the above formula. 
If X' be the latitude of Paris, the value of the quantity 

A (1 - '002588 cos 2V) (4), 

is nearly 18336 French metres or about 60158*56 English feet*, 
and, representing this numerical quantity by c, the expression for 
z becomes 

c(l + aOfl + -) L' .V 

1-00.588 C0S2X ^'^^^^ k^ ' ^"g" {' +3 " ^ (-' " ^^^ ^'^' 

. The value of c may be obtained by direct calculation of the 
expression (4), and the calculated value is 18337*46 metres; it has 
been found however, by comparing the results of trigonometrical 
measurements with the results of the. formula (5), that 18336 
metres is a more accurate value of the coefficient. 

In order to calculate z from the formula (5), an approximate 



♦ A French metre is 39-37079 inches. 
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value must be first obtained by neglecting - in the right-hand 

member of the equation ; if. this approximate value be then 
employed in the same expression, a more accurate value will 
result, and the same process may, if necessary, be repeated. 

89. Other corrections are however necessary in order to 
render the determination of heights by the barometer very exact 
in practice ; the value of h for instance is modified by the fact 
that the density of aqueous vapour at a given temperature and 
pressure is less than the density of dry air under the same 
circumstances, and the proportion of aqueous vapour to dry air 
may be, and in general will be, different at the two stations. 

Moreover, if the upper station be on the surface of the ground, 
the attraction of the portion of the earth which is above its mean 
level must be taken account of. The effect of this attraction is 

to increase the quantity / . st by -^ , so that, at a height «, the 

force of gravity is measured by 



or, approximately, g\l — j-f > (Poisson, M^canique, Art. 629) ; 
the equation iox p will be in this case 

and therefore, if the lower station be at the level of the sea, 
A(l + a01og^ = <7.(l-|;) 

g \ SrJ ^^ 
In place of the equation (2) we shall have 

/__/ 5z\ l- Or h' 
p^\ '^IrJ l^dr V 

and the final equation for z will be obtained by substituting in (5), 
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1 + g for 1 + , observing that log ( 1 + j-j 
is approximately equal to 2 log ( 1 + q -) • 



When - is very small, it may be neglected in the formula (5). 

It has however been found in practice that the results are ren- 
dered more accurate, for such cases, by employing, as the value 
of c, 18393 metres. (Duhamel, p. 259.) 

90. In the preceding articles we have supposed the tempe- 
rature of the air to be constant through the whole of the vertical 
space between the two stations; if however the diflference be- 
tween the heights be very great, a considerable error may be 
thus introduced, and formulae have therefore been constructed 
in which account is taken, on various hypotheses, of the varia- 
tion of atmospheric temperature. A formula of this kind is 
given in Lindenau's Barometric Tables, constructed on the sup- 
position that the temperature diminishes in harmonic progression 
through a series of heights increasing in arithmetic progression. 

It must also be noticed that we have assumed the tempera- 
ture of the mercury in the barometer to be the same as that of 
the air surrounding it ; but in some cases, as for instance when 
observations are made in a balloon, the barometer may not 
remain long enough in the same place to acquire the tempera- 
ture of the air around it. The temperature of the mercuiy can, 
however, be observed by a thermometer the bulb of which is 
placed in the cistern of the barometer, and the temperatures so 
obtained must be employed in the equation (2) of Art. (83). 

91. The two following problems are illustrative of the 
principles of this chapter. 

(1) A piston without weight fits into a vertical cylinder, 
closed at its base and filled with atmospheric air^ and is initially 
at the top of the cylinder ; water being poured slowly on the 
top of the piston, find how much can be poured in before it will 
run over. 
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Let a he the height of the cylinder, and z the depth to 
which the piston will sink ; then in the position of equilibrium 
the pressure of the air in the cylinder is 11 + gpz, where 11 is 
the atmospheric pressure, and p the density of water: but 

this pressure : II :: a : a-^z; 
r.-^—^ = U + gpz. 

Let h be the height of the water-barometer, 

.'. U^^gph, 
ha=^{a — z) [h + z)^ 
and = or a — A. 

Unless then the height of the cylinder is greater than A, no 
water can be poured in, for, even if the piston be forced down 
and water then poured on it, the pressure of the air beneath will 
raise the piston. 

The negative solution, when a < A, can however be explained 
as the solution of a diflferent problem leading to the same alge- 
braic equation. Suppose the cylinder to be continued above 
the piston, and let it be required to raise the piston through a 
space « by a force which shall be equal to the weight of the 
cylindrical space z of water. 

This leads to the equation 

Yi—gpz a 
Tl ""o+i' 

or z = h — a. 

(2) To determine the motion of a balloon on the sup- 
position that the mass of air displaced hy it in any position 
is homogeneous^ and that the temperature throughout is con- 
stant, 

' Let z be the height of the centre of gravity of the balloon, 
m its mass, V its volume, and p the density of the air at the 
height z ; then the equation which determines the motion is 
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where 9' ^9 



T 



But from the equations dp^-^g'pdz andp^kpy we obtain 



nrz 



and therefore 

d'z UVgr" -^^ r' 

^ A;(r4-«) ^ (r4-«) 

dz 

from which, putting m = (rF, multiplying by 2-t-, and inte- 
grating, 



o- (:^) = (7-2ne»(»-+*)+— ^; 
initially = (7 - 211 + 2(r5rr, 

The greatest height of the balloon is given by putting 

dt ' 
and, if the mean density of the balloon differ very little from 
that of the air, - will be small, and an approximate value may 
be found. 



EXAMPLES. 

1. Two vessels contain air having the same pressure n but 
different temperatures f, ^; the temperature of each being in- 
creased by the same quantity, find which has its pressure most in- 
creased. 
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If the vessels be of the same size, and the air in one be forced 
into the other, find the pressure of the mixture at a temperature 
zero. 

2. The temperature of the air in an extensible spherical envelope 
is gradually raised f^ and the envelope is allowed to expand till its 
radius is n times its original length ; compare the pressure of the air 
in the two cases. 

3. A cylindrical vessel, closed at both ends, and pkced so 
that its axis is vertical, is half filled with mercury at a temperature 
0*^ (7, the remaining space being occupied by air at the same tem- 
perature. The expansion of mercury between the temperatures 0° 
and 100° being *018 of its original volume, and that of air *3665 of 
its original volume for the same pressure, shew that if the tempera- 
ture be raised to 20^ G the pressure of the air will be increased in the 
ratio 1-0772 : 1. 

4. If a given body lose in air, when the height of the baro- 
metric column is h, the w!^ part of its weight, find what part of 
its weight it will lose when the height of the barometric column 
is K. 

5. The specific gravity of mercury compared with that of 
water at 68° is 13-568 and at 212° is 13704. If the expansion of 

mercury between these points be — th of its volume at the lower 
temperature ; find that of water between the same points. 

6. A faulty barometer indicated 29*2 and 30 inches when the 
indications of a correct instrument were 29*4 and 30*3 inches re- 
spectively j find the length of tube which the air in the tube would 
fill under the pressure of 30 inches. 

7. A heavy sphere is placed in a vertical cylinder, which it 
exactly fits; find the density of the air in the cylinder when the 
sphere is at rest. 

8. If a thermometer, plunged incompletely in a liquid whose 
temperature is required, indicate a temperature t, and r be that of 
the air, the column not immersed being m degrees, prove that the 
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correction to be applied is qqaq ' ~_r~ * g^j^ being the expansion 

of mercury in glass for V of temperature, assuming that the tempera- 
ture of the mercury in each part is that of the medium which sur- 
rounds it. 

9. A vertical barometer tube is constructed, of which the upper 
portion is closed at the top, and has a sectional area a% the middle 
portion is a bulb of volume 6", and the lower portion has a section c*, 
and is open at the bottom ; the mercury fills the bulb and part of the 
upper and lower portions of the tube, and is prevented from running 
out below by means of a float against which the air presses; the up- 
per part of the tube is a .vacuum : find the change of position of the 
upper and lower ends of the mercurial column, due to a given altera- 
tion of the pressure of the atmosphere. 

Shew also that, if the whole volume of the mercury in the instru- 
ment be c^ff, where ff is the height of the barometer, the upper sur- 
face will be unaffected by changes of temperature. 

10. A cylindrical diving-bell sinks in water until a certain por- 
tion V remains occupied by air, and in this position a quantity of air, 
whose volume under the atmospheric pressure was 2V, is forced into 
it. Shew how far the bell must sink in order that the air may occupy 
the same space as in the first position. 

Find also the condition that when the air is forced in at the first 
position no air may escape from beneath the bell. 

11. Two equal closed cylinders both contain known quanti- 
ties of water and air. One is placed above the other, and a com- 
munication made between the water in each. Find the amount 
which will flow from the upper to the lower before there is 
equilibrium. 

Suppose the whole now introduced into a warm room, which way 
will the water flow 1 

12. A vessel whose sides are vertical is divided into two equal 
parts by a vertical plane ; one part is closed and the other filled with 
incompressible fluid, and an opening is then made in the partition ; 
compare the heights at which the fluid will stand in the two parts of 
the vessel, and discuss the several cases which arise from the different 
jDositions of the opening. 
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13. A veesely in the form of the surface generated by the revolu- 
tion about its axis of an arc of a parabola terminated by the vertex, 
is immersed, mouth downwards, in a trough of mercury ; shew that 
the pressure of the air contained in the vessel varies inversely as the 
square of the distance of the vertex of the vessel from the surface of 
the mercury within it. Supposing the length of the axis of the 
vessel to be to the height of the barometer as 45 is to 64, find the 
depth of the sur&ce of the mercuiy within the vessel, when the whole 
vessel is just immersed. 

14. Given the height of the mercury in a common barometer, 
and the depression produced by introducing into it a single drop of 
water whioh does not quite all evaporate ; find the depression pro- 
duced by introducing just so much water as will not quite all evapo- 
rate into one in which a given length of the upper part of the 
tube is filled with dry air, and the mercury stands at a given 
height. 

15. The barometer stands at 29*88 inches, and the thermometer 
is at the Dew Point : a barometer and a cup of water are placed 
under a receiver, fi'om which the air is removed, and the barometer 
then stands at *36 of an inch ; find the space which would be occu- 
pied by a given volume of the atmosphere, if it were deprived of ita 
vapour without changing its pressure or temperature. 

16. ' A barometer is held suspended in a vessel of water by a 
string attached to its upper end, so that a portion of the string is 
immersed ; find the height of the mercury and the tension of the 
string. If more water be poured into the vessel, how will the tension 
of the string be affected 1 

17. A straight tube, closed At one end and open at the other, 
revolves with a constant angular velocity about an axis meeting the 
tube at right angles j neglecting the action of gravity, find the 
density of the air within the tube at any point. 

18. A bent tube of uniform bore, the arms of which are at right 
angles, revolves with constant angular velocity ct> about the axis of 
one of its arms, which is vertical and has its extremity immersed in 
water. Prove that the height to which the water will rise in the 
vertical arm is 
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« beii^ tbe len^ of tibe horiaonlal an, n tibe 
and p the dcBsitj of wster. 



19. A bottH P«tij fill^ ^i^ water ii imrerted and pljMed 
widi ite movth just on tibe sm&fle of a bowl of water, wliidi is beii^ 
gndnall J lowered bj eraponlion : tbe water from the bottle sii|]filies 
diin loiB and keeps the saAot^ a constant he^^; find the prasme 
cf the air in the bottle at anj tinier 

20l a pisten of weight viests in a 'vertical odinder of tnuKsrene 
section i^ being siqiporied br a depfth^ cf air. The piston rod 
oeiines a Tcrtical Uow P, wbidi fiwoes the piston down throng^ 
distuioe ik : prove tiiat 

n being the atmotyheric fReanoe. 



2L Aasoming the eaith to be a sphere reroking abont a 
ter with an angular Telocitj «i^ shew that ite atmo^heie. ao^ioaed 
to be a bomogeneoiis gas, can never be in eqaiKfaram with rc ip ect 
to it. Also ne^ecting all diange of temperatare^ ahew tfiat the 
polar eq[iiation to the corre in wbidi a mpfidian plane cnta a mj^-^k^ 
of eqami pre s sure is of the fonn 

where a is the radins of the earth, $ the latitude and h 



22, InTcstigate a fiHmula for determining the diffietoiee of the 
altitudes of two stetions, «i the supposition that the decrement of 
temperature in asftfnding is {Hoportional to the hei^t throngh whioh 
the ascent is made 



OHAPTER VI. 

THE TENBIOy 6iF FLEXIBLE SURFACES. 

92. The general problem of the equilibrium of flexible 
surfaces is considered hj Lagrange, M&xmique Analytique, 
Tom. I., and also, more fully, hj Poisson, M^moires de V Institute 
1812; it is proposed in this Chapter to discuss one class of the 
questions which arise out of the general -case, those namely 
which have reference to the action of fluidfl ^upon flexible 
surfaces. 

The pressure of a fluid at rest being normal to any surface 
with which it is in contact, we have, in fact, to consider the 
equilibrium of flexible surfaces at rest under the action of normal 
pressures, and of the tensions at their bounding lines. 

For the sake of generality the term 'flexible eufface' is 
employed as the representative of substances, fluch as cloth 
and thin paper, which do not offer any sensible resistance to 
bending, and which, wTien bent or twisted, do not tend to return 
to their original form. Perfectly flexible surfaces, whether ex- 
tensible or inextensible, are therefore to be looked upon as 
inelastic. 

In the following articles we shall suppose that the action be- 
tween any two portions df a flexible surface is viholly tangential. 

Measure of Tension. 

93. Conceive a flexible and inelastic surface, extensible or 
inextensible, in a state of tension, and let QPQ be a small arc 
of the section through Pmade by a normal plane ; then i£t.QQf 
be the resultant action, perpendicular to QQf in the tangential 
plane, between the portions of surface bounded by the line QQ^^ 
t is the measure of the tension at P; in other words, t is the rate 
'of tension at P, or the force which would be exerted on. a. «fe^\AsycL 
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of the substance, the length of which is unity, in the same state 
of tension throughout as the surface at P. 

It will be seen that we have assumed the resultant tension 
perpendicular to Q^; this is not necessarily, or even generally, 
the case, but it will be found that the definition we have given 
of the measure of tension is sufficient for the discussion of the 
problems which present themselves. 

94. A vessel in the form of a right circular cylinder ^ the <Mrved 
surface of which is flexible^ contains fluid ; the axis of the cylinder 
being vertical^ it is required to find the relation between the pressure 
and tension at any point. 

Let PQ be a small portion of the surface contained between 
two planes perpendicular to the axis and two generating lines 
of the cylinder. 




Since the pressure is the same at all points in the same 
horizontal plane, it is clear, from considerations of symmetry, 
that the tension at all points of the surface in the same horizontal 
plane will be the same ; let t be the horizontal tension and p the 
pressure, at any point of FQf, and suppose the element PQ^ of the 
surface to be made rigid ; then its equilibrium will be maintained 
by the normal pressure of the fluid, ^PP. PQ, the tangential 
forces tPP' and tQQ^, and by the vertical tensions on PQ and 
P'Q, if there be any tension in the vertical direction. 

Hence, resolving the forces in the direction of the normal OU, 
drawn to the middle point E, and employing r for the radius of 
the cylinder, 

p,PP'.PQ = 2tPF sin (^ POQ] , 

= 2^PP'^^ ultimately, 
or t=pr. ' 
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95. If fluid at rest under the action of given forces he con- 
tained in a cyilindrical surface cf any form^ the tension at any 
point of a section perpendicular to the axis of the cylinder is the 
same. 

Let PQ, (figure, Art. 94), be an element of the surface, 
the centre of curvature at E, t the tension at P, t'\-it at §, and 
2^ the angle between the tangents at P and Q. 

The fluid pressure on PQ may be supposed to act along OE*^ 
and therefore, resolving the forces parallel to the tangent at P, 

(<■+ ht) cos S<f>^t — —p . PQ sin -^ , 

= -2^rS<^sin-^, 

if r be the radius of curvature OE : 
from this equation we obtain 

T-j. = - {"pr + S^ + terms involving (d(f>y .- 

and therefore in the limit, 

and, since the difference of the tensions at any two points of the 

same perpendicular section = j-ri dcfr, between the limiting values 

of <f) which define the points, ft follows that this difference 
vanishes^ and the tension in the direction perpendicular to the 
generating lines is therefore constant. 

By resolving the forces in the direction OE, we shall obtain, 
as in the previous article, the relation 

t =pr, 

between the tension perpendicular to the generating line, the 
pressure, and the curvature, at any point of the surface. 



* More exactly, the direction of the fluid pressure lies between OP and OQ, and 
the resolved part of this force is not greater than pPQaindip, and therefore dis- 
appears in the final equation. 
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96. Ex. A rectangular piece of a flexible and inexlevmble 
substance has its sides AR, GD fastened to the sides of a box^ 
and its other sides fit the box dosely^ so that liquid is contained 
in it without escaping ; required to determine the form of the 
curve BC. 

The surface formed is evidently cylindrical, and the tension at 
any point perpendicular to the direction of generating lines, and 
therefore constant throughout. 




We have then ^ = cr, and therefore c =pr^ if r be the radius 
of curvature; butif a? be the depth below the plane ABGDj 

and therefore c = gpxr. 

Take the middle point of BC as origin, and OB as the axis 
ofy; 




then, for the arc BE^ r = 



{-(ITl* 






since -^ decreases algebraically as x increases ; 

da? qp 



FW 
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dx n 99 ^ 

If OjE= a, t,^ is infinite and negative when a: = a, and we 
obtain 

dxc 



4- (I)} 



W=l + f(x'-a«)==f(i' + a^) suppose, 



which is the differential equation to the curve, the sign being — 
or+, according as a?, y, are. co-ordinates of Por P', and the con- 
stants being determined by the conditions that BG and the arc 
BEG are of given lengths- 

t c . . 
Since r = — = - , it is clear that the curvature at each of the 

P V 
points B and G is zeroi 

Let PTO = ^, then, sin <^ = ^ (*' + ^\ and, if ^P= ?, 
2fc cos ^?=^the weight of the fluid above PEP 
= 2gplxi/+l 2gpyldxy. 

an expression for the area PEP*. 

Hence making 05 = 0, the area GEB 

and the- whole volume of fluid is 

If the curve be vertical at B and G, -^ = 0, when x = 0; and; 

ax 

therefore J = 0, or 
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a' = 0; 

99 

and the equation to the carve becomes 

dy ^ 0? 

Let 2e be the length of the arc BEGy then 

an equation by which a, and therefore also o, is defined. The 
curve thus obtained is called the Lintearia; the investigation of 
its equation was first efiected by James Bernoulli*. 

97. A flexible surface of any form is exposed to the action 
of fluid; required to flnd the relation between the pressure^ prin- 
cfpal tensions, and principal curvatures, at any point. 

Def. The principal tensions at any point are the tensions in 
the directions of principal curvature. 

Let Q, Qy be points contiguous to P, on the lines of curva- 
ture PQ, PQ, through P; draw normal planes through Q and 
Q\ perpendicular to the lines, PQ, PQ, cutting the surface in the 
arcs ABy AD, and let PC, CD, be the arcs of section made by 
normal planes through contiguous points in QP, QP, produced. 
An element of tlie surface ABCD is thus formed, and the ten- 
sions of the sides AB, BC, CD, DA, wiU be supposed to act at 
the points in which tlie lines of curvature meet the respective 
sides« and in directions of those lines of curvature. Let t, ^ be 
the tensions at Pin the directions PQ^ PQf, respectively. 

The element BD is kept at rest by the tangential forces tAB, 
iCD, /AD, fBt\ and the normal force, p.AB, BC. 

I^et r, r\ be the radii of curvature at P of the curves PQ, 
PQt; then, resolving along the normal at P, we have ultinuitelT' 

p.AB.BC^^tAB^^^^/BC^, 



* IW Uil<M7 «1 Ui» ptvUm » ^v«ft in WaIIm 
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assuming that the tensions of ABy AD, are respectively perpen- 
dicular to those lines ; 



or 



^ r r 



We have taken the tensions o{ AB and CD to be ultimately 
the same; this is evidently the case, for if tAB and {t-^St) CD 
be these tensions, their ratio =t:t + St, which, if there be no 
discontinuity of curvature, is ultimately a ratio of equality*. 

If the nature of the surface be such that t* = t, the above 
equation is 

or, if z —f{x, y) be the equation to the surface, 
P 



f-{-(l)'-(|)}' 



{-(I 



fdz\^d^_ dz^dz_ d^ |i . /"^Vl^*^ 



1 



^dy) j da? dx dy dxdy \ \dx) J dj^ ' 
the equation obtained by Lagrange and Poissou. 

98. We have assumed that there is no tangential action 
along the sides of the quadrilateral ABCD, Without making 
any such assumption, it can however be shewn that the relation 

t t' 
X- r r 

is true, provided the directions PQ, FQ are lines of curvature. 

If P$, PQ be not lines of curvature another term is intro- 
duced into the equation, involving the tangential action. 



* It does not follow that the tension along a line of curvature. is constant; 
f + d< : ^ is ultimately a ratio of equality ; but t : t ^fdt is not so necessarily. 
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The general question of the equilibrium of flexible surfaces 
is discussed in a paper contained in the Quarterly Journal of 
^Mathematics, Vol. iv. 1860. 

99. Lagrange, in the discussion of this problem^ assumes 
that the tension at any point of a line on the surface, between 
the two portions separated by the line, is perpendicular to it, and 
also that the tension at any point is the same in every direction. 

Foisson obtains general equations of equilibrium, and thence 
deduces, as a particular case, the equation of Lagrange. 

The use of the several equations is illustrated, in the M^motre, 
by an investigation of the catenary, and also by the determination 
of the equation which defines the small vibrations of a rect- 
angular surface unequally stretched in the directions of its length 
and breadth. 

If it be assumed that the tension^ at any point of a surface is 
always perpendicular to a line of division through that point, it 
. can be shewn that the tension at any point is the same in every 
direction. 

Let a small triangular portion of the surface be supposed 
rigid; then the equilibrium in the tangent plane is entirely 
determined by the tensions of the sides of the triangle, for the 
tangential impressed forces^ if there be any, will ultimately 
vanish in comparison* with the tensions ; and since these tensions 
are perpendiciJiar to the sides, they must be in the ratio of their 
lengths, and therefore the measures of tension in all directions 
are the same. 

100. Jff^ a J&xtble surface, of such a nature that the tension of 
any section is perpendicular to the section, he at rest under the 
action of fluid pressure, the tension at all points will he the 
same. 

For any two points P, Q, on a surface may be conceived to 
be connected by two lines of curvature PE, QE, meeting in E, 
and it may be shewn, by taking small rectangular elements, as 
in Art. (95), that the tensions at P and Q are respectively the 
«ame as at E, and consequently the tensions at P and Q are 
egual. 
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In order to render this reasoning more complete, let t,t + St, 
he the tensions at two points near each other on a line of cur- 
Tatnre, and let S<f> be the angle between the normals at the two 
points, then, as in Art. (95), St is equivalent to an expression of 
the form A (8^)S and therefore S (S^), which expresses the 
difference between the tensions at any two points, is of the form 

l,A{S(f>y, or S(f> J Ad^, or BS^, 

and therefore vanishes in the limit. The difference between 
the limiting values of (f> in the integral is the whole angle 
through which the normal line turns in passing from one point 
to the other, irrespective of the directions of the planes in which 
the successive pairs of consecutive normal lines may lie between 
those two points. 

In the case of such surfaces as these, in which t is constant, 
the equation 

r T t 

where p is a known function of the position of the point on the 
surface, determines the form of the surface. 

Ex. An eoctenstble surface, in jbrm a circular lamina, has 
its circwmfefrence fioced, and is acted upon hy the pressure of an 
elastic fluid ; required to find the form it assumes. 

In this case, taking the fluid pressure to be constant, 

- + — 18 constant = - suppose, 

r r 




y 



and the surface may evidently be assumed to be one of revolution. 

Take a tangent line parallel to the plane of the lamina as 
the axis ofy; 
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{ . + mi* 



then, since p = i u ^ 

da? 

The equation to the curve A OB, changing the variable to y, is 

dx d'x 

1 ^ , dy^ 2 

dx 
or . ^^ „ -^ I C 

but, at the origin, y and -^ vanish, .*• C7= 0, and the equation is 

dx__^ 
ds" c ' 
the curve is therefore a circle, as might have been anticipated*. 

101. As a matter of fact, all flexible surfaces, whether exten- 
sible or inextensible, are capable of sustaining tension between 
two portions, in a direction not perpendicular to the separating 
line; and indeed the conception of such a surface as that contem- 
plated in the three preceding articles is of the same nature as the 
conception of a perfectly rigid body or of a perfect fluid ; it must 
therefore be considered in the discussion of problems on the 
equilibrium of flexible surfaces, that a disruption will not neces- 
sarily take place, when circumstances of the equilibrium require 
that in certain directions there should be tension in a direction 
not perpendicular to the line of section. 

If sections of a surface be taken along lines of curvature 
through a point, and if the tensions at points of these lines be 
perpendicular to them, but unequal, it can be easily shewn that 
for any other section through the point, the tension is not per- 
pendicular to the section. 



• A case in point would be the film of a soap-bubble blown out at the bowl of 
a tobacco pipe. 
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Thus, taking 0-4, OB2A the directions of principal curvature, 
let OAB be a small triangular portion of the surface, T the ten- 
sion perpendicular to AB^ and t the tangential action on AB. 

Then, if OBA = 5, resolving perpendicular to ABy 

T.AB=t.OBcos0 + ^.OAsm0, 

T=^cos*^ + <'sin*^. 

At' 



or 




whence we observe that the sum of the tensions at O in any two 
directions at right angles is the same. 

Also T. AB+t.OBsm0=:if.OA COS 0, 

or T=(^'— ^) sin^cosA 

Hence t does not vanish for a value of different from or 

I unless «' = t 

102. A vessel, formed ofjlexible and ineocteasible material^ is 
in the form of a surface of revolution, and is Keld with its aocis 
vertical, and filed with homogeneous liquids' it is rehired to de- 
termine the principal tensions at any point 




Let be the lowest point of the vessel, and take for the 
origin. 

Measure z vertically upwards, and let PEQ be axvj \iOT^Qi!&sSL 
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section, the upper rim being ACB which is supposed to be 
fixed. 

At all points of the horizontal section PQ, the tensions are 
evidently the same. 

Let t be the meridional tension, i.e. the tension at P, in 
direction of the tangent at P to the curve -4P, and t' the hori- 
zontal tension at P; these are the principal tensions. 

The vertical resultant of the tension t along the section PQ 
counterbalances the resultant vertical pressure on the surface 
POQi hence, if 

0E= z, EP= X, and angle PTO = 9, 
27rxt cos = I gpTTx'^ dz' +gp7ra? {c — z)^ 

if 0C= c, and x, z be co-ordinates of any point in the arc OP. 
This equation determines ^, and t' is given by the equation 

where r and / are the principal radii of curvature at P. 

It will be observed that r is the radius of curvature of the 
curve AP at P, and that /, the radius of curvature of the per- 
pendicular normal section, is the normal PG. 

103. A more general preposition is the following : 

A flexible vessel^ in the form of a surface of revolution, is 
subject to fluid* pressure, such that it is the same at all points of 
the same circular section ; it is required to determine the principal 
tensions at any point. 




Let P£Q^ PE Q be two consecutive cii;cular sections, and 
Iti t be the meridional tension at P. 
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If OP^Sj the resultant tension, parallel to the axis, on the 

circle PQ, 

dz 
= 2'irxt-j-; 
as 

.'• the resultant tension, parallel to Ozy on. P* Q 

The difference of these two counterbalances the resultant 
pressure, parallel to Oz^ on the strip of surface between the circles 
PQi P'Qj which is equal to 

if ^ be the pressure at any point of the circle PQ ; 

— ( * ^\ — ^ 

and J? being a given function of «, and therefore of «, this equa- 
tion determines the tension t. 

As before, i is given by the equation 

T T 

if p^gpic-- z), and p be constant, 

^gpic-z)-+^gp-.dzy 

which is the same as the equation of the last article, observing 

that cos ^ = -y- . 

as 

104. Ex. A conical perfectly flexible and elastic bag at" 
tachedf mouth dotonwards, by the rim to a horizontal plane, and 
filled with liquid by a small hole at the apex, has, when at rest, the 
figure of a right circular cone / find the equation to the figure it 
voill assume when detached and the liquid let out, neglecting its 
weight. 
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Let t be the tension at P in the direction perpendicular to 
the generating line FP, ^ the tension in the direction VP, and 2a 
the vertical angle of the cone. 



r'*" ¥ 


— ^•X 




^^ 




/•■ 


o 


r' 


«•••«■■*•• 


•———-, 







Then jp = - + -^ gives, if VN^ a?, 

ffP '~pQ. "■ X tan a sec a ^ 
or ^=^/Kc*tanaseca. 

But 2frPNt' cos a = the resultant vertical pressure on VPQ 

= - (fpirx^ tan* a ; 

o 

•'• ^' = Q 5'/wp* tan a sec a. 

Let VP Q be the generating curve of the surface of revolu- 
tion into which the surface forms itself after the liquid has been 
let out, YN=- f, PN^ ^, P corresponding to ▼' 

the point P. 

H P Qf = Ss, a small arc of the curve, 




Sa? sec a = & ( ^ + v ) > 
and X tan a = ^fl + -j, 

taking the modulus of elasticity different in the two directions. 
Taking account of the values of t and ^ obtained above, x can 
be eliminated between these two equations, and the relation 
between f and rj will result. 
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■ni xT_ /• X X- XX* ^P t*^ a sec a 1 
From the first equation, putting ^^- — rri = -5 , 



3V a' 



(& 1 



cosa = 



dx , . a?*' 

/. - COS a = tan"^ - , measuring s from F', 

or a? = a tan f - cos a J . 

Substituting this expression for x in the second equation, we 
obtain 

/8 \ f, flrpa* tan a sec a . j/« M 

a tan a tan ( - cos a 1 = 17 j 1 +^ tan' f - cos a 1 j- , 

as the differential equation to the curve*. 

105. We have hitherto considered only laminse of uniform 
thickness, but, in order to include cases in which the lamina is of 
variable thickness, a more general measure of the tension can be 
given. 

Suppose a bar AB of any homogeneous material to 
support a weight W, and let k be the area of the section 
of the bar; then the tension at the section through P 
supports W and the weight of the bar PB ; and if tk is 
equal to the sum of these weights, t is the measure of the 
tension at P. 

It will be seen that t is one dimension lower than- 
the t of Art. (93). 

In fact, if e be the thickness of a flexible lamina at 
any point, the tension at which, measured in the usual 
way, is t, we have 

tSs = reSs, 
ov t = er. 



td 



* If X=X'^ the equation is 

a tan 0=17 1 cotf -coBaj + 3tanf-co8aj|. 

B. H. ^ 



130 EXAMPLES. 

Ex. A hoUxm spherical shell of very amaXt AS^kness e is 
formed of the same substance as the bar AB, and W is the 
greatest weight which AB can msppcrt^ neglecting its own 
weight; it is required to find (he greatest pressure of elastic 
fluid which the shell can $u$tain. 

Let r be the ra£ii8 of the shell ; 

.'• 2< =^, or 2eT ^pr ; 

but py = TK. .\p = , 

^ r K 

iriEiich is the greatest possible pressure. 

106. The investigations of this chapter will not in general 
be applicable to surfaces which are inflexible, or of imperfect 
flexibility, but, if in any particular case the action between adja- 
cent portions of a surface be wholly in the tangent plane, the 
relations obtained between the tension and the normal pressure 
will hold good. 

For instance, if a vertical circular cylinder formed of any 
inflexible substance be filled with fluid, the action at any point 
will be wholly tangential and of the nature of tension. 

. * 

EXAMPLES. 

1. Supposing the cylinders of a Bramah's Press made of the 
same material, and the thickness of the smaller just sufficient to 
prevent it from bursting, what must be, at least, the thickness of 
the larger ? 

2. A cylindrical vessel is formed of metal a inches thick, 
and a bar of this metal of which the section is A square inches, 
will just bear a weight W without breaking. If the cylinder be 
placed with its axis vertical, find how much fluid can be poured into 
it without bursting it. 

3. A hollow cone, the vertex of which is downwards, is filled 
with fluid ; find where the horizontal tension is greatest. 

Also find where the tension in the direction of a generating line 
is greatest. 
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4. The top of a rectangular box is closed by an uniform elastic 
bandy &stened at two opposite sides, and fitting closely to the other 
sides ; the air being gradually removed from the box, find the suc- 
cessive forms assumed by the elastic band, and when it just touches 
the bottom of the box, find the difference between the external and 
internal atmospheric pressures. 

5. An elastic tube of circular bore is placed within a rigid 
tube of square bore which it exactly fits in its unstretched state, 
the tubes being of indefinite length; if there be no air between 
the tubes and air of any pressure be forced into the elastic tube, 
shew that this pressure is proportional to the ratio of the part of the 
elastic tube that is in contact with the rigid tube to the part that 
is curved. 

6. A vessel, formed of a thin substance, in the shape of a cone 
with its axis vertical and vertex downwards, is just filled with liquid 
and closed at the top. If it be made to rotate uniformly about its 
axis, find the principal tensions at any point. 

7. A vertical cylindrical vessel, formed of flexible and inextensi- 
ble material^ is put into a square box, the width of which is less than 
the diameter of the cylinder, and water is then poured into the cylin- 
der ; find the tension at any depth. 

8. An elastic spherical mwelope whose natural radius is a, has 
air forced into it so that itil radius becomes 5 ; it is then placed under 
an exhausted receiver, and its radius increases toe; find the quantity 
of air forced in, assuming that the tension is proportional ta the 
increase of surface. 

9. A hemispherical bag, supported at its rim, is filled with water ; 
the principal tensions at a depth x are in the ratio 

of -h ax -h a' : 2oi? + 2ax - a\ 

Find also where the horizontal tension vanishes, and explain the 
circumstance of its being negative for a portion of the bag. 

10. If the hemispherical bag be closed at the top by a rigid plane 
to which its rim is tied, and then inverted, shew that the principal 
tensions at a depth a?, are in the ratio 

3a— 2a; : 9a — ix. 
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11. A Spherical envelope is just filled with liqtdd, which rotates 
uniformly about a diameter ; neglecting gravity, prove that the prin- 
cipal tensions at an angular distance ^ from the axis of rotation are 

1 3 

5po)Vsin*^ and ^pwVsin*^. 
* o o 

12. A cylindrical shell of finite thickness is formed of a material 
such that a bar, one square inch in section, can sustain a tension r 
without giving way. If this shell be subjected to an internal fluid 
pressure cr, whidi is only just not sufficient to burst the cylinder, 

prove that ©"esTlog-T ; where a and' b are the external and internal 
radii of the shell. 

13. Shew, from the equations d€ Art. 102, that, if ^ be equal to 
( at every point, each is constant. 

Shew also thal^ in general, if f be a maximum or a minimum, it 
will be equal to ^. 

14. In the case of Art 103,. shew that 

^ (arf) = ^cos «^, 
^ being the inclination of the normal to the axis. 

15. A small uniform flexible tube is inextensible in length, 
but the perimeter of any transverse section of it follows the 
ordinary lisiw of extension of elastic strings ; if it be filled with 
fluid and held with its axis vertical, shew that for some dis- 
tance from the highest point it will appreciably coincide with 
the surface generated by a rectangular hyperbola revx>lving about its 
asymptote. 

16. A flexible and elastic envelope without weight, filled with 
fluid, hangs by one point : find the diflerential equation to a vertical 
section of the surface through the point of support 



CHAPTER VII. 

THE EQUILIBRIUM OF REVOLVING LIQUID, THE PARTICLES 
OP WHICH ARE MUTUALLY ATTRACTIVE. 



107. Ip a Kquid mass, the particles of which attract each 
other according to a definite law, revolve uniformly about a fixed" 
axis, it is conceivable that, for a certain form of the free surface, 
the liquid particles may be in a state of relative equilibrium ; 
since, however the resultant attraction of the mass upon anj 
particle depends in general upon its form, which is unknown, a 
complete solution of the problem cannot be obtained. 

For any arbitrarily assigned law of attraction, the question 
is one of purely abstract interest, and it is only when the law 
is that of gravitation that it becomes of importance, from its 
relation to one of lihe problems of physical astronomy. 

We shall consider the fluid homogeneous, and confine our 
attention to two cases ; in the first of these the attractive forces 
are supposed to vary directly as the distance, and, in the second, 
to follow the Newtonian law. 

108. A homogeneovs liquid mass, the particles of v)hich uttract 
each other with a force varying directly as the distance, rotates 
uniformly about an aocis through its centre of gravity ; required to 
determine the form of the free surface. 

The resultant attraction on any particle is in the direction of, 
and proportional to, the distance of the particle from the centre 
of gravity ; and if /Lt be a measure of the whole mass of fluid, 
/ttc, /Lty, lia, may represent the components of the attraction, 
paarallel to the axes, on a particle of fluid about the ^kA x^ -g^ «.^ 
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Taking the origin at the centre of gravity, and axis of ro- 
tation as the axis of z, the equation of equilibrium is 

dp^p {(a)*aj — iJLx) dx + (©V ~ l^y) ^V " y^^dA ; 

and therefore 

|)-0+|{(«,'-M)(x'+y»)-^»}. 

At the free surface p is zero or constant, and the equation to 
the free surface is 

the constant D depending upon a>, and upon the mass of the 
fluid. 

lla>*<fiy the free surface is a spheroid which becomes more 
oblate as a> increases, and when cd' = fi, the free surface consists 
of two planes ; to render this possible we may conceive the fluid 
enclosed within a cylindrical surface, the axis of which coincides 
with the axis of rotation. 

When G)' > fly the free sur&ce is a hyperboloid of two sheets, 
which for a certain value (©') of co becomes a cone, the fluid 
filling the space between the cone and the cylinder. Taking 
account of the volume of the fluid, the value of cd' can be deter- 
mined by putting D = 0, since the pressure in this case vanishes 
at the origin. 

If 0) > w\ the surface is a hyperboloid of one sheet, which, 
as w increases, approximates to the form of a cylinder, and it is 
therefore necessary, for ltu:ge values of co, to conceive the con- 
taining cylinder closed at its ends. 

The results of this article, it may be observed, are equally 
true of heterogeneous fluid, whatever be the law of variation of 
density in the successive strata. 

109. A mass of homogeneous liquid^ the particles of which 
attract each other according to the Newtonian law^ rotates uniformly ^ 
in a state of relative equilibrium^ about an axis through its centre 
of gravity ; required^ determine a possible form of the surface. 
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For the reason previously mentioned a direct solution of this 
problem cannot be obtained, but it can be shewn that an oblate 
spheroid is a possible form of equilibrium. 

Let the equation to the spheroid be 

the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin, on a 
particle at the point (a;, y, z) will be represented by 

X=?^{(l+\«)tan-^X-\}, 

A 

r=^{(H-\')tan-^X-\}, 
Z= ^ {\ - tan-» \} (1 + \«), 

A 

parallel, respectively, to the axes*. 

We have then for the surfaces of equal pressure, putting e for 

47rp' 
{2e\* + \ - (1 + X") tan"^ \} {pdx '\-ydy) 

+ 2 (tan"'X - \) (1 + \^zdsi = 0. 

But, from the equation to the spheroid, 

xdx + ydy + (1 + X*) zdz = 0, 
and, as these equations must be identical, 

2€V+\- (1 + \») tan'i\ = 2 (tan'^X -X) ; 

an equation the roots of which determine the possible values of X. 



* These expressions will be found in Laplace's Micamiqw Cilette, Poisson's 
Micanique^ Dahamers Micanique, and Todhiinter's Statics, In the last named, 

the equation to the spheroid is "^/ + a/i 4>a\ =-^' ^^* *^® expressions used in 

1 
the text will result from the expressions there given by putting 1 -<*=" " >^, . 

By the use of X, irrational quantities are amded. 
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It may be written 

3\ + 2€\* 



-tan"*X = 0, '. (a), 



3+\" 

and the question is reduced to the discussion of the roots of this 
equation. 

For this purpose consider the curve 

>'^^-^-'" («• 

The abscissae of the points where this curve cuts lihe axis 
will be the values of \ required. 

It must be observed that, in the equation (a), tan'^X is the 
least positive angle whose tangent is \ ; we have therefore only 
to consider one branch of the curve (/8). 

I£ the signs of x and y be changed, the equation is unaltered ; 
the curve is therefore the same in the compartment — a?, — y , as 
in +Xy +y, and it is sufficient to examine the nature of the 
positive portion of the branch. 

When a? = 0, y = 0, and as x increases from zero, y begins 
by being positive, and when x increases indefinitely, has always 
positive values; hence the curve cuts the axis of x in an even 
number of points, exclusive of the origin. 



. . dy_ 2a? {ex^ + 2 (56 - 1) ay* + 96} 
^S*^""' ^"" (l+a?)(3+a?f 



^ is therefore zero at the origin (a point of inflection), and also 

at the points given by 

6aj* + 2(56-l)aj' + 96 = (7). 

If the values of x^, obtained from this equation, be real, and 
positive, there will be a maximum and a minimum value of y ; 
the former, corresponding to the smallest root, will evidently be 
positive, since y begins by being positive; if the latter, corre- 
sponding to the greatest root, be negative or zero, there will be 
two zero values of y or one only, and consequently two possible 
spheroidal forms of equilibrium, or one only. 
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If the minimum value of y be positive, there will be no 
zero value of y ; that is, the equilibrium of the fluid in the form 
of a spheroid is impossible. 

110. The preceding investigation may be illustrated by 
tracing the curve (^8) for different values of 6. 

Putting tan"* a? = — — tan'^ - , and expanding, we obtain 

y = 26aj--, 

as the asymptote of the branch of the curve under consideration, 
and the appended figures exemplify the different cases above 
mentioned. 




Numerical Calculation. 

111. To calculate the limiting value of a> for which the 
spheroidal form is possible. 

The equation (7) may have positive roots if 5e < 1 ; moreover 
the values of a^ will be real, and positive, if 

(l-56)'>9€*, or l-5e>3€; 



i.e. 6<-. 
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The superior limiting value of € can however be obtained 
very approximately from the condition tha^ in the extreme case 
of possibility, the minimum valae of y is zero. 

We have then y = and ^ = 0, simultaneously. 

Hence, substituting in (/3) the value of e obtained from (7), 
and putting y = 0, we have 

a? (7a^ + 300:^ + 27) x -1 ..^ 
(5* + l)(ar« + 9)(aj' + 3)"^ ^""' 

a?(7aj* + 9) . -1 ^ .^^ 

FTiyFT9)-**^ ^=^ (^)- 

An approximate value of the positive root of this equation 
will be a value of a?, which, substituted in (7), will give approxi- 
mately the superior limit of the value of 6. 

Since cf^^irpe this determines the greatest possible rate of 
rotation consistent with the existence of a spheroidal form. 

When to is less than the limiting value thus obtained, there 
will be two spheroids, either of which will be a possible form of 
the rotating fluid. 

112. Approximate determination of the positive root of the 
equation 

j«j7^+9)___,_., ^ 



— tan"^ a? = 0. 



(aj" + l)(a^ + 9) 

Denoting the first member hjf{x)f it will be fotmd that 

8a^M3-a^ . 
•'^ ^^^ (aj«+l)*(a^ + 9)«' 

this is positive from a; = to a; = ^3} and is afterwards negative ; 
f{x) therefore increases untila; = V3) and then diminishes; 
and, since/ (0) = 0, f{x) begins by being positive. 

By the use of the formulsd 

tan''2 = ^ + tan"4> 

tan-*3 = ^+tan"'i 
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it will be found without much difficulty that the root lies be- 
tween 2 and 3, but the application of Newton's method with the 
value 2 as an approximate one shews that a closer limit will be 
convenient. 

If then 2.5 be substituted we obtain, by the aid of the formula 
tan-^ (2.5) = tan"^ (2) + tan"* ^ , 

/(2.5) = .0025 approximately. 
Let a? = 2.5 + y, 

then, approximately, V^^fq^* 

but * /' (2.5) = - .085, nearly ; 

.'. y = .0293 and x = 2.5293. 

The substitution of this value in (7) will give 

€ = .1123, 

as the greatest possible value of € or j — . 

Hence, when a> is such that e < .1123, there are two spheroidal 
forms of equilibrium. 

113. If € is very small, one of the values of x (i.e. X) will be 
very small and the other large, and therefore as € decreases, the 
one spheroid becomes very oblate and approximates to a plane 
lamina, while the other approaches to the form of a sphere, this 
latter being the form of stable equilibrium. 

To find the small value of X which satisfies the equation 

3X4-26X* ^ _,^ ^ 

expand in ascending powers of X, and we obtain 

X" = -7- approximately. 

This gives a spheroid very slightly oblate, the ratio of its 

15e 
axes being V(l + X") : 1, or very nearly 1 + --- : 1. 
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The large value of X is obtained by putting 

tan'"*\= - — tan"*- , 

and expanding in powers of r- , a process which gives 

X = V terras involving positive powers of e, 

83 an approximation. 

114. Application to the case of a fluid, the density of which is 
equal to the Earth's mean density. 

If r be the Earth's radius and p the mean • density of the 
Earth, 

4 

-TT/w is the attraction at the surface of a sphere of fluid of 

the same radius as the Earth, and of density p. 

Suppose for a moment that the Earth is homogeneous, and 
spherical, 

then - irpr measures the force of gravity at the pole. 



But, since € = -; — , and therefore Se = 



47rp ' 4 ' 

3e : 1 :: difference of the measures of gravity at the pole and 
the equator : gravity at the pole (g). 

Taking a second and a foot as the units of time and space, ^=32 
approximately, r = 4000 x 1760 x 3, and it will be found that the 

time of rotation, — , given by the limiting value .1123 of €, is 

a little more than j^r th of a day. 

This then is the smallest time in which a homogeneous fluid 
mass, of density equal to the Earth's mean density, could rotate 
uniformly so as to be spheroidal in form. 
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Application to tJie figure of the Earth, 

115. The Earth, as is known bj geodetic measurements, 
differs very sUghtly in its form from a sphere, and we. can there- 
fore apply our equations with great ease to the question of the 
homogeneity of the Earth, assuming it to have taken its present 
form when in a state of fluidity, or to be now a mass of fluid 
contained within a comparatively thin crust 

It has been found by observation, that for the Earth the 
ratio ©V : g is about 1 : 289, and we have therefore 

1 



3e=: 



289' 



But from Art (106), ^'= x'sTS ' 
and the ratio of the axes of the spheroid 

= 1 4- ^ : 1 = 232 : 231, nearly. 

This result does not accord with the facts obtained by 
actual measurement, which give 301 : 300 as an approximate 
value of the ratio. 

The inference is that the Earth is not homogeneous. 

116. The foregoing articles are taken chiefly from Laplace, 
M4caniqiie Gdleste^ Tome Ii. 

It must be observed that the general problem of the form of 
a rotating fluid is not solved ; all that is shewn being that, in 
certain cases, an oblate spheroid is a possible form of equi- 
librium. 

If © be such that e> .1123, it does not follow that equi- 
librium is impossible, but only that the spheroidal form cannot 
exist for that particular angular velocity. 

Laplace has shewn that a prolate spheroid is not a possible 
form of equilibrium*: but it has been stated by Jacobi that 
an ellipsoid with its three axes unequal is a possible form. On 



* Mie, Cileste, Tom. n. p. 69. The proof is Also given in Pont^conlant's 
SytUme da Monde, Tom. n. p. 401. 
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this latter point a discussion will be found in the first Ttdume of 
the Cambridge Mathematical Journal^ and also in a paper by 
Mr Ivory, in the Philosophical Transactions for 1838. 

117. An important distinction has been pointed out by 
Poisson (Tome ii. p. 547), between the surfaces of equal pressure 
in a fluid at rest under the action of extraneous forces, and in a 
fluid at rest, or revolving uniformly about a fixed axis, under 
the action of the mutually attractive forces of its particles. 

Let ABC be the free surface, and D-EFany surface of equal 
pressure; then, in the former case, the resultant force at any 
point of BEFiB perpendicular to the surface at that point, and is 
unaffected by the existence of the fluid between ABC and 
DEF\ this fluid could therefore be removed without affecting 
the equilibrium of the fluid mass bounded by DEF. In the 
latter case, the force at any point of DEFy although perpen- 
dicular to the surface at that point, is the resultant of the 
attractions of the mass of fluid contained by DEF^ and of the 
mass contained between DEF hndi ABC; these two components 
of the resultant force are not necessarily perpendicular to the 
surface, and the fluid external to DEF cannot in general be 
removed without affecting the equilibrium of the remainder. 

118. If, however, the fluid be homogeneous, and the par- 
ticles attract each other according to the Newtonian law, so that 
the free surface may be spheroidal, the surfaces of equal pres- 
sure will be similar spheroids ; and in this case, since the re- 
sultant attraction of an ellipsoidal shell on an internal particle 
is zero, the portion of fluid between ABC and DEF may be 
removed, provided the rate of rotation remain unaltered. 

Moreover we have shewn. Art. (104), that for a given value 
of © not exceeding a determined limit, there are two possible 
spheroidal forms : let ABC, the free surface, have one of these 
forms, and describe within the fluid mass a concentric spheroid, 
GEK, similar to the other spheroid; then the fluid between 
ABC and GHK may be removed without affecting the fluid 
mass OHK. 

The action of the shell upon a particle at a point P of the 
Burfece OHK is not perpendicular to the surface at P, bu^ this 
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action, combined with the attraction of the mass OHK, and the 
hypothetical force measured by o)V,is perpendicular to the sur- 
face, at P, of the spheroid passing through P, which is concentric 
with, and similar to, the surface ABC. 

119. If a fluid mass be set in motion, about an axis through 
its centre of gravity, with an angular velocity such as to make 
the value of € greater than the limit obtained in Art. (Ill), it does 
not follow that the fluid cannot be in equilibrium in the form of 
a spheroid, for it may be conceived that the mass will expand 
laterally with reference to the axis, taking a more flattened shape, 
until its angular velocity is so far diminished as to render the 
spheroidal form possible. 

If the mass consist oi perfect fluid, its form will oscillate 
through the spheroid of equilibrium, but if, as is the case in all 
known fluids, friction be called into play by the relative dis- 
placement of the particles, the oscillations will gradually diminish 
and at length a position of equilibrium will be attained. By 
D' Alembert's principle, the 'Angular momentum ' of the system, 
relative to the axis, will remain constant, and this property of 
the motion enables us to determine the final angular velocity, 
and the form ultimately assumed*. 

Considering the question generally, suppose the mass of fluid 
set in motion in any way, and then left to itself; the centre of 
gravity will be either at rest or moving uniformly in a straight 
line, and all we have to consider is the motion relative to the 
centre of gravity. 

Draw through the centre of gravity the plane,',in the direction 
of which the angular momentum is a maximum ; then, however 
during the subsequent motion the fluid particles act on each 
other, this plane, which may be called the 'momental' plane, 
will remain fixed, |ind when the motion of the particles relative 
to each other has been destroyed by their mutual friction, the 



* The angular momentum of a system, relative to an axis, is the sum of the 
moments of the momenta of the several particles of the system about the axis. 

The constancy of the angular momentum is therefore the expression of the 
tirindple of 'the conservation of areas.* 



144 THE EQUILIBBIUM OF REVOLVING FLUID. 

axis perpendicular to this plane will be the axis of rotation of 
the fluid mass in its state of relative equilibrium. 

120. Let J^be the given angular momentum of the system, 
and o its ultimate angular velocity. 

Taking c and c V(l + ^*) for the axes of the spheroid of 
equilibrium, and M for the mass, the expression for the angular 

I 2 

momentum- i& - . - Mc^ (1 + X*) a> ; 

« o 

o 
we have also r irpc^ (l + X*) =3 Jf, 

and from these two equations, combined with the equation, 

^^±^-tan-^^=0... Art (102), 

the values of c, ca, and X can be determined. 
From- the first two we obtain 



e = ^ = )^^-L {i +\')-i, 



10 



=p (1 + X")"*, suppose ; 

— tan'*X=0, 



. 3X + 2yX»(l + xr* ,_^,_ 



3 + X* 
is the equation which determines X. 

The left-hand member of this equation is positive when X is 
very small, and negative when X is indefinitely large, and the 
equation has therefore a positive root; consequently, the fluid 
mass will at length attain a spheroidal form of equilibrium. 

It can be shewn moreover that the equation has only one 
positive root, and therefore there is one spheroidal form, and 
one only, towards which the oscillating fluid mass continually 
approximates. 

This discussion is taken firom the MAxintqtie CSleste, Toul II. 
p. 71, and firom Pont^coulant'a Syatlme du Monde^ Tom. il. p. 409. 
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CHAPTER VIII. 

THE EQUATIONS OP MOTION. 

121. We have assumed, as a fundamental property, that 
" the pressure of a fluid is always normal to any surface with 
which it may be in contact," and, from this assumption, it fol- 
lows necessarily that the pressure at any point is the same in all 
directions. So far as the equilibrium of fluids is concerned, the 
results of calculation are in accordance with facts, and the above 
principle appears to be established. 

In considering, however, the motion of fluids, very little obser- 
vation is sufficient to shew that the hypothesis of fluid pressure 
being normal to surfaces with which the fluid is in contact is no 
longer tenable as a matter of fact. For instance, if water in a 
cup be set rotating, the motion is gradually diminished, and in a 
short time ceases altogether ; this can only result from a tangen- 
tial action between the surface of the cup and the particles of 
water immediately in contact with it, and from a transmission of 
this tangential action throughout the whole mass. Other in- 
stances might be adduced, such as the action of the air upon 
pendulums, and the motion of water flowing down sloping tubes, 
in which the results of calculation and of observation are consider- 
ably at variance with each other ; but, as the motion of perfect 
fluids only will be discussed in the present treatise, it will be 
sufficient for our purpose to recognise the fact that the internal 
friction of fluids produces, in general, a sensible modification of 
their motions, and the consequent probability that a discrepancy 
will exist between the conclusions of theory and experiment. 

The conception of a perfect fluid implies that its pressure on 
a smdhee is in all cases a normal pressure, and It ioViorsit^ tv^^^^si^- 

RH. \a 
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sarily that, whether the fluid be at rest or in motion, the pressure 
at any point is the same in all directions. 

Conceive a small tetrahedron of the fluid solidified ; then, by 
D'Alembert's principle, the pressures on the faces, the moving 
forces arising from external attractions, and forces equal and 
opposite to the eflFective moving forces^ form a system in equili- 
brium. Suppose the tetrahedron indefinitely diminished; the 
extraneous forces, and the effective moving forces, vary as the 
cubes, while the pressures vary as the squares, of homologous 
lines, and therefore the former are, in the limit, evanescent com- 
pared with the latter. The tetrahedron is, therefore, ultimately 
in equilibrium under the action of the pressures only, and hence 
it follows, as in Art. (7), that the pressure is the same in every 
dfirection. 

122. Prop. To 'find the equations of motion. 

Let Xf y, 0, be the co-ordinates of a point within the fluid in 
motion, and, at the time t, let u, v, w^ be the velocities, parallel 
to the axes, at the point : u^v^w are therefore, generally, func- 
tions of X, y, Zy and t. 

The velocity at any point in a fluid may be looked upon as 
the velocity of the particle or element of fluid which happens, at 
the time, to contain the point ; or, if the fluid be conceived as 
made up of ultimate molecules, the velocity at any point is the 
mean of the velocities of all the molecules contained in an ele- 
ment of fluid about the point, when the element is indefinitely 
diminished. 

Let m be the mass of an element of fluid about the point 
a;, y, is, and let mX^ m F, mZ, be the impressed forces acting 
upon m. 

Considered as defining the position of 9n, Xy y, and e are func- 
tions of tj and of the quantities defining the initial position of m, 
and, on this supposition, we have 

Dx By Dz 

""^m^ ""^Dt^ ""^Di^ 

employing 2) as the symbol of differentiation, in order to dis- 
tinguish between the variations of x^ y, 0, which depend on the 
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motion, and the arbitraiy variations which are considered in the 
equilibrium equations we shall have to employ. 

The effective forces are 



m 



LCx I^y D'z 



m 



m 



or 



Du Dv Dw 

'^-m^ "^-DV "^m^ 



and, by D'Alembert's principle, the aggregate of these forces 
reversed, would, in combination with the impressed forces, main- 
tain the equilibrium of the fluid. 

Hence, if ;? be the pressure, we obtain from Art. (16) the 
equations 



dp [ Du\ 

dy ^V Dt)' 
dp [^ Lw\ 



> 



(1). 



The symbol d refening to partial differentiation, we have, 
since u is a function of x, y, z, and t, 

Du ^du du Dx du Dy du Dz 
Di'''di'^dx'Di'^d^'7)i^dz'Dt' 



or 



Du du du du 



du 



i)<=w+"^+''^'^"'^' 



with similar equations for -jj- and -^ . 

Substituting in (1) we obtain, as the equations of motion, 

^dp^ y. du du du du 
pdx" dt dx dy dz' 



1 dp _^ y. ^dv dv ^ dv^ dv 
pdy" dt dx dy dz' 



Idp rr dw dw 

-^=i Z — T- — W-? — v—-. — w 



pdz 



dt dx 



dw 
'dy 



dw 

dz ' ^ 



(2). 



\<Ji— .^ 
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If the fluid be elastic, and if the temperature be supposed 
constant, we have also the equation 

It is important to observe carefully the meanings of the 
symbols employed in these equations ; the quantities -jr- , -jy , 

-jr- in (1), are the rates of variation of the velocities, parallel 

to the axes^ which, at the time /, represent the motion of the par- 
ticular element m of fluid; and in both (1) and (2) the difierential 

coefficients ;/ > ;/ > ;/ > ^® taken on the supposition that x, y, 
and z are independent variables. 

123. Let a, J, c, be the co-ordinates which define the initial 
position of the element m, and let 

then ^, 17, ^j are the displacements, parallel to the axes, of the 
particle m during the time /, and, a?, y, z, being functions of 
a, b, c, and f, that is, of ic — f, y — 17, « — f, and <, it follows that 
f , 17, ^, are functions of x^ y, z, and t, and therefore 

Di dt'^ dx Dt^dy Dt^ dz Dt' 
But ^=1., 



' * dt dx dy dz ' 
, . ., , <7i? dfi , dri , dri 

dt dx dy da ' 



(3), 



These equations will determine f, 17, f, when w, v, tr have 
been determined as ftmetions of a;, y, 0, and ^. 
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The Equation of Continuity, 

124 The equations obtained in Art. (122), are not sufficient 
for the purpose of determining the motion, and another equation 
can be obtained from the consideration that the fluid, although 
its external form maj change, or the density about any point 
within it vary during the motion, must be, in general, a con" 
tinuoua mass. 

We shall express this continuity of the fluid by assuming 
that any small parallelepiped, flxed in space within the fluid, re- 
mains full during the motion which takes place in any small 
interval of time. 

Let Xy t/j Zy be the co-ordinates of one angular point, P, and 
a + a, y +i8, « + 7, of the opposite angtdar point of the paral- 
lelepiped. 

Then, if /> be the density, and u the velocity parallel to x, at 
the point P, the quantity of fluid which enters the parallelopiped 
at the face ^87, containing P, will be 

pupf^hty 

in the time 8^, and therefore the quantity which, during the same 
time, flows out at the opposite face, will be 

Hence the loss of fluid in consequence of the motion parallel 
tea;, is 

d{pu) 



dx 



afiySt. 



Similarly the quantities lost in consequence of the other 
motions, are 

and the total loss is. 



j4^^i^M^. 



150. THB EQUATION OP CONTINUITY. 

bat the increase in the quantity of fluid in the time Bt is given 
by the expression -^ St . afiy, that is, the loss is 

and therefore, equating these expressions, 

dp ^ d(pu) ^ d(pv) ^ d(pw) ^^ .^. 

dt dx dy dz ^ 

This equation may also be obtained from the consideration 
that any particular elementary portion of the fluid remains a con- 
tinuous mass during its subsequent motion. Thus, if x^ y, 0, be 
the co-ordinates, at the time ^, of a particle of the fluid, the 
equation is obtained by equating to zero the variation, in the 
time 8f , of the element pSxBySz. 

125. If the fluid be homogeneous and incompressible, p is 
constant, and the equation becomes 

du dv dw 
— 4- — 4- — . == 0. 
dx dy dz 

This last equation is also true, if the fluid be heterogeneous, 
provided it be incompressible ; for the density of a particle in 
motion will be invariable, and therefore the variation of p, con- 
sidered as a function of a?, y , z^ and t, will be zero, if we take 

Sx = uSt^ Sy = vStf and Bz = wSl 

Hence 

dp dp ^ ^ = 
dt ^Ix dy dz~ * 

and, subtracting this from the general equation of continuity, 
we get 

du dv dw _ 
dx dy dz^ ' 

126. If the forces be such that Xdx + Ydy + Zdz is the 
complete difierential dR of some function By atid if the motion be 
of such a nature that udx 4- vdy + wdz is a complete difierential 
J^, the several equations can be reduced to a more manageable 
form. 
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T xf ^^ ^4^ 3 ^14> 

In this case -p =r t£, 7F~^> and-~- = tt7; 

and • :^^^ . # ^4.^ .^ ^ _^ 
J9^ rficd^ da; * db* dy * dbd^ <& ' (Ixdz ' 

Dv^d^ M dP<l> d4 d^4> d^ d^4> 
Dt "" dydt dx ' dxdy dy * flfy* dz ' dydz ' 

Bw^d^ d^ d^<f> d(f> d^ d^ d^ 
Dt "" cfodf dx * (iarefo dy * dydz dz' ds* * 

From the equations (1) we have 

»a...J*=.s-..f-l..{(#)V(|)V(f)], 

or lrf^ = rfS_^.#_lrf(Cr').... (5), 

?7 being the resultant velocity at the point a;, y, «. 
Henoe, if the fluid be inelastic and homogeneous, 

p-^ d? 2^' 
and the equation of continuity is 

die* dy* d«* 
If the fluid be elastic, p = A/o, and we obtain 

In each integration an arbitrary function of t must be intro- 
duced, but it is unnecessary to insert such a function in the 

equation, as it may be supposed to be contained in -^ . 

127. Taking s an arc of the line of motion passing through 
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dR 
the point Xy y^ z^ it is evident that ^ -^ is the foioe cm the par- 
ticle m in the direction of its motion ; for, since 

^ dB, ^ dB J « dR 

— =^X — + Y^ + Z — 
da ds ds da* 

Also the velocity ^==^'T^ + *' ^^^^^^^J 

and therefore, if mB be the tangential force on m, the equation 
(5) may be written 

p da dt da * 

This equation may be obtained more briefly as follows. 
Taking jp as the pressure at any point of a fluid at rest, and 
measuring a in any direction, we have 

where m8 measures the force on m in the direction of a. 

In the case of the fluid in motion, measure a in the direction 
of the line of motion, and let U be the velocity ; then C is a 
function of a and t^ and 

DU dU dU 
Dt" dt^^ da' 

Hence by D'Alembert's principle, 

l±=8-^J^-U^ (6). 

p da dt da 

128. Cases of motion are of course conceivable in which 
udx + vdy + wdz is not a complete difierential, and in such cases 
we must employ the equations (1) in order to determine the 
pressure at any point. 

For instance, if a fluid revolve uniformly, without change 
of form or relative displacement, about a fixed axis, 

udx + vdy + wdz 
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is not a complete differential. Thus, taking the fixed axis as the 
axis o{ Zy 

tt =s — ©y, V = coXf and w = ; 

.% udx + vdy + wdz = a> {xdy — ydx), 

an expression which clearlj is not an exact differentia], 

Becnrring to the equations (I), we have, for this case, 

Idp v^ , , I dp XT , « ^ ^P '7. 

p die pdy ^' p dz 

and therefore, 

''dp = Xdx -h Frfy -h ^js + ©* (aje& + yrfy)} 

as in Art. (33). 

It can be shewn howeyer, that if, at anj time daring the 
motion, udx + vdy + wdz is a perfect differential, it is so always ; 
a proof of this will be given hereafter. 

129. Another form of the equation of continuity^ which is 
sometimes useful, maj be obtained as follows. 

Let PQ = Ss be an arc of the line of motion passing through 
a point Q ; and let AB be a small area normal to the arc^ such 
that all the particles of fluid crossing it maj be considered as 
moving perpendicular to it 

Let AA\ BBy &c. be small arcs of 
the lines of motion through the bounding 
points of ABy and A'B the normal 
section through Q of the surface formed 
hj these lines of motion. 

Take p as the density of the fluid in 
PQ at the time «, k the area of AB, and v the velocity at P; 
then the quantity of fluid which enters at AB during the time Si 

and that which flows out at A'B 

= KpvSt + -J- {KpvSt) . &. 
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The excess of the former oyer the latter of these two ex- 
pressions is the whole increase of the fluid in PQ daring the 
time Sty and is 

''■^{'cpv)StB8: 

but the mass of fluid at the time t being KpSs, the increase in 
the time St is also expressed bj 



and therefore 



J 3 

^{'cpS8)Sty or j^{Kp)SsSt, 



|M + |(*H=-0 (7). 



From the way in which this equation has been obtained, it 
will be seen that allowance is made for the expansion of the 
element which maj in certain cases take place, and it is only in 
this waj that k can be an explicit function of the time. The small 
section AB may be taken arbitrarily, but the section A'B will 
depend, not only on the arc PQ, but also on the directions of the 
lines of motion passing through the bounding curve o{ AB; the 
variation of k may therefore depend on the time explicitly, since 
these lines of motion may vary with the time. 

130. The form (7) may also be obtained by considering the 
motion of a small cylindrical portion PQ of fluid, and by express- 
ing the condition that its mass should remain the same. 

Let PQ be the position of the element at the time t^ 

P Of Sit the time t + St, 

V the velocity of P, and therefore v + -r Sa o{ Q, i{ PQ =^ Ss ; 
then PP' ^ vSt, and QQ' = (v + J &) St, 



J0i 
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and therefore P'Q' = & (1 +~ It). 

If K be the section of the cylinder PQy 
iv is a function of a and t^ where a also depends upon t^ 

and therefore the section of P' ^ = ic + -^ S^ + ^r . vhu 

Hence the mass of P'Q' 

= mass of PQ = p^c . PQ = pic . S^, 

and we thence obtain -5- (/cp) -h -^ (/cpv) =0. 

This form of the equation of continuity will be found available 
in cases in which it may be convenient to employ the equation 
of motion, (6), obtained in Art. (127). 

TariiGalaT cases of the eqtuition of continuity, 

131. The equation of continuity can in some cases be inte- 
grated, as in the two following. 

(1) A homogenebus liquid moves in one plane^ the motions of 
all its particles heing symmetrical with regard to a fixed centre. 

Taking r as the distance from the centre the velocity (F) is 
a function of r, and 

w= F-, t;= F^, t(? = 0. 
r r 

The equation of continuity is 

du dv ^ . , ,,^^. 
^+^=0, Art. (125). 

■R f du _xdVdr V Vxdr 
dx" r dr dx r r^ dx 

dr 7^ r r" ' 

dy dr r^ r r* ' 
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dV, V ^ d , ^ ' 

Hence we obtain 

and therefore, at any given time, the velocity is inversely pro- 
portional to the distance. 

(2) The motion of a homogeneous liquid is symmetrical in all 
directions f with regard to a fixed centre. 

In this case, 

w=F-, t;=F^, w^V-, 
r^ r r 

and, by transformation, the equation of continuity, 

du do^ dw^ 
dx^dy^dz ^ 

becomes -7- H = 0, 

ar r 

or i(fV)^0. 

Hence f»r^f{t). 

These two results can however be obtained without going 
through the process of integration. 

For, in the second case, it is an obvious condition of the 
continuily of the motion, that the quantity of liquid, which 
during a small interval of time, at a given epoch, flows across 
a spherical surface, is the same whatever be the radius, and 
therefore Arm^V is independent of r, and is a function of the 
time only. 

In a similar manner the result for the first case, rF =/(<), 
can be obtained. 

The Bounding Surface. 

132. In whatever manner a fluid mass be in motion, the 
particles of fluid which at any time happen to be in the surface 
can have no motion across it ; in other words, the fluid particles 
either have no motion relative to the surface, or their relative 
motion is wholly tangential. 
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It is not to be supposed that particles once in the surface, are 
always in the surface^ for the motion of a fluid particle, relatively, 
may be in a curve touching the surface, or it Ly ap;«>aeh with 
a relative velocity continually diminishing and vanishing at the 
surface, and may then retreat within the fluid mass ; all these 
cases will however be included in the condition that the relative 
motion is tangential to the surface. 

Let i^(f,^, r, = 0, 

be the equation to the bounding surface at the time f, and let 
X, y, z, be the co-ordinates of a fluid particle in the surface ; then 

At the time t + &, the co-ordinates of the particle are 

X + uBt, y + vhty z + whty 

and, dince the relative motion is tangential, these quantities will 
differ by small quantities of the second order from the co-ordi- 
nates of some point in the surface 

J^(f,^, l« + «0=O; 
and, therefore, substituting for f , 17, $", and neglecting such quan- 
tities, 

Fix^-ult, y + vS«, Z'\'wlt, ^ + 8^)=0, 

from which we obtain in the limit 

F\i) + uF\x) + vF'iy) + wF\z) = 0, 
the differential equation to the surface. 

133. If the fluid be incompressible, and if ta be the external 
pressure upon its surface, and p the pressure at the surface, we 
shall have 

and, therefore, at all points of the free surface, 

dp dp dp dp ^dfST ^ 
dt dx dy dz dt * 

w, V, and w being the velocities of the point a?, y, z. 

It should be observed that the equation of continuity does not 
hold true at the surface, its place being supplied by the equation 
obtained above. 



168 IMPULSIVE ACTION. 

Impulsive Action. 

134. If impulsiye forces be made to act in an incompressible 
fluid, or if impulsive pressures be excited by a sudden change 
of motion in a fluid mass, it can be shewn, exactly as in Articles 
(7) and (8), that the impulsive pressure at any point is the same in 
every direction, and that any impulsive pressure is transmitted 
equally through the fluid. 

We may suppose,. for instance, a closed vessel full of liquid^ 
and an impulsive pressure P applied to it by means of a piston, 
area K, fitting in the side of the vessel ; the impulsive pressures 
at all points will be the same, and will be measured by the 

quantity -^. 

To find the relation between the impulsive pressure and the 
change of velocity. 

Imagine impulsive action transmitted in any way through 
a fluid. Let m, v, «?, be the velocities at any point P, (a?, y, «), 
immediately before the impulse, and u, v\ w, immediately after, 
and let I? be the impulsive pressure excited at P. 

Suppose a small prism PQ, having its axis parallel to a?, to 
be solidified, as in Art. 16 ; then, since the impulsive force at Q 

^ K-t-Sx= Kphx (uf — w), 

where /c is the sectional area, 

t + />(«'-«) = 0. 



or 



dx 



Similarly, ^ + P (^' "■ ^) = 0> 

£'¥p(w^w) = 0; 

and therefore 

dSp + p {{u -u)dx + {v'- v) dy + {jx! - w) dz] = 0. 
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Ex. Jtn open vessel containing fluid is suddenly moved 
towards with a given velocity ; it is required to find the impulsive 
pressure at any point. 

In this case, measuring z upwards from the base of the 
vessel, tt, tt', V, v\ and w are zero ; 

.'. dp + pw'dz = Of 

w' being the given velocity, 

or p + pw*z= C. 

Let h be the height of the surface above the base; then 
/> = Q, when « s= A, and therefore 

p == pw' (A — «), 
or p QC depth below the surface. 
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STEADY MOTION AND PARALLEL SECTIONS. 

135. When the motion of a fluid is such that the velocity of 
a fluid particle is a function of the co-ordinates Xj y^ z onlj, and 
does not involve the time explicitly, that is, when the velocities 
of the particles of fluid which pass in succession through a given 
point are always the same, the motion is characterised as steady 
motion. 

On this hypothesis, or, in other words, in the cases for which 

■, .• • •! 1 jt • du dv dw 1 

such a motion is possible, the expressions "ji f "jii 7^ » ^^ 

not appear in the original equation, and ;^will therefore not 

appear in the final equation, which is, in consequence, (Art. 127), 

1 dp_ ^^ dv, 
p ds" ds* 

employing v to represent the velocity. 

As an instance of steady motion, consider the case of a vessel 
kept constantly full, and having a horizontal orifice in its base, 
from which the fluid issues at an uniform rate. The vessel may 
be supposed to be in the form of a surface of revolution, and to 
have its base horizontal. 

Gravity being the only force in action, S=^g'-r, if z be 

measured vertically downwards from the free surface, and 

1 dp dz dv 
p ds ^ da ds^ 

p 

Let U be the velocity at the surface, and u at the orifice ; 
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then, taking h as the depth of the orifice below the surface, 
and n as the atmospheric pressure, 

But, if A be the area of the surface, and K of the orifice, and 
if the motions of all the issuing particles be supposed perpen- 
dicular to the plane of the orifice, 

A Z7= Ku, 

since the quantity of fluid poured in at the surface in anj time is 
equal to the quantity which passes through the orifice in the 
same time ; 

A ' 
and M =^/{2ffh) j^t_jp. • 

If the orifice be very small, the ratio -j may be neglected, 
and, approximately, u = s/(^gK)* 

136. In any case of steady motion, if gravity be the only 
force in action, we have 

P 

Suppose the orifice not in the base of the vessel, and so small 
that the velocities of all the particles passing through it are 
sensibly the same; we then have, as in the previous case, 

u^:=TP + 2gh, AU=Ku, 

and approximately, u = s/{2gh). 

If the vessel be not kept constantly fall, the motion will not 
be steady, but when the orifice is very small, it may be taken as 
being approximately steady, and the expression ^{2gh) may be 
employed as the velocity of the issuing fluid. 

B. H. W 



162 8TBADT MOTION AND PARALLEL SECTIONS. 

Looking upon the issuing fluid as a series of particles in mo- 
tion under the action of gravity, every particle moves in a 
parabolic path, and the issaing fluid takes the form of a parabolic 
arc. Moreover since the velocity at the orifice is, approximately, 
that due to the height A, the directrix of the parabola is approxi- 
mately coincident with the surface of the flaid. 

137. Prop. To find the time in which a given quantity of 
fiuid willfiow through a small orifice. 

At the time ^, let x be the height of the surface above the 
orifice^ and X its area. 

Then, approximately, 

velocity at the orifice = \/{2gx) : 

but — -^ is the velocity of the surface, 

dx 
/. -X-^^K^{2gx), 

dt ' X 
or -T-s= 



dx K s/i^gx) ' 

X being a known function of a;, this equation gives t in terms of 
oj, and therefore x in terms of f. 

It will be seen hereafter that, in certain cases, particularly 
when the containing vessel is formed of a thin substance, a con- 
siderable modification of the value of /c, employed in the pre- 
ceding process, is requisite, in order to obtain results in ap- 
proximate accordance with observations. 

Ex. 1. A hollow cone^ having its axis vertical^ is filled with 
water ; required to find the time in which it will be emptied through 
a small aperture at its vertex. 

In this case, X= Troj'tan'a, taking 2a as the vertical angle; 

dt 7rtan*a « 
• — = /pf 

* ' dx /c^{2g) ' 
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and, if A be the height of the cone, the time (t) in which it will 
be emptied is 

If the cone had been kept constantly full, the velocity at the 
orifice would have been always \/{2gh), and the same quantity 
of liquid would have flowed out in a time t, such that 

T/c \l(^gh) = j7rA'tan*a ; 

hence we obtain ^ : t :: 6 : 5. 

Ex. 2. A vessel^ in the form of a surface of revolution^ has a 
small aperture at its lowest point; determine its form so that the 
surfoLce of water ^ contained in it, may descend uniformly ^ 

dx X 

We must have -7- constant, and therefore -;- constant : but, 

at hjx 

iiy=f{x) be the generating curve, X=7ry*y and therefore -y- is 

constant : hence the generating curve is one of the class 

the velocity of descent being determined by the value of a. 

This example contains the theory of the Clepsydra or water- 
clock* 



The Hypothesis of Parallel Sections. 

138. Suppose the interior of a vessel to be a surface of revo- 
lution, the axis of which is vertical ; and suppose moreover that 
the inclination to the vertical of the generating curve is always 
small, and does not change rapidly. 

If such a vessel contain fluid, which is allowed to flow out 
through a horizontal aperture in its base, it is evident that the 
fluid particles will move in directions nearly vertical, and the 
velocities of all particles in the same horizontal plane will be 
very nearly the same. The discussion of the real motions in 
such a case would be excessively complicated, but an aij^to-si.- 
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mate isolntion may be obtained by means of the hypothesis, that 
the successive horizontal laminae of fluid descend vertically, and 
replace each other in succession, that is, that the motions of all 
the fluid particles in a horizontal plane are the same, and all 
vertical 

This is the hypothesis of parallel sections, and it is clearly 
equivalent to the neglecting of all horizontal motions, and of the 
changes which take place in the component particles of the 
descending laminae of fluid. 

If the orifice be much less than the horizontal base of the 
vessel, the motions of the particles near the base cannot te all 
vertical, and the same, in the same horizontal plane ; the hypo- 
thesis therefore will not even approximately hold good. In 
order however to obtain a solution of the question, the hypothe- 
sis will be made throughout, and a large allowance must there- 
fore be made for the probable error arising from this cause. 

Under this head we shall discuss the following proMems. 

139. I. A vase m the form of a surface of revolution, and 
liaving a finite Tiorizontal aperture in its base, is Jcept constantly 
full; required. to determine the rate at which fluid must be poured 
in. 

Let A be the area of the top of the vase, K of the aperture, 
and h the depth of the vase. 

At a depth z below the surface, where Z is the area of the 
horizontal section, let v be the velocity at the time t, and, at the 
same time, let U be the velocity at the surface and u at the 
aperture. 

Then, the fluid being supposed incompressible, the same 
quantity must pass through any horizontal section in the same 
element of time ht ; 

.-. Uht.A^uU.K^vht.Zy 
or A U= Ku = Zv. 
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These conditions, it will be observed, 
express the continuity of the fluid. 

The only force acting on the fluid is 
gravity; 

and the equation of motion is 

1 dp ^ dv dv 
p dz" ^ dt dz* 

Now ZJand u are functions of t, but are independent of z : 
Zy being the area of the section for which the velocity is v, is a 
function of z, and is therefore only implicitly a function of t. 

AU 
Hence the equation t;= — ^, 

dv A dJJ 

1 ^_ AdU dv 
'' pdz~^~Zdt~'"^' 

where G may be a function of t, 

m 

Let n be the pressure at the surface ; 
then, when ;5 = 0, j? = 11, v^U, 



and 



p-U 



^-^'sn-w-v) 



dUrdz 






Let n' be the pressure at the orifice ; 
putting z^Jiy and therefore Z^K^ 

n -n 



K the vase be in air 11' and 11 will be sensibly the &waaft,^^sA^ 
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asBuming this to be the case^ we have^ for the determination of 
Z7, the equation 



Let a\ ;^= «> and ^- 1 = 27» ; 



then a-^ = gh'-mlP^ 

adU 



dt^ 



m 



W^) 



Suppose that initially the vase was just filled, and the fluid 
then allowed to escape at the orifice, the vase being kept full by 
pouring in fluid above ; then initially Z7= ; 

2V(gftm) t 
1+6 a 

this equation determines the rate at which fluid is being poured 
in at the time t 



or 
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The quantity which has been pomed in from the beginning 
of the motion to the time i 

^l^TJAdt 

If the motion be continued for a long period of time, we ob- 
serve that TJ approximates to a * terminal velocity' a /( ) > 

and approximates to a terminal value, 

If £* is small compared with A^ these are, approximately, 

results which might have been anticipated, for it is clear that 
ultimately the motion will become * steady.' 

140. II. A vase, having a horizontal aperture in its base, 
contains liquid, which is allowed to flow out through the orifice ; 
required to determine the motion. 

At the time t, let x be the vertical space through which the 
surface of the liquid has descended from its original level AE^ 
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X the area of the section at the surface, f 

^the area of the section at the depth z 
below AB, 

U the velocity at the surface, u at the 
orifice, and v at the level of z^ the equa- 
tion of motion is 



1^_ dv dv 
pdz"^^ 




dt dz * 



Also 



Ku^XU^Zv, 



where w is a ftinction of a?, Xot x, Z of «, "U of x and ^, v of 
z and t^ and a; of ^ ; 

dv ^K du 

J, 1 c^p Kdu dv 

and —f-^g — ^-7 — v-t-, 
pe& ^ Z dt dz' 



and 2^C+gz^K^j^^i^ 



-<^*"-^%\-z-\ 



du rdz 1 .^» 



At the time ty when « = a?, 



p = nand-^=X, 

and, A being the depth below AB of the orifice Jf, when « 
p = n and Z=jE; 

•••«-^(*-«)-^S/;|-4™(p-y)- 



=», 



Now 



du ^du dx ^ jjdu ^ Ku du 
dt dxdt dx X dx* 



K^ duf^dz 



du rdz , 1 a /- A^ ,, V 
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an equation of the form 

which determines u and therefore 27 in terms of a?, and, from the 
equation 

dt ^' 
we can obtain t in terms of x^ and therefore x in terms of U 

The quantity of fluid which has escaped in the time t from 
the beginning of the motion is the volume of the vase between 
^£ and ^, that is, 

l^Zdz. 

It may also be expressed as the quantity which has flowed 
through the orifice in the time ^, which 

^UKudt. 

Consequently • 

f,'Zdz = Kf*udt, 

observing that a? is a function of L 

As before, if JT is very small compared with the values of Z^ 

= and -^ I -^ may be neglected, and, as a rough approxima- 
tion, we have m' = 2gx. 

141. III. The motion of an incompressible fluid in a tribe of 
small section. 

We shall suppose that the particles of fluid in any normal 
section move perpendicularly to the section, and that the volume 
of fluid is given. • 




170 THE HYPOTHESIS OF PARALLEL SECTIONS. 

Let be a fixed point in the axis of the tube, AB the fluid 
in motion, Z the area of the section at a point P in the fluid, 
A^ J.', the sections at the extremities, A and B. 

Take OA^a, 05 = a', OP^s, and let m8 be the force 
at Pin direction of the axis on a particle 971 ; 

1 dp _ ^ dv dv 
* ' pds dt ds* 

where v is the velocity at P. 

If u, M be the velocities at A and B, 

Au = An = Zt>, 

where ul is a function of a, A* of a and Zo{ s; 

dv^Adu ^ dv Au dZ 

•'• di^Z'di' ^^di^^'Z^di' 

pdi^^ Z~dt^ Z* di' 
and, integrating with regard to «, 

f-«^/«*-^$/|-5^ ., « 

where C may be a function of the time. 

Let the pressures at A and B be equal, then 

»=/>-4"/3-i^-"-{2'-?} <^)- 

Also, since the Tolume of fluid is given (F suppose), 

Zd8=V, 



/■ 

J c 



which gives a' in terms of a, and therefore A' as well as .^ in 
terms of a. 

Hence the equation (2) may be written in the form 

da 
or, smce u = -r y 
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a differential equation from which a maj in some cases be found 
in terms of t, and thence a'. A, A\ and p, from (1). 

If gravity be the only force, 8^g ^, measuring z down- 
wards, and 

7 and 7' being the values of 2; at ^ and B, 
The equation (2) may also be written 

and, if w^' be small compared with A^ the second and fourth 
terns may be neglected, and an approximate equation obtained 
for tt'*, i.e. 

u'» = 2(7(7'-7). 

Suppose the tube, as in the 
figure, to end in an orifice from 
which the fluid issues. If we take 
the origin at the orifice, we shall have 
a =0, 7' = 0, -4' constant, and 7 
negative, and, as before, the velocity 
at the lowest point of the tube will 
be approximately the velocity due 
to the depth below the surface. 

142. Th^ motion of an incompressible fluid in an uniform 
tvhe of small section. 

In this case v is the same at all points of the tube, and 

dv 
therefore -7- = 0, and the equation of motion is 

lt?jp _ a ^^ 
pds "" dt * 

Let gravity be the only force in action, and measure z ver-* 
tically upwards ; 
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and E^C-gz-^^s. 

Taking a and a as the extreme values of «, 7 and 7' of Zj we 
obtain 

0=^(y-7)+g(a'-a), 
or, if Z be the length of the filament of fluid, 



observing that 



dt 

dv _ d\ _ d^a* 
dt df dt 



Ex. Liquid resta in a fine tubcj the axis of which is a circle^ 
of radius a, in a vertical plane ; the fluid being slightly disturbed^ 
required the time of a small oscillation. 

Let the filament of fluid subtend an angle 2a at the centre, 
and at the time ^ let d be the angular distance firom the vertical 
of the middle point of the filament. 

Then 7 —7 = a {cos (a — ^) — cos (a + &)} = 2asinasin5, 

Z=2aa, and^ = a^, 

d . . /» 

/. aa--^ = — ^rsmasm^, 

ands if the original displacement be small, the time of a small 
oscillation is 



TT 



V v^sma/ 



Small Orifices, 

143. In each of the three preceding problems we have seen 
that, when the orifice is small, the velocity of efflux is approxi- 
mately the velocity due to the depth of the wfice below the 
surface. This is in accordance with the result of Art (136), in 
which it IB assumed that the motion is steady in all cases in 
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which the orifice is small, and we are therefore now enabled, by 
observing the quantities neglected in making the approximations, 
to estimate the amount of error involved in taking the hypothesis 
of steady motion for such cases. 

The case of a small orifice, not in a horizontal plane, may be 
illustrated by the third problem. Art. (141). 

For it may be easily conceived that the fluid below the 
orifice will be almost entirely at rest, and that the issuing 




stream, or the central portion of it, will, before its efflux, have 
been flowing through the fluid in the vessel in a somewhat 
tabular form, so that its motion may be considered as the motion 
of a fluid in a tube, the section of which continually diminishes 
near the orifice ; and therefore the result of the problem referred 
to may be applied to the confirmation of the result before ob- 
tained on the hypothesis of steady motion. 

The contracted vein, 

144. When fluid issues through a small orifice in the thin 
base of a vessel, it is observed that the issuing stream is not 
cylindrical, but, near the qrifice, is contracted so that its sec- 
tional area is less than the area of the orifice. The stream then 
expands and afterwards, as it descends, again diminishes gra- 
dually in size. 

The sudden diminution of the issuing stream forms what is 
called the ' contracted vein,' and is due to the oblique or nearly 
horizontal motions of the particles near the edges of the orifice, 
just before their efflux. 
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The after contraction, which is gradual, is due to the law of 
continuity, which requires that the mean velocity of the particles 




in any horizontal section of the issuing stream should vary 
inversely as the area of the section, and therefore that, as tlie 
velocity increases in the descent, the area of the section should 
diminish. 

145. The discrepancy which exists between the results of 
theory and experiment is to a great extent accounted for by the 
contraction of the vein or filament of issuing fluid, and it is foimd 
moreover, as would be anticipated, that the amount of difference 
depends upon the nature of the orifice. 

For instance, if the orifice be simply an opening in the side 
of the vessel, and if the side be very thin, the quantity of fluid 
which flows out in a given time is about f ths of the quantity 
given by the theory. Again, when the fluid issues through a 
cylindrical aperture of sensible length, formed by attaching to 
the orifice, externally, a small hollow cylinder, the ratio is found 
to be about fjths ; but, if the cylinder be attached internally, the 
rate of efflux is about one half the theoretical rate*. 

The rate of efflux depends upon the area of the orifice and 
the velocity of the issuing stream ; it is shewn by experiment 
that the latter is, in general, not very different from the theo- 
retical velocity, and the observed error in the rate of efflux is 
therefore to a great extent accounted for by the formation of the 
* contracted vein.' 

An account of experiments, made by Bossut and others, on 
the efflux of fluids through orifices of various kinds, is given in 
the Encyclopaedia Metropolitana, HydrodynamicBi p. 207. 

* Poisson, Micaniqiie, Art. 676. 
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146. In all the preceding investigations the containing ves- 
sel has been supposed to have the form of a surface of revolu- 
tiouj but they are evidently applicable to the case of a vessel of 
any form, the horizontal section of which does not change very 
rapidly, and the symbols employed {K^ Z^ &c.), being perfectly 
general, no correction is requisite for the application of the for- 
mulae to such cases. 

Motion of JElastic Fluids. 

147. K elastic fluid move in a tube the section of which 
does not change rapidly in size, we may make use of the hypo- 
thesis of parallel sections as before. 

Assuming the motions of all the particles in any one section 
to be sensibly in the same direction, parallel to the axis of the 
tube, and neglecting gravity, the action of which will not sensi- 
bly affect the pressure, the equation of motion is 

1 dp ^ dv dv 
p dx dt dx ' 

where v is the velocity in a section at a distance x from a fixed 
section. 

The equation of continuity, depending on the hypothesis 
which neglects all motions but those perpendicular to the section, 
is determined as follows. 

Let X be the area of the section, the velocity of the particles 
passing through which is v, and p the density about this section 
at the time U 

Then pvXBt is the mass of fluid which flows across the sec^ 
tion in the time ht ; 

.*. {/wX+ -J- {poX) ix] it 

is the quantity which flows across the section defined by the 

distance x + 8a:, and — -r- ijyoX) Sx St is the increase of the 

quantity of fluid in the volume XSx during the time St, which 
is also given by the expression 



XBx 



■ (1 4' 
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•••4?-^^(^^)=^ 



is the equation of continuity. 

We have also, if the temperature remain constant, 

and our equations become 

p dx dt dx^ ' 



X^^l(pvX)=0. ' 



dt dx 

148. We shall not discuss the system of partial differential 
equations just obtained, but proceed to consider the particular 
case in which the motion is steady. 

It may be supposed that the air is supplied from a large 
reservoir at a constant pressure, and we shall then have 

^ = ^ = 
dt "' dt "' 

...*^+^$=.o,l 

and pdx - 



) dx dx 'I 



dx^^" > . 'J 

Let X be measured from a plane in which the pressure is 
sensibly the constant pressure, 11', of the reservoir, and let A be 
the area of the section, and ?7the velocity of the particles in it. 

Also let u be the velocity of efflux, 

jE'the area of the orifice^ and IT the pressure. 

.-. iX-t^)+&log^=0, 

or tt'=i7» + 2&log^, 

and nw^=n'Z74; 
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If tr be very small, or K small compared with A, we have 
approximatelj 

%? = 2A; log YjT . 

Suppose the air to be forced out of a cylinder through a small 
orifice by a piston moving slowly and exerting a constant pres- 
sure. The piston moving slowly jH 
with a velocity Z7, we may as- — ^^ • j n' 

sume the motion as approxi- 1/ 

mately steady ; 

.'. A; log;? + ii)" = (7; 

n' 

and, as before, w' — 17' = 2h log =jr , 

gives the velocity {u) of efflux. 

149. From the equation of steady motion for elastic fluid, 
not under the action of any force, 

Ta dp ^ dv 
p ds" ds^ 

t 
we obtain k logp = (7 — ^, or ;? = lie"* , 

n being determined by knowing the pressure for a given 
velocity^ 

/ It follows therefore that p is diminished by an increase of 
velocity, a theoretical result which can be easily verified by 
experiment. 

One form of the experiment is as follows. To one end of 
a straight tube let a plane disc be fitted which is capable of 
sliding on wires projecting from the end of the tube; if the 
disc be placed at a small distance from the end, and a person 
blow steadily into the tube, the disc will be drawn towards 
the tube, and, instead of being blown off the wires, will oscil- 
late slightly about a position very near the end of the tube. 

Or the experiment may be more simply performed by fasten- 
ing a straw with sealing wax to a piece of card-board having a 
small hole in it If a piece of paper be placed over the hole and 

B. H. Vi 
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the experimenter blow through the straw, the paper will bend so 
as to allow the egress of the air, but will not be detached from 
the card. 

r 

The history of this experiment, and the variations which 
occur in practice for different sizes of the aperture and the disc, 
are given by Professor Willis, in the Cambridge Philosophical 
Transactions, Vol. III. Part I. The fact was first observed in 
some iron works in France, about 1826, where one of the forge- 
bellows opened in a flat wall, and it was found that a board pre- 
sented to the blast was sucked up against the wall. An experi- 
ment was however devised by Hawksbee,.in 1719, which is 
equally illustrative of the theory. Hawksbee's experiment simply 
consisted in passing a current of air through a small box, and he 
observed that the air contained in the box became considerably 
rarefied, a fact in accordance with the result that, neglecting 
changes of temperature, the pressure, and therefore also the den- 
sity, is diminished by an increase of velocity*. 

It may be here noticed, that an experiment, similar to the 
foregoing, was performed by M. Hachette, in 1826, with a stream 
of water and with a similar result. The explanation is the 
same ; that is, it appears from the equation of steady motion, for 
incompressible fluids, that the pressure diminishes with an in- 
crease of velocity. 

In the preceding investigations on the motion of elastic fluids, 
the temperature has been considered uniform ; if, however, the 
motion be very rapid, a sensible change of temperature takes place, 
and the results obtained must therefore, in such cases, be subject 
to considerable modification. 

150. A vessel, having a horizontal aperture in its base, is 
partially immersed in fluid of unlimited extent, and is kept con" 
stantly full of the same fluid; when the motion is steady, required 
toflnd the rate at which fluid is poured in. 



* I have since found that a theoretical explanation of the above experiment has 
been given by Professor Challis, Camh, Phil. Trans, Vol. i. Part ni., who haa alio 
BuggeBiedi other practical tests of the same theoretical result. 
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Let a be the height of the surface of the fluid in the vessel 
above the surface of the external fluid, and h the depth of the 
aperture below the upper surface. 

Measuring z from the upper surface, th^ equation of steady 
motion is 

but, when 2f = 0, ^=TI, and, when « = A, p = n +;y/o (A -a), 
therefore, if u be the velocity at the upper surface and u at the 
aperture, 

u* = u^ -\- 2ga, 

If K, K' be the areas of the surface and the aperture, 
Ku = K'u'y and the quantity poured in during the unit of time 



=ku=kk-^[j^:j. 



151. If there be di, finite vertical orifice in the side of a vessel 
containing liquid, the rate of efflux can be calculated, when the 
motion is steady, by supposing the orifice to consist of a number 
of very small orifices, and by determining the aggregate of the 
effluxes through all the orifices. 

Thus, if u be the velocity at the surface, and v at an element 
of the orifice /c, the depth of which is z, 

t?* = t4* 4. 2gz, 
and taking K as the area of the surface, 

or, if y be the breadth of the orifice at the depth «, 

Ku = I ys/{u^ + 2gz) dz, 

J a 

a and h being the depths of the upper and lower boundaries of 
the orifice. 

If the motion be not steady, an approximate solution can be 
obtained when the orifice, although finite, is not large, by sup- 
posing the motion steady during any elementary interval of time, 
and taking, as in the previous case, the sum of the quantities of 
fluid passing through all the small orifices into which the whole 
aperture is divided. 
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152. A vessel in the form of a frmtum of a surface of revo- 
lution with its axis vertical^ and vertex downwards^ contains water^ 
which is flowing through the lower end. If the lower end be sudr 
denly closed it is required to find the impulsive pressure at any 
point. 

Let U be the velocity, and A the area of the tipper surface, 
V the velocify and ^^the area of a horizontal section at the depth z\ 
then, if m be the impulsive pressure at the depth z^ 

Also TJ.A — v.Zy 

dvF pUA 



• • 



dz Z ' 

and the integration of this equation determines «r. 



EXAMPLES. 

1. Find the time of emptying a paraboloid of revolution with 
its axis vertical and vertex downwards, through a small orifice at 
the vertex. 

2. Shew that the time in which a cone, the axis of which is 
inclined to the vertical, will be emptied through a hole at the vertex, 
is ^^ -T- 5k, where A is the area of the surface of the fluid at first, k of 
the orifice, and t is the time of falling freely through the entire ver- 
tical space described by the fluid. 

3. Find the time of emptying a spherical segment through a hole 
at its lowest point. 

4. The side of a vessel containing fluid is a plane inclined to the 
vertical, and small orifices are made along its line of intersection with 
a vertical plane at right angles to it; prove that all the parabolic jets 
are touched by two fixed straight lines. 

5. A vessel of the form of a slender parallelepiped is filled with 
Buid, and placed upon a rough horizontal plane .; determine at what 
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height a given orifice must be made in one of its vertical sides, in 
order that the issoing jet may have the greatest tendency to overthrow 
the vessel. 

6. In the vertical side of a vessel containing fluid an infinite 
number of small holes, bored perpendicular to the side, lie in a straight 
line inclined at an angle tan"^^ to the horizon : find the equation to 
the surface of the issuing fluid| and shew that any horizontal section 
of it is a circle. 

7. A portion of a parabola, bounded by the curve, the axis, and 
the latus rectum, revolves about the latus rectum and generates a 
surface, which is placed with its axis of revolution vertical. If the 
vessel thus formed be filled with fluid, flnd the time in which it will 
empty itself through a small orifice at the lowest point. 

8. A circular prifice is made in the horizontal base of a vessel 
containing fluid ; if the fluid in the vessel is constantly kept at the 
same height, the descending stream is bounded by the surface gene* 
rated by the revolution of the curve y^x = const., about the axis of x. 

9. Water is flowing steadily into a large reservoir through a 
straight tube of small section, inclined at a given angle to the vertical ; 
having given the length of the tube, the depth of its lower extremity 
below the surface of the water in the reservoir, and the sections of 
both ends, find the rate at which water is flowing into the reser- 
voir* 

10. A vessel containing ink has a small hole pierced in one side, 
and is placed in a vessel of water ; compare the velocity with which 
the ink will escape into the water^ with that which it would have if 
it were flowing out into the air. 

11. A vessel in the form of a surface of revolution, the axis of 
which is vertical, has a small orifice at its vertex, and is filled with 
fluid ; determine its form in order that the quantity of fluid which 
flows out in any time may vary as the square root of the time. 

12. A vertical cylindrical vessel full of fluid has a fine crack 
extending along a generating line of the cylinder ; find the time of 
emptying a given portion of the cylinder. Examine the case in which 
the time of emptying the whole cylinder is required. 
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13. A conical wine-glass has a fine crack along a generating line 
in the form of a triangle of breadth k at the upper edge ; shew that 

the £;lass would be emptied in a time = -^ ^ / «- : — where 

° 2 Kcosa V 2g 

2a = vertical angle of the cone, and a = length of the axia 

14. A vessel in the form of a surface of revolution is full of water, 
and it is noticed that if.it be punctured horizontally at any point, 
the water flowing out strikes the horizontal plane on which the vessel 
was placed at the same distance from the axis of the vessel. Find 
the form of the vessel. 

15. A right cone is filled with fluid and placed with a generating 
line horizontal, and uppermost, and a small orifice is made at the 
lowest point ; find the time in which it will be emptied. 

1 6. The surface of a vertical cylinder is pierced by a series of 
small holes in the form of a helix, the highest hole being at this top 
of the cylinder, and vertically above the lowest, and no other two holes 
being in the same vertical line. Determine the equation to the curve 
traced by the issuing fluid upon the horizontal plane passing through 
the lowest hole, the cylinder being kept constantly full. 

Shew that the mean range is to the height of the cylinder as tt : 4, 
and that the area included between the base of the cylinder and the 
curve above mentioned is 



jrh'/ ^ 8\ 



whei'e a is the inclination of the line of holes to th« horizon, and h 
the height of the cylinder. 

17. A cubical vessel, having one side horizontal, is divided into 
two equal parts by a vertical partition, and one of the compartments 
is filled with fluid. If a small orifice be bored through the partition 
at a distance below the surface greater than half the depth of fluid, 
find the time which elapses before the fluid stands at the same height 
in both compartments. 

18. A filament of fluid oscillates in a thin cycloidal tube of 
uniform bore, the axis of the cycloid being vertical and vertex down- 
wards. Supposing the filament to be * placed initially with its lower 
end at the lowest point of the tube, find the pressure at any point of 
the filament at any time. 
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Shew that the pressure is a maximum, during the whole motion, 
at the middle point of the filament. 

19. A filament of fluid oscillates in a thin hypocycloidal tube of 
uniform bore under the action of a force tending to the centre of the 
fixed circle, and varying as the distance : supposing the filament to be 
placed initially with one end at the vertex of the hypocycloid, find 
the pressure at any point of the filament at any time. 

20. A small orifice of area k is opened in the base of a vertical 
cylinder initially full of fluid. The fluid is forced through the orifice 
by a piston fitting the cylinder, to which is applied an uniform pres- 
sure F equal in amount to n times the weight of the fluid which the 

cvlinder can contain. Shew that — th of the fluid will be evacuated 

in a time expressed by 

where h is the height of the cylinder and -4 the area of its transverse 
section. 

21. If the orifice of a conical vessel containing water be a section 
of the cone, perpendicular to its axis and at a distance 8 from its ver- 
tex, and V be the velocity with which the water discharges itself, when 
its surface is at a distance z from the cone's vertex, prove that 






dz zh"" ^8' 

the axis of the vessel being vertical. 



22. Two points are connected by a tube of small uniform bore 
through which heavy fluid is flowing steadily : the axis of the tube 
being in the vertical plane through the two points and its length 
being given, find its form when the whole pressure on the tube is 
a minimum. 

23. A vessel in the form of a frustum of a cone, with its axis 
vertical and wider end uppermost, contains water, which is flowing 
out through the lower end. If the lower end be suddenly closed, 
find the impidse at any point of the liquid, and the principal im- 
pulsive tensions at any point of the vessel. 



CHAPTER X. 



FURTHER APPLICATIONS OP THE EQUATIONS OP MOTION. 



153. The following proof of au important theorem is taken, 
with slight variations, from a paper, by Professor Stokes, in the 
eighth volume of the Camhridge Philosophical Transactions. 

Theorem. Let the accelerating forces X, Yy Z^ which act on 
the fluid J be such that Xdx + Ydy-\-Zdz is the exact differential 
dV of some function of the co-ordinates. Then^ if for the wholcy 
or a certain portion of the fluid mass, the motion is at any one 
instant such that udx + vdy + wdz is an exact differential, that 
expression will always be an exact differential, for the whole mass, 
or for the portion of fluid for which it was so at first. 

Suppose p a frmction of ^, and let 

Then the equations of fluid motion are, 

df{p) _ Y ^^ ^ ^^ ^^ 
dx dt dx dy dz* 

df{p)_y.^dv^ dv ^ dv^ dv 
dy " dt dx dy dz^ 

dflp) rw dxo dw dw dw 

Differentiate the first of these equations with respect to y, 
and the second with respect to x, and subtract ; then, putting 

Dt dt dx dy dz* 

and observing that, since Xdx+ Ydy + Zdz is an exact dif- 

- . , dX dY 
ferential,;^ = -^, 
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we obtain 



D (du dv\ du du dv du dw du 
Di \dff dxj dy dx dy dy dy dz 

du dv ^dv dv dw dv _ 
dx dx dx dy dx dz''^ ' 

Add and subtract -r- -r- , and put 

t^dw^dv ^ „ ^du^dw ,„ _ dv du _ 

" dy dz^ "^ dz da? ' "^ dx dy* 

then the above equation may be written 

D<o" du , dv „ [du , dv 



==-T- o 



dz \daj dyl 



Dt dz 

Similarly, 

D(o' _dw in ,du , (dw du\ „ 
Dt dy dy \dz dx) ' 

D<o' dv n . dw n, (dv . dw 



n,dw m^/^ ,^^ r 

dx \dy dz) ' 



Dt dx^ 

and it will be observed that, on account of the continuity of the 
motion, the differential coefficients -j- cannot become in- 
finite. 

Suppose that when < = 0, either there is no motion, or the 
motion is such that vdx + vdy + wdz is a perfect differential. 
This may be the case for the whole or for any portion of the 
fluid mass. 

Then initially, 

Let Zf be a superior limit to the numerical values of the 
coefficients of ©', ©' , »'"; and let a, iS, 7 be the numerical values 
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of 0)', ft)", ft)'" at any subsequent time. Then a, iS, 7 cannot in- 
crease more rapidly than if they satisfy the equations, 

| = i(« + /3 + 7) 

§ = i(« + /3 + ^). 
But, from these equations, 

dt^dt^'di' 
and .'. a = )8 = 7, 
since these quantities are initially zero. 
Also, adding the equations, 

^(a + /3 + 7) = 3L(a + /3+7); 

.-. a+/3 + 7 = C€»^' = 0, 

since, initially a, A and 7 are zero; .'. a, )8, and 7 are always 
zero, and hence it follows that ft)', ft)", and ci'" are always zero, 
and therefore that udx'\'vdy 4- ^^« is always, if once, a perfect 
differential. 

154. If the fluid be a homogeneous liquid, the equation of 
continuity is 

du dv dw 

and the equations for -^ , &c., become 

D(o __ ,du „dv ntdw 
Dt dx dx dx^ 

Da)' ^ , du „ dv „, dw 
Dt " dy dy dy^ 

Dg>'* ,du „dv , ,,f dw 
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Also, since 

ax dx \ ay/ \az J 



ndu ,„du 
ay az 

the equations may be written 

D(o __ t du „du ff, du 
Dt dx dy dz^ 

Dt dx dy dz ^ 

Dt dx dy dz* 

These forms of the equations are given in a paper by Helm- 
holtz, in the volume for the year 1858 of Crelle's Journal. 

155. In the paper referred to on the Friction of Fluids 
in motion, and also in the Cambridge and Dublin Mathematical 
Journal^ Vol. in., Professor Stokes has fully discussed the 
various proofs which have been given of the theorem of Art. (153). 

' The proof first given, by Lagrange, depends on the possi- 
bility of expanding Uy v, and m? in positive integral powers of ^, 
for small values of t. Mr Power {Cambridge Philosophical 
Transactions^ Vol. vii. Part III.) has extended the proof to cases 
in which w, v, and w are capable of expansion according to any 
positive powers of ^ 

This proof, however, is incomplete, as it does not include 

1 
functions, (such as tXogty e"^'), which cannot be expanded in 

positive powers of t. 

It appears also that Lagrange's proof would apply to the case 
in which the variation of pressure in different directions is taken 
account of, in which case the theorem is not true, and that the 
same objection applies to Poisson's proof 

A proof has been given by Cauchy, apparently free from 
objection, although of considerable length,- in the M^moire sur la 
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Thearte dea OndeSj which appeared in the first Volame of the 
Mimoirea PresenUa a TInatituL This proof is given in full, in the 
Cambridge and Dublin Mathematical Journal^ Vol. III. p. 210. 



Physical Interpretation* 

156. The cases in which udx + vdy + wdz is or is not a per- 
fect differential, represent states of motion of distinctly different 
characters, as the following article, also taken from the paper of 
Professor Stokes, will shew. 

Conceive an indefinitely small element of a fluid in motion to 
become suddenly solidified, and the fluid about it to be suddenly 
destroyed; let the form of the element be so taken that the 
resulting solid shall be that which is the simplest with respect 
to rotatory motion, namely, that which has its three principal 
moments about axes passing through the centre of gravity equal 
to each other^ and therefore every axis passing through that 
point a principal axis, and consider the linear and angular mo- 
tions of the element immediately after solidiflcation. 

By the instantaneous solidification velocities will be suddenly 
generated or destroyed in the different portions of the element, 
and a set of impulsive forces will be called into action. Let 
a?, y, « be the co-ordinates of the centre of gravity O of the ele- 
ment at the instant of solidification, x + af^ y+y'i z+z' those 
of any other point in it. 

Let u, V, w be the velocities of G along the three axes just 
before solidification, u\ v\ w the relative velocities of the point 
whose relative co-ordinates are x\ y\ z. 

Let UyVjwht the velocities of G^, w^, v^, w^ the relative velo- 
cities of the point {xy'z')j and cd', ft)", a)" the angular velocities 
just after solidification. 

Since all the impulsive forces are internal, 

5 = w, v = V, tt? = u?. 
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Also, by the conservation of angular momentum, 
2m {y' {w^ - w?') - z' {v^ - v')} = 0, &c. 
m denoting an element of the mass considered. 

±>Ut W^ = G) « — CD y , 

and similar expressions hold good for the other quantities. 
Substituting in the above equations, and observing that 
S (myz) = 0, 2 {mz'x) = 0, 2 {mxy) = 0, and 
S (waj'*) = S (^y) = 2 (m«"), we have 

, _ dfw? Jw „ ^du ^dw ,ff ^dv du 

" dy dz* " dz dx'* "^ dx dy' 

We see then that an indefinitely small element of the fluid, 
of which the three principal moments about the centre of gravity 
are equal, if suddenly solidified and detached from the rest of the 
fluid, will begin to move with a motion simply of translation, 
which may however vanish, or a motion of translation combined 
with one of rotation, according as udx + vdy + wdz is or is not an 
exact differential. 

157. Lines of motion. The direction of the motion of the 
fluid particle at the point a?, y, z is defined by the quantities 
tt, V, w, expressing the velocities at that point, and therefore the 
differential equations of the lines of motion are 

dx __dy _dz ^ 
u V iv' 

and it is obvious that these lines intersect at right angles the 
surfaces of which the differential equation is 

udx + vdy + wdz = 0. 

Consider, as a particular case, the steady motion of an incom- 
pressible fluid in two dimensions, when udx + vdy is a perfect 
differential. 
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From the given condition, we have 

du ^dv 

dy" dx*'" 

and, from the equation of continuity. 



C«). 



£^|-» w- 

The diderential equation of ihe lines of motion is 

vdx — udy = 0, 
which, by the equation (y3), is a perfect differential. 
Let P= C be the integral, that is, 

1 ♦ dP , dP 

^"* *=^' and-«=-^, 

, ,, d'Pd*P ^ .. 

•'• fr''°' W'-^+-^=^ ("y)' 

an equation which P must satisfy. 

If a possible value of P be found, and the values of u and v 
be obtained, the pressure is given by the equation, 

p 2 ^ ' 

where C is constant along any particular line of motion. 

Suppose, if possible, that the lines of motion are similar 
hyperbolas, given by the equation 

^ y s 

— = m 

then we must have, from (7), 

and the hyperbolas must be equilateral. 
Taking then P= fi (a?* — y), we have 

u = 2 fit/, V = 2/ia?, 
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and therefore the velocity »J{i^ + v*) varies as the distance from 
the origin. 

The general integral of the (equation (7), is 

P = <^{a; + yV(-l)}+^{^-3(V(-l)}, 
and it is obvious, by taking 

^(a)=^(a) = -/ia*, 
that II {a? — j^) is a particular form of the integral. 

158. A vessel containing liquid moves vertically upwards 
with an uniform acceleration ; required to find the pressure at any 
point. 

The vessel may be supposed to be raised by a string passing 
over a pully, and having at its other end a weight greater than 
the weight of the vessel of fluid. 

Let /be the upward acceleration, and therefore mf the effec- 
tive force on a particle m of fluid. - 

Measuring z downwards, and reversing the effective forces, 

dp=-p{g-\-f)dz, 

and I> = (^ + p(ff+f) ^' 

Let the pressure at the free surface be supposed constant and 
be represented by 11 ; then, if z, and z + ar, be the vertical 
distances from the origin of the free surface and of any other 
horizontal plane in the fluid, 

U^C+p{g+f)z\ 

P=G + p{g+f){z' + x), 

and therefore p = p {g'\-f) x + H. 

This result might also have been obtained by arguing that 
the resultant fluid pressure on any portion, elementary or finite, 
of the fluid, produces, in combination with the force of gravity, 
an upward acceleration f, and therefore that forces mf, acting 
vertically downwards, would produce the same pressure at any 
point of the fluid, supposed at rest. By such reasoning the 
problem is at once, apparently without the intervention of 
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D'Alembert's principle, placed in the domain of Hydrostatics, 
and, taking axes fixed relativelj to the fluid, the equilibrium 
equation becomes applicable, and leads to the value of p just 
obtained. 

The reasoning of Art. (30), in which the equilibrium of a 
revolving fluid is discussed, is of the same kind, and it must be 
noticed that in each case an assumption is made, which is really 
equivalent to the application of D^Alembert^s principle, although 
for these cases the enunciation of the principle in its most general 
form is unnecessary. It is in fact assumed implicitly, that, when 
there is no relative displacement of the fluid particles, the mole- 
cular actions are the same as if the fluid were at rest in the same 
form, or that, if it be conceived possible that the motion would 
call into play additional molecular actions, no alteration is pro- 
duced in the pressure by such actions, and the pressure conse- 
quently depends on the force of gravity and the hypothetical 
forces mfm the present case, and, in the case of Art. (30), on 
the hypothetical forces mofr in combination with the force 
of gravity. 

159. A vessel containing incompressible Jlutd moves vertically 
upwards with a given acceleration^ and the Jluid rotates' uniformly 
ahout a vertical aocis ; it is required to find the pressure at any 
point. 

Let / be the acceleration and o) the angular velocity ; then, 
by the preceding article, and by Art. (30), we may suppose the 
fluid at rest and maintained in its state of relative equilibrium 
by the action of gravity, of the forces 7?i/ downwards, and of the 
forces m(ii?r perpendicular to the axis of rotation. 

Taking this axis as the axis of z^ we have 

c^ = /3 {»• {^xdx + ydy) - {g ^rf) dz}^ 



ft>» 



and therefore p+ G = p--{a? +^ '^piff +/) ^> 

the constant being determined by the particidar circumstances of 
the case. 
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160. Prop. To find, the rate of efflux through a small 
orifice in the hose of a vessel in motion^ as in Art. (158). 

If the orifice be very small compared with the upper surface 
of the fluid, we may suppose during any small time that the 
motion is relatively steady, and therefore that the relative motion 
of the fluid would be the same as in a vessel at rest, if the quan* 
tity g be replaced by g -{-f 

We thus obtain, if h be the depth of the orifice, and v the 
velocity of efflux, relative to the vessel, 

v'^2{g+f)h. 
Or we may reason as follows : 

The equation of motion, measuring z downwards from a fixed 
horizontal plane, is 

dp J Du J 

if we tak« u as the actual velocity at any point of the fluid. 

Let V be the velocity, relative to the vessel, at the point ; 
then V is a function of s only,, and 

if the vessel be supposed to have started from rest ; 

Du _ dv j,dz 
'''^t~'"d^~J da' 

and Z+G={g+f)e-^*. 

r 

Let z' be the depth of the upper surface ; 
therefore -n+(7=(^+/)«'-JF', 

H 

in+c=(<7+/)(«'+A)-K, 

B. H. "S^ 
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V and V being the velocities at the orifice and at the upper 
surface, and, neglecting F*, we get the same result as before. 

If the vessel be made to ascend with the acceleration/, the 
quantity of fluid which issues through the orifice in a given time 
ban be approximately determined as in Art. 137. If, however, 
the vessel be raised hj a string passing over pullies, and sup- 
porting a given weight, we must observe that the acceleration 
increases as the quantity of fluid in the vessel is diminished. 

In the latter case, let W be the given weight, and W the 
original weight of the vessel and fluid together ; also let U be 
the volume of fluid lost in the time t, and X the area of the sur- 
face at the end of the same time. 

We have therefore, measuring x, the height of the surface, 
from the orifice, 

dU^ — Xdx, 

and the weight of the fluid and vessel together at the time t, 

^W'^fgpdU^W'-^ffpfXdx; 

but dU= kvdt, if A; be the area of the orifice, 
and the accderation (/) ^ff- w+W'+lfsH ' 

Hence, -Xdx^2k>/(gx) [ j^+ w' +gpIXdx ) '^^' 

firom which the relation between or and t can be found if X be 
known in terms of x. 

161. In the side of a vessel containing fluid which rotates 
uniformly ahout a vertical axis, a small aperture is made ; re- 
quired to find the velocity of efflux. 

Assuming that the motion is steady, let u be the velocity at 
any point relative to the fluid, that is, that part of the velocity 
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which does not depend upon the rotation ; then the equation of 
steady motion is 

P ^ 

neglecting the motion at the upper surface, we have 

- -=C-la>'r'-ffz, 

as the equation to that surface^ and, if r z be co-ordiijates of 
a point in the orifice, we have, at the orifice, 

5=C-i(a,V'+t,*)-^/; 

9 ^ 

and — = G — -(o\'^ — gZy at the point of the surface 

vertically above the orifice ; 

therefore, v" = 2^ (;5 — z'), 
an equation which determines the velocity at the orifice, 

162. A closed vessel, the interior surface of which is spherical, 
is filed with heavy inelastic fluid, and the vessel is moved in any 
way ; it is required to flnd, at any instant, the surfaces of equal 
pressure. 

Supposing the smiace smooth and the fluid initially at rest, 
it is clear that no rotation can be caused in the fluid, and 
therefore that the actual motion of every particle of the fluid 
will be the same as that of the centre of the sphere. At any 
given instant, let/ be the acceleration, in a known direction, of 
the centre of the sphere ; then, by D'Alembert's principle, the 
fluid may be supposed at rest under the action of gravity and the 
reversed forces mf and, since the resultant of the acceleration g, 
and the reversed acceleration f is the same, both in magnitude 
and direction, for all particles of the fluid, it follows that the 
surfaces of equal pressure are, at the given instant, planes per- 
pendicular to the direction of that resultant. 

163. The following problems also exemplify the application 
of the equations of motion. 
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(1) A quantity of liquid moves in a straight tube of small 
bore under the action of a force to a point in the tvbe^ which is 
proportional to the distance from thai point. It is required to de^ 
termine the motion and the pressure. 

Let 2l be the length of tube occupied hy the liquid^ and z the 
distance of the nearer free surface from the centre of force (0). 
Then if j> be the pressure and u the velocity at a distance x 
from 0, 



p [ ^ dtj"^' 



«id2=/(/)-^^- 



du 

X 



dt' 
The pressure vanishes when x^^z and when x^z + *2lj 

or -^^-/^v^+O; 

and /. z + l = Acoa{^t + a), 
the constants being determined hj the initial position. 

. , p of -^7? , .du 
Also ^ = -/*-2 ('"-*)^ 



and the pressure at any distance x is determined. 

(2) A vertical tube AB of small section has two apertures 
close to its base B in which horizontal tubes are fitted^ and the 
apertures are closed by valves ; a given height (a) of the tube AB 
19 filled with water and the valves are then opened. The areal 
section of each horizontal tube being half that of the vertical tube^ 
and the length of each greater than AB, it is required to determine 
the motion. 
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Let z be the height above B of the free surfaoe in AB at the 
time t, 

z* the distance from B of the free surface in each lower tube ; 
then K being the areal section of AB^ the volume of liquid 
is /e« 4- 2 . - . «' ; 

z 

.'. « + «' = a. 

If p be the pressure and u the velocity, measured upwards^ 
at a height x in AB^ 



f-(-^-S)<^ 



du 



~=/(0-^«-»:^; 



(ft 



and p vanishes when oj = « ; 






andifjp=/>' at-B, 

Similarly, if u be the velocity in a lower tube 

p' __ , du' 

, ,du' , du 

-, . dz ^ , dz dz 



*> * ^. . ' "^ 
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and « = -4 cos (\/ - ^ + a) = a cos ^^ L 

Hence the water will flow out of the vertical tube in the 

^ IT /a 
time - A / - . 

(3) Two rigid lamincBy in one of which & a very small circular 
aperture^ are placed very near to each other with their planes 
parallel. Supposing air to be rushing through the aperture^ it is 
required to form the differential equation of motion. 

It being supposed that no forces are in action, and that the 
motion is symmetrical with regard to the aperture, the equation 
for the density at a distance r id 



k dp ^ dv dv 
p dr"^ dt dr 



(1). 



since p = kp; and the equation of continuity is 



Eliminating ^ , we get 

k dp 1 d . ^dv . dv , /dv v\ , ^ 

pi=*^^^eP = t'Vr + *5^-*U+-r) (2). 

Eliminating p from (1) and (2) by differentiation, we obtain 
d"r , /rf'r 1 dv 



dt 



'^W'^rdr r^J Jr ydf^ ^ di-J ' 



(4) An infinite mass of homogeneous incompressible fluid 
a>cted upon by no forces is at rest, and a spherical portion of the 
fluid is suddenly annihilated; it is required to find the instan- 



* This can be obtained, by transformation, from equation (4) of Art. (124), or 
from equation (7) of Art. (129). It is however at once deducible from con- 
sideration of the quantities of fluid, which flow, during the time U, across the 
drcles of radii r and r-k-dr. 
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taneoua alteration of pressure at any point of the mass^ a/nd the 
time in which the cavity will be filled up, the pressure at an 
infinite distance being supposed to remain constant. 

V 

Assaming that the motion of the fluid is STmmetrical with 
regard to the centre of the spherical space, the equation of con- 
tinuity gives the relation, 

^r=^F{t), 

between the distance from the centre, and the velocity at that 
distance. 

Taking F=-^, we obtain 

V 

but, initially, F= for all values of r ; 

.-. F(p) = 0, and the initial value of <^ is -^ (0). 
From the equation of motion, 

i^^_dV_ydV 
p dr dt dr ^ 

we have 

=/(')-|r+^. 

Let w be the pressure at an infinite distance, then since 
when r = 00 , F= 0, 

p p 2 r 

If a be the radius of the spherical portion of fluid anni- 
hilated ; then, initially, when r = a, F= 0, and p = ; 

.-.0 = ^+^1(2), 

pa' 
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and, at a distance r, the initial value otpiB therefore 
If r be the radios of the free surface at the time t, 

„-=-'p^£a......... .....(.,, 

but, from the equation F{t) ^^t^Vj 

ar 2 p 



and, integrating, 



^F'=|^(a»-0, 



-dr 






Hence, the time in which the cavity will be filled up is given 
by the equation. 






which, by putting r = o^*, may be written 



. ^=\/S) ""W^J^ry 
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1. A mass of fluid moves in such a way that each particle de- 
scribes a circle in one plane about a fixed axis j shew that the equation 
of continuity is 

dp , e^(po)) _A 

where <u is the angular velocity of a particle whose vectorial angle, 
measured from a line in the plane of its motion through the fixed 
axisy is ^ at the time t, 

2. A mass of fluid is in motion so that each particle moves in a 
cylinder about a fixed axis ; find the equation of continuity. 

3. Steam is rushing from a boiler through a conical pipe, the 
diameters of the extremities of which are D and d respectively ; if F 
and V be the corresponding velocities of the steam, shew that 

where k is the pressure divided by the densily, and supposed constant. 
The motion may be supposed to be that of fluid diverging from a 
centre, the centre being the vertex of the cone of which the pipe 
forms a portion. 

4. Each particle of a mass of incompressible fluid moves in 
a plane through the axis of z; find the equation of continuity. 

5. If r, 0, be the polar co-ordinates of a point at which the 
density is p, and fi, v, the velocities along, and perpendicular to 
the radius vector, shew that the equation of continuity for motion 
in one plane, is 

d{pru) , d{fyv) ^ ^dp_^ 
"dT^^dT^^'dt ' 

6. The particles of a fluid move symmetrically in space with 
regard to a fixed centre ; prove that the equation of continuity is 

r being the velocity at a distance r. 
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7. A rope which passes round a smooth fixed pully has a given 
weight attached to one end, and a cylindrical bucket, which when full 
of water is heavier than the weight, to the other end; a small hole is 
made in the bottom of the bucket, and the sjstem starts from rest 
when the bucket is full : find the time of emptying the bucket, and 
the velocity of the bucket at any time. 

8. A cubical vessel, just filled with water, slides down a smooth 
inclined plane ; find the whole pressure on any side. Also determine 
the whole pressure when the vessel slides down a rough inclined plane. 

9. Two vessels, containing homogeneous incompressible fluids, 
acted on by no forces, but subject to a given external pressure, are 
connected by a cylindrical tube of small bore. A portion of the fluid 
in the tube being supposed to be suddenly annihilated, determine the 
instantaneous change of pressure, and the subsequent motion in the 
tube. 

* 

10. In the case of the steady motion of an incompressible fluid 
in one plane, shew that a sjrstem of parabolas, having a common focus 
and coincident axes, is a possible system of lines of motion. Shew 
that the velocity at any point varies inversely as the square root of 
the focal distance. 

11. An uniform semi-circular tube stands in a vertical plane 
with its open ends resting in a vessel of fluid. One-third of its length 
is occupied with air, and the remainder with the fluid. Find the 
time of a small vibration caused by an instantaneous increase of the 
pressure of the fluid, considering the density of the air in the tube at 
any time to be tmiform. 

12. A closed vessel, filled with elastic fluid, is moved, in a ver- 
tical direction, with a given acceleration ; find what the law of the 
density must be in order that the fluid particles may be, relatively to 
each other, at rest. 

13. The bob of a pendulum is a hollow sphere which is filled 
with liquid; find the surfaces of equal pressure for any position of the 
pendulum. 

14. A closed vessel is filled with water containing in it a piece 
of cork which is free to move ; if the vessel be suddenly moved for- 
wards by a blow, shew that the cork will shoot forwards relatively to 
the water. 
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15. A vertical cylindrical vessel, open at the top and containing 
water, is let &11 from a given height on a horizontal plane; the vessel 
and water being supposed inelastic, find the impulsive pressure at any 
point of the liquid at the instant of impact 

If a piece of cork be immersed, and kept under the surface by a 
string &stened to the base of the vessel, find the impulsive tension 
of the string. 

16. A fine tube, the axis of which is in the form of a semi- 
cylinder, stands in a vertical plane with its ends in the same hori- 
zontal line, and filled with liquid. K one half of the liquid on one 
»[de of the lowest point be suddenly annihilated, find the initial change 
of pressure at any point of the other half. 

17. If a bombshell explode at a great depth beneath the surface 
of the sea, prove that the impulsive pressure at any point varies in- 
versely as the distance from the centre of the shell. 

18. A straight tube of small bore, ABG^ is bent so as to make 
the angle ABC a right angle, and AB equal to BO. The end G is 
closed ; and the tube is placed with the end A upwards and AB verr 
tical, and is filled with liquid. If the end G be opened, prove that 
the pressure at any point of the vertical tube is instantaneously di- 
minished one half ; and find the instantaneous change of pressure at 
any point of the horizontal tube. 

19. A given mass of incompressible fluid in a cylindrical column 
is acted upon by a force parallel to the axis of the cylinder and 
varying as the distance from a fixed normal section {O) of the cy* 
linder, and is kept at rest by a fixed plane {A) between the fluid and 
the end 0, Find the pressure at any point of the fluid, and if the 
plane A be suddenly removed, prove that the pressure at the central 
plane of the fluid mass is diminished in the ratio 

where 2h is the length of the fluid column and c the distance of its 
central plane from 0, Also prove that the pressure at any point of 
the fluid remains constant during the motion. 

If there be a rigid plane at 0, prove that when the motion is 
stopped the whole impulsive action on the surfeice of the cylinder is 
to the impulse on the plane as the length of the column is to the 
radius of the cylinder. 
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20. A Bpherioal shell the internal and external sar&oes of which 
are concentric, and which is just filled with water, is placed on a 
smooth inclined plane and allowed to slide down ; find the resultant 
Tertical pressure on the internal surface. 

If the shell be suddenly stopped at any time, find the impulsive 
pressure at any point of the fluid ; and shew that the resultant im- 
pulses on the two portions into which the shell would be divided by 
the plane through its centre perpendicular to the inclined plane and 
perpendicular to the vertical plane of motion are in the ratio 5 : 1. 

21. An elastic fluid, the weight of which is neglected, is in motion 
in a uniform straight tube ; shew that on the hypothesis of parallel 
sections the velocity at any time < at a distance r from a fixed point 
in the tube is defined by the equation. 






22. Air is in motion in a uniform tube of small section ; prove 
that if p be the density and v the velocity at a distance x from a fixed 
point at the time /, 

23. If r, 0, ^ be the polar co-ordinates of a particle of a mass of 
fluid in motion, u its component velocity along the radius vector, 
to in a direction perpendi<?tdar to the radius vector, and to the line 
from which is measured, and v perpendicular to both these direc- 
tions, the equation of continuity is 

dp d{pu) 1 d{pv) 1 d(pw) 2fyu f)Vcot$ ^ 
dt dr r d$ rand difi r r 

24. A closed vessel is filled with water which is at rest^ and the 
vessel is then moved in any manner ; lipply the principle of the con- 
servation of areas to prove that, if the vessel have any motion of ro- 
tation, no finite portion of the water can remain at rest relatively to 
the vessel 

25. A mass of homogeneous incompressible fluid, moving in 
a str^ht tube of uniform bore under the action of no forces, meets 
a piston which, by compressing a spring, gradually reduces the fluid 
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to rest : if p he the pressure (on a unit of area) at any point of 
the fluid, whose distance, from the extremity {£) not in contact with 
the piston, is x ; shew that, at any time t, 

P 

V being the volume of the fluid, and P the pressure exercised by 
the piston, at the time t, upon the extremity {E') of the fluid in con- 
tact with it. 

26. In the preceding problem, if the bore of the tube be variable 
and small, shew that 

pTxdx 



K 



L 



u 

Xdx 



where k is the area of the piston, -^ the area of the section of the 
tube at the distance x from {E)^ and u the distance of E' from E. 

27. A bent tube, in the form of a semi-circle, is flxed in a ver- 
tical plane with its vertex downwards and its ends in a horizontal 
line, and is one-third filled with mercury. If one end be closed and 
the mercury slightly disturbed, prove that the time of an oscillation 

is ^/ -q— > » being the radius, and the height of the barometer being 

equal to the length of the tube. 

28. A given quantity of liquid moves in a smooth conical tube 
having a small vertical angle, and the distances of its nearer and 
farther extremities from the vertex at the time t are r and r ; shew 
that 

the pressures at the two surfaces being equal. 

Shew also that the preceding equation results from supposing the 
vis viva of the mass of liquid to be constant ; and that the velocity 
of the inner surface is given by the equations 

Cr' 
C and c being constants. 
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29. Every particle of a mass of homogeneous liquid is reyolving 

uniformly about an axis, the angular velocity varying as the nth 

power of the distance from the axis. A small and spherical portion 

is suddenly solidified. Shew that it will begin to rotate about an 

»n-2 
axis through its centre with an angular velocity equal to — ^— of that 

with which it is revolving about the fixed axis in the liquid. 

30. K the motion of elastic fluid be symmetrical with regard to 
a fixed point, and if i; be the velocity at the time ^ of a particle at a 
distance r, prove that 



fd\ 2 dv 2v\ d fd/o^ ,^\ 
~ \c?r* r dr r*/ dr\dt d/rj' 



31. Two equal closed cylinders, of height c, with their bases in 
the same horizontal plane, are filled, one with water, and the other 
with air of such a density as to stipport a cohunn h of water, h being 
less than e. If a communication be opened between them at their 
bases, the height x^ to which the water rises, is given by the e<][uation 

ca? - sc" + cA log = 0. 

32. A homogeneous liquid is contained between two concentric 
spherical surfiEuses, the radius of the inner being a and that of the 
outer indefinitely great. The fluid is attracted to the centre of these 
sur&ces by a force ^ (r), and a constant pressure n is exerted at the 
outer surfisuse. 

Suppose /^ {r)dr = ^ (r), and that ^ (r) vanishes when r is infinite. 
Shew that if the inner surfeice is suddenly removed, the pressure at 
the distance r is suddenly diminished by 

Find ^ (r) so that the pressure immediately after the inner sur&ce 
is removed may be the same as it woidd be if no attractive force 
existed. Also with this value of ^ (r), find the velocity of the inner 
boundary of the fluid at any period of the motion. 



CHAPTER XI. 
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164. When a solid body is dragged through water at rest, 
or is held at rest immersed in a stream, a certain force must be 
exerted in order to produce the motion in the former case, or to 
maintain the equilibrium in the latter. This force measures the 
resistance of the fluid. 

These two cases may be looked upon as the same, for if we 
impress on the body at rest and the stream a velocity equal and 
opposite to that of the stream, the second case is reduced to the 
first ; and in general the resistance of a fluid on a solid within it 
will depend on the relative velocity of the fluid and the solid. 

The ordinary theory of resistance is given in the following 
article. 

165. Pbop. a plane lamina is immersed in a stream, per^ 
pendicular to the direction of its motion; it is required to find the 
pressure on the lamina. 

Suppose the motion of the fluid steady, and let mf'{s) be the 
force acting on a particle m of fluid, s being measured along a 
line of motion. We have then from Art. 135, the relation 

between the pressure and the velocity at any point 

Now at a certain distance from the plane, and beyond it, we 
may suppose that the pressure and velocity are not afiected by 
the presence of the plane in the fluid. If u' be the velocity 
and p' the pressure at some point beyond this distance, at which 
5 = a, we have 

At the plane let « = 0, and assume that the velocities of the 
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particles of fluid in immediate contact with the plane are de- 
stroyed ; then, if «j' be the pressore at a point of the plane, 

-^ =/(0) + C, 

and .•.'^*=/(0) -/(a) + !«'«. 

If we consider the motion of the fluid before the immersion 
of the lamina, and take tsr and u for the pressure and velocity at 
the same point, we have 

and ^=/(0) -f{a)-\u*+\u'\ 

Hence -or' — -w = - pw*, and this is the difference of the fluid 

ji 

pressures before and after the immersion of the lamina. The usual 
theory of resistances assumes that the pressure at the opposite 
side of the lamina is the same as if the kmina were not im- 
mersed, and therefore, if the velocities at all points of the position 
occupied by the lamina be the same before its immersion, the 
resistance upon it is | /m' (area of lamina). 

166. A stream flows obliquely against a plane; it is required 
to find the impelling force on the plane. 

Taking the velocities at all points of the stream the same, it 
may be assumed that no change will be produced in the pressure 
by moving the plane perpendicularly to the direction of the 
stream. The resistance therefore depends upon the velocity of 
the stream resolved in the direction perpendicular to the plane. 

Hence if t^ be the velocity, and the angle between the 
direction of the stream and the normal to the plane, the resultant 
pressure on the lamina, normal to its plane, 

= 5/IC/0tt'cOS*d, 

where k is the area of the lamina. 
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The pressures on the lamina, parallel and perpendicular to 
the stream, are respectively 

- Kpif cos' 0y and - Kpu^ sin cos* 0. 

2 2 

If in either of the preceding cases the lamina have any mo- 
tion in the direction of, or opposite to, the motion of the stream, 
it most be remembered that the resistance is normal to the 
plane, and depends on the relative normal velocity of the stream 
and the plane. If v be this relative velocity the resistance 



167. A cylindrical surfaoey hounded hy planes parallel and 
perpendicular to its generating lines ^ is immersed in a stream flow- 
ing in a direction perpendicular to tie generating lines s ii is 
required to find the impelling force of the stream on the surface^ 




Let* OPQ be a section by a plane perpendicular to the gene- 
rating lines, being the point at which the tuigent is perpen- 
dicular to the direction. Ox, of the stream. 

« 

Take <^ as the angle which the normal PO makes with Ox^ 
or the tangent PT with Oy, and let PQ = is, and A = the height 
of the cylinder. 

The force on PQ in direction PO = - phtf cos"^, and there- 
fore the resultant force in the direction Ox 



= - phv^ j cos' if)ds, 



B.H. 



\\: 
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and in the direction Oy the force 



— - phv? I cos" j> sin ^>d8. 



du doR 

If (oj, y) be the co-ordinates of P, cos <^ = -^ , sin ^ = ^ , and 

the forces in directions Ooj, Oy, are respectively 

The limits of integration are obtained by drawing tangents 
parallel to Ooj, or, if the curvature be not continued, by drawing 
lines parallel to Ox through the points of the curve farthest 
from Ox. 

If the intrinsic equation to the curve, b =f(<f>), be given, the 
expressions take the forms 

IT » 

~ pAtt'T cos'^(^)rf<^, -zphu^l ^cos^ <f> ain <f>/' {<f>)d<l>. 

"2 ~2 

Ex. 1. Suppose the surface that of a circular cylinder. 

Then y' = 2ax — x^ and -J^ = , if a be the radius ; 

as a 

2 
and the force of the stream = - phau^. 

Ex. 2. Suppose the curve a parabola bounded by a double 
ordinate, the axis of the curve being in the direction of the 
stream. 

ine mtnnsic equation is tt = — tt% 

^ dj> cos'<^ ' 

and the force parallel to a = - pjivf \ 2ad^ = 2phau^fi, 

'^ 
fi being the angle between the tangent at the extremity of the 

ordinate and the tangent at the vertex. 
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168. A solid is generated by the revolution of a curve round 
an axis Ox ; it is required to find the impelling fyrce on the solid 
of a stream flowing in the direction Ox. 

In the figure of the preceding article, let OPQ be the gene- 
rating curve ; then ^iryhs is the surface generated by PQ, and 
the resultant force upon this element is evidently in the direction 
Oxj and therefore the impelling force on the solid 

= - pw* I coa^<f>27ryds 

= wpu*lyco&^^)ds = irpu^l y(^)^y> 

c being the extreme value of y. 

If, for instance, the solid be a sphere, this expression 

169. Resistance on a surface of any form. 

Take the axis of x parallel to the direction of the stream, and 
let Z, w, 71, be the direction-cosines of the normal at any point 
(a;, y, z) of the surface, and h8 an element of tbe surfaxje about 
the point. 

The normal resistance on 8S = -pru^S8, and therefore the 
whole resistance parallel to a? = - pw' 1 1 l^dS. 

if /(oj, y,z) = be the equation to the surface ; 

1 rr ' (i)"^^^ 

.*. the resistance parallel to a? = - pw^ I / ij , ,jj^^ /J/\a > 



[dyj "^U/ 



^dxj \dyj 

and similar expressions can be found for .the resistances in the 
directions of y jand z. 
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The limits of integration are defined by the trace on the 
plane yz of the cylinder, having its axis parallel to the axis of a?, 
which envelops the surface. 

170. A heavy sphere descends vertically in a fluid; it is 
required to determine its motion. 

If a be the radius of the sphere, p and a the densities of the 
fluid and the sphere, and v its velocity after having descended 
through a space x, the equation of motion is 

4 » dv A i . vl ., 
(?. V* . 3 pv' ^ a — p 
a linear equation, from which we obtain 

3 p 

if the sphere have no initial velocity. 

As X increases, v approximates to a terminal value, 

It thus appears that, if a be very small, v is very small, and 
moreover that after a short descent the difference between the 
actual velocity and the terminal velocity becomes insensible. 

Suppose that the sph^e is of lead, and that its radius is 

— -th of an inch; the specific gravity of lead is 11.4, and it 

will be found that the terminal velocity given by the formula is 
about 15 inches per second. Also, trying 6 inches for a;, the 

expression e"8^5 = e"** approximately, and therefore the ter- 
minal velocity is, at this depth, sensibly attained. 

If the falling particle be imagined smaller, and the difference 
between p and a be less than in the case we have tried, it is clear 
that the theoretical velocity will be very much diminished ; and 
it should be noticed that in such cases the effect of fluid friction 
will become of great importance^ and will materially diminish 
the velocity calculated from the preceding theory. 
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These results are illustrated by the well-known fact that 
minute particles of any kind subside in water with extreme 
slowness ; for instance, the emery-powder used in polishing glass 
will sometimes take more than an hour to sink one foot. 

Distribution of sediment in the sea. We can thus account 
for the great distances to which fine sand and mud are carried 
out into the sea by rivers and ocean currents, and for the even- 
ness with which such sediment is deposited. In currents flow- 
ing at the rate of three or four miles an hour, small particles, 
sinking at the rate of two or three feet per hour, may be carried 
out to distances exceeding a thousand miles, before they attain a 
depth of 800 feet, and it is easy to imagine the transportation of 
finer sediment over still greater distances*. 

171. An air-lvhlle ascends in fluid; it is required to deter- 
mine its motion. 

The air-bubble as it ascends will expand; we shall suppose it 
always spherical and its size in any position determined by the 
pressure of the fluid around it, considered statically. 

Let X be the height through which the bubble has ascended 
at any time and v its velocity, a its initial radius, and r its radius 
at the height x. 

Then \i gph be the initial pressure of the air and therefore of 
the fluid at its initial position, the pressttre at the height x 

^ h 

and, by Marriotte^s Law, -i= 7 • 

a it "^ X 

Also if <r' be the initial density and <r the density at the 

height Xi 

a a' h ^x 



ji 



the equation of motion is therefore 



dv _ p — a- _ _3 P f^ 



* Lyell's Prine^pUt qf Qeohgp, Chap. zxi. 
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an equation from which v is to be determined. 

172. The preceding theory is confessedly imperfect, and, in 
&ct, the results obtained from it are altogether discordant with 
the results of direct experiment. The following considerations 
may assist in shewing why this discord is to be anticipated. 

Supposing, for simplicity, that no forces act on the fluid, the 
equation of steady motion gives 



P-P , 



^(«--A 



where p and u' are the pressure and velocity at some known 
point, and p and u at any other point. 

It appears from this equation that p depends on the velocity 
u and not on the direction of motion. 




Suppose the eiream to flow against a solid BC in the direc- 
tion A£; the stream near ^Bwill have its course diverted, and 
will flow in curved lines, PQ, &c., leaving a portion ADB at 
rest in contact with the surface, and these lines will be more 
nearly rectilinear and parallel to AB, the greater their distance 
from AB. 

For the portion of surface BD, the pressure is therefore given 

by^ =i>' + 2 /3"'"> but, for the portion of surface beyond the point 

B, it cannot be assumed that the fluid is at rest, and the velocity- 
along the tangential line of motion onght therefore to be cal- 
culated in order to find the pressure. 
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Moreover the pressure at the end G will probably be affected 
by the change of velocity of the fluid near the surface, and this 
has been entirely neglected: it is indeed possible that the in- 
crease of pressure at the end (7, caused by the diminution of 
velocity, may counterbalance or even overcome the increased 
pressure at the end B^ as in the experiment of Hachette referred 
to in Art. 149. An additional consideration is the effect of fluid 
friction, which may in such cases rise to importance. It appears 
from experiment that the tangential force varies nearly as the 
square of the velocity with which the fluid flows past the surface 
of a solid, when the velocity is not very small*. 
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1. Compare the resistances on a sphere, and on a circular plate 
of the same radius immersed perpendicularly to the direction of a 
stream. 

2. A solid cone moves in a fluid at rest in the direction of its 
axis, first with its vertex and secondly with its base foremost j com- 
pare the resistances in the tv^o cases. 

3. Find the resistance to a cycloidal lamina of given thickness 
moving in a fluid in the direction of its axis. Also find the resistance 
when the cycloid moves in the direction of its base. 

4. A plane is moveable at right angles to a stream, the direction 
of which makes an angle a with the normal, and the force requii-ed 
to retain it at a constant velocity v in one direction is 4 times that 
required in the opposite direction. Shew that the velocity of the 
stream is 3t7 tan a, or ^v tan a, according as the forces in the two 
cases are in the same or in opposite directions. 

5. The resistance on a cube moving in a fluid in the direction of 
its diagonal is to the resistance on the same cube moving perpen- 
dicular to its side :: 1 : ^^. 

6. Given the base and height of the frustum of a cone moving 
through a fluid, find for what angle of the cone the resistance is 
a minimmn. 



Professor Stokes, On Fluid Friction, 
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7. A solid formed by the revolution of a cycloid about its axis, 
moves in a fluid in direction of the axis ; find the resistance of the 
fluid. 

8. The curve r = a (1 + cos 6) revolves round its axis and thus 
generates a solid of revolution. Find the resist'ance on this solid 
when it moves in a fluid, the direction of the motion of every point 
of the solid being parallel to the axis of revolution. 

9. A cylinder on a circular base is divided into two parts by 
a plane through its axis : if one of the parts move horizontally through 
a fluid with its base and ends vertical, it will experience the same 
resistance, as would be exerted on an isosceles prism on the same 
base and with its equal sides inclined to one another at 120^, moving 
in the same manner. 

10. A lamina of deni^ty *5 in the form of an isosceles triangle, 
floats in a tank which is full of water, and its vertex is attached by a 
string to a weight equal to its own, which hangs over the side of the 
tank ; if the lamina be placed with its base parallel to the side of the 
tank, and if its plane continue horizontal throughout the motion, 
prove that its velocity will be given by the equation 

v'Bhi*P = ag(l-€r a ), 

where ^ is the velocity after passing over a space os, a the altitude, 
and 2fi the vertical angle of the triangle. 

11. Find the form of a solid of revolution, having a given cir- 
cular base and a given height, such that the resistance upon it, when 
in motion through a fluid, in direction of its axis, may be a minimum. 
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173. The theory of sound is included In the theory of the 
small oscillations of elastic fluids ; that this is the case follows 
from the consideration of a few experimental facts. 

In the first place, the effect on the organs of the ear, called 
sound, is not produced unless there is an atmospheric communica- 
tion between the ear and the disturbance causing the sound ; if a 
bell is placed under a receiver, and the receiver exhausted as 
nearly as possible, the striking of the bell is not heard at all ; 
moreover if the bell be struck during the process of exhaustion, 
the sound becomes gradually more faint as the exhaustion pro- 
ceeds : it is evident therefore that the intensity of sound depends 
upon the density of the air, and diminishes with the diminution 
of that density. 

174. That there is an actual motion of the atmosphere is 
shewn by the mechanical action which can sometimes be observ- 
ed ; for instance, glass windows are shaken by the firing of can- 
non, and, when the distance is small, are sometimes broken* ; and 
similar effects may be produced by the sounds of an organ. It is 
well known that a musical note, sounded on any instrument, may 
produce a vibration, in unison with it, in some other body with 
which the instrument is not in contact; the human voice will, for 
example, set in ifiotion a pianoforte wire, if the note sounaed be 
in unison with the fimdamental note of the wire, and this, it is 
evident, can only be effected by the transmission through the air 
of a mechanical action. Again, it is observed that, when sounds 
are heard through an atmosphere loaded with particles of dust, 
there is no sensible motion of the particles ; and, in general, that 
sound is not necessarily accompanied by wind, unless the observer 



* Windows have been broken at a distance of three or four hundred Y&rd&« 
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be near the origin of the sound: it follows from facts of this 
kind that sound is caused by small motions of the aerial fluid. 

The Velocity of Sound. 

175. It is a matter of very ordinary observation, that sound 
requires time for its propagation ; a person standing near a cannon 
when it is fired, will hear the report almost at the same instant 
that the flash is visible to him ; if, however, the cannon is at a 
distance, there will be a sensible interval between his perception 
of the flash and the report, and this interval increases with the 
distance. 

It has been observed, moreover, that the velocity of sound is 
increased when the temperature is raised. 

A great number of experiments have been made with the 
view of determining the velocity of sound, but from the various 
circumstances which affect its propagation, there are considerable 
discrepancies in the results obtained; Sir John Herschel con- 
siders that in dry air, at freezing temperature, the best approxi- 
mation to the velocity of sound is about 1089 feet per second. 

From experiments made by Arago and others in 1822, the 
velocity of sound when the barometer was at 29.8 inches, and the 
thermometer at 61°, was found to be 1118.4 feet per second. 

176. Sounds of different pitch and intensity travel toith the 
same velocity. 

When a musical band is heard at a distance the harmony is 
unaffected, and it is therefore clear that there is no sensible dif- 
ference in the periods of time required for the transit of the vari- 
ous notes produced at the same instant. This iEference, however, 
can only be drawn for the limits of distance within which it is 
possible to hear the band at all; and it does not appear that 
direct experiments have been made for a greater distance than 
951 metres, or about 1040 yards*. 



* For an account of these various experiments, see Herschers Sound, Encyc. 
Metrop, A piece of evidence may here be given, with reference to Art. (176). On 
a fine and still evening of June, 1858, the Messiah was performed in a tent, and the 
Hallelujah Chorus was distinctly heard, without loss of harmony, at a distance of 
two mUea, 
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177. As it is through the aii* that «ound is transmitted to 
the senses, the especial problem which offers itself, is the discus- 
sion, under various conditions, of the small vibrations of the 
aerial particles, but for a full consideration of the question, the 
laws of vibration of strings, of elastic rods and plates, of stretched 
surfaces, and of elastic solids require to be investigated. 

These latter give rise to vibrations of the air, and the deter- 
mination of the various modes in which their vibrations take 
place, forms, properly speaking, a part of the general question. 

The investigation of the oscillatory movements of a solid body 
gives rise to equations of considerable complexity, and moreover 
the most important cases, those of musical sounds, depend in 
general upon the vibrations of strings, or rods, or of the air in 
cylindrical tubes ; to these cases our attention will be confined. 

Effect of Condensation on Temperature, 

178. It is an experimental fact (Art. 78) that heat is pro- 
duced by the sudden compression of air, and that, on the other 
hand, heat is lost by its sudden rarefaction ; it follows therefore, 
in the sniall vibrations producing sound, in which the compres-: 
sions and rarefactions take place very rapidly, that the air is 
rendered more elastic, or less elastic, in a greater degree than is 
given by Marriotte's law. 

These condensations being very small, we may consider 
without sensible error that the sudden changes of temperature 
are proportional to the condensations, a rarefaction being treated 

as a negative^ condensation. 

If then a small portion of fluid, the density of which is Dy 
and temperature zero, be suddenly compressed so that its density 
is i> (I +«), 5 being a small quantity, the sudden change of tem- 
perature may be taken proportional to s and equal to fis, and the 
new pressure 

= ijO (1 + «) (1 + a/i5) = A:2) {I + 0(^a + 1) «}, 

neglecting the square of s, = kD (1 + ^5), if ^ = /^a + 1. 

179. Prop. A hollow cylinder of indefinite length is filled 
with homogeneous air, a portion of which is disturbed in stich a 
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manner that all the particles in any section, perpendicular to the 
axiSf are under the same initial circumstances of displacement/ it 
is required to determine the resulting motion. 

Let D be tlie density of the air when undisturbed and IcD its 
pressure. At the time t and at distance x measured parallel to 
the axis, let u be the velocity, p the pressure, and p the 
density. 

Neglecting the action of gravity and supposing the surface of 
the cylinder perfectly smooth, the equation of motion is 



^p^pl-^t^'^' 



YT being the rate of change in the velocity of the particles of 
fluid, which at the time ty are at a distance x from the origin. 
Tj ^ Du du ^ du . A . /,oo\ 

observing that -7- ht is the change of velocity at the distance x 

during the time S«, ^ Sx is the diflerence of velocities of the 

strata x and a: + Sa;, at the same instant of time, and if Sx = uBt, 
the sum of these two is the total cliange in the velocity of the 
particle referred to ; 

, ( du du) J 

If p = jO (1 + «), then, as in Art. (178), p^hD(l+ fis), 

, dp Jcfids 
and -^ = :— — , 
p l + « 

k^ds I du du\ J 
or -^-— = I — iT—u-j-]ax. 
l + « \ dt dxj 

If ^ be a function of t such that «* = ^ > we obtain, by in- 
tegration with regard to Xy 
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, The motion is supposed to be so small that the square of the 
velocity may be neglected, and therefore expanding log (1 + «), 

Let .^-J?^(0 = <^5 ^^"S^S^''' 

and;fe/35 = -^ (1). 

The equation of continuity is 

dp d{pu) _ 
dt'^ dx ""' 

or, substituting for p, and retaining only the first powers of small 
quantities. 

Hence, from (1) and (2), 

-^ = a'^, where h^^c^ (3), 

is the equation which determines the oscillatory motions of the air 
in a straight tube- 

The integral of this equation is 

^^ F,{x + at) +f,{x- at) \ 

hence u=^ F {x + ai) -Y f {x — at), 

taking i^ and /as the derived functions of F^ and/, 

and « = — 5 [aF(x + at) — af{x — at)]^ 
a 

as = -F{x + at) +f(x - at). 

The initial circumstances of motion will determine these 
functions. 

Initially, when ^ = 0, let 

u = y^{x) and « = % {x), 
then F (x) +f{x) = ^ (a?), 
and F (x) -f{?c)-'-ax («). 
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Hence 2F{x) = >/r (a?) - ax[x) \ 

2/(a:)=t(a?) + ax(^) J W; 

/. 2tt = -^ (a? + at) — ax (oj + at) + -^ (a? - a^) + ax {x — at), 

20* = --^ {x + at) +ax{x + at) +^lt{x-at) + ax {x — at) ; 

and, if the fiinctions y^ {x) and x (x) are given for all values of x 
from — 00 to + 00 , the values of u and s are determined for all 
values of x and t. 

In order to express the actual motion of a particular element 

dx 
of the fluid we must replace ^ ^7 -^ > and obtain x in terms of t. 

180. The equations of the preceding article may be also 
obtained without reference to the general equation of motion. 

Let A be the area of a transverse section of the tube, x and 
x-^-Sx the distances from the origin of two particles near one 
another when at rest, 

a? + f, a? + 8a? + f + ^ Sx 

the distances of the same particles when in motion at the time t 

Hence if D be the density of the fluid in the space Sx, and p 

d^ 
of the same fluid when occupying the space Sx + ^ Sx, 



B-'^'^ f, %\, = ' -i approximately, 



aX 



If 2? be the pressure at the distance a? + f , that is, the pressure 
at the time t about the particle whose distance when at rest is a;, 

p + ^Sx is the pressure at the distance x + Sx + ^+ ^Sx, 
The moving force on the mass ADBx = ^A -4- Bx, and 



dx 



.'.ADBx^^-A^Sx. 
dr dx 
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But p = kD{l+^a) = kD(l-^^, 

The integral of this equation is of the form 

f = ^ {x + di)-^'^ {x — at)^ 

and .*. w = -^ = a^'{x + at) — a-^' (a; — at), 

which are the same as the results of the preceding article if we 
write F{x + at) for a<l)'(x + at), sjiif{x — at) for —aylr{x — at)*. 

181- To find the velocity with which a disturbance is pro-- 
pagated ahng the tube. 

Let the initial disturbance extend through a space AB, (2X), 
from aj= — Xto a?= + X; then '^{x) and ^ (^) ^^^ ^^^ ^®^o ^^^ 
all values of a:, except those comprised between ic= + X, and, 
from the equations (4), it appears that F[x) and /(a;) are subject 
to the same law. 



* If we retain the equation 1+«=(1 + t$j , instead of approximating, and 
put ^ for OS + ^9 we shall obtain the more exact equation 

This equation is given in Herschers Sound, in the Encydopeedia Metropolitana^ 
but it is only employed to obtain the equation above given in the text. Mr Earn- 
shaw has however discussed the equation in the volume (150), for the year 1860, of 
the Philosophical Transactions, and he has discovered that the integral results from 
the elimination of a between the equaticms 

y = 005 + ((7± a log a) < + ^(a), 
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First, consider the motion of the fluid at a point P, such that 
a?, i. e. OP, is greater than X. 



B 



P' 



In this case x + at>\ and therefore, F{x) being zero except 
when a? > — X and < + X, 

P(a;+ae)=0, 
hence u ^/{x — at)y as =/(a? — at)^ and u^as. 

Also y (a: -- at) is zero, and therefore u and s are zero, except 
for values of t which make 

x^at<\ and > — X, 

so that if T, t', be th« times at which the motion of P begins 
xtnd ends, 

2X 

aj— ar = X, a? — ar = — X, and .*. t' — r = — • 

a 

Hence Pis set in motion at the time r, vibrates during the 

time — , and is afterwards at rest, 
a 

Again, if P' be another point of the tube, the fluid at P' will 
be set in motion at a time t^ such that 

PP' 
and, since OP — ar^X. it follows that = a : and therefore 

a is the rate at which the disturbance travels along the tube in 

the positive direction. When P has come to rest, the motion 

which^P had at first will have been transmitted to a point at a 

2X . . 

distance 2X from P, since — is the time during which P is in 

a 

motion. 

The disturbance therefore travels along the tube in the form 
of a wave of constant length 2X and with a constant velocity. 

Secondly, consider a point on the negative side and such 
that a? < — X. 
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Hence x — aK — X, 

and therefore / (a? — «0 == ^> 

u^F{x-\-ai)ya8^'-F{x + a()^ and m = — ew. 

These expressions will.be zero unless 

X'\-at>^\ and <\; 

and therefore if a?, a:', be the distances from the origin of two 
points at which motion commences at the times r, r, respec- 
tively, 

x-\-aT=^ — \ x' -{-ar ^^\ 

and aj' — oj = — a (t — t), 

from which it results, as before, that a is the velocity of pro- 
pagation. 

2\ 

Similarly, the time of motion of any one element is — , and 

a wave is therefore propagated in the negative direction. 

Lastly, consider the motion of a point between the limits 
AB of the initial disturbance. 

The velocity and condensation are both given by the sum of 
two functions, representing respectively the disturbances due to 
the two waves which we have shewn to be travelling in opposite 




directions. By the principle of the superposition of small mo- 
tions*, the motion is therefore the same as would be caused by 
the coexistence of two waves, travelling across the point P in 
opposite directions. 



* The principle of the superposition of smaU motions asserts that if a number 
of small disturbing causes act on a material particle, the resulting effect is sensibly 
the sum of the effects due to each cause acting singly. 

Thus, if a quantity u would be changed by one disturbing cause acting alone 
into tt+ au, where a is very small ; and by another into w + /3m, the whole change, 
when the two act together, will be an + /3u ; for if the second cause aot inmie- 
diately after the first, the resulting additional change would be p (u+au) or pu-^afiu, 
where afiu being a small quantity of the 2nd order may be neglected in compariBon 
with au+pu. 
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\-0P PA 



Now OP+,at<\, until t — 



a a 



after which F{OP + at)=^0; 

J nn . ^ ^-1 . . ^+ OP PB 
and OP-at>''\ until ^ = H = — , 

a a 

after which f{OP-at)^0y 

this is, the motion of P is represented by the coexistence of two 
vibrations until the negative wave has travelled over a space AP^ 
and it is then disturbed only by the positive wave travelling 
over BP. 

182. It may be observed that of these two waves it is pos- 
sible that only one may exist ; if, for instance 

^ (a?) - ax (a;) = 

for all values of x between ± \, then F{x) = for a?? values of a?, 
and only one wave is propagated. 

The function / (a; — a^) determines the wave which is propa- 
gated in the positive direction, and, for the continuance of this 
motion, the relation u^aa i& necessary. If this relation be 
destroyed, the wave so disturbed will give rise to two waves, one 
travelling in the positive and the other in the negative direction. 

Definition of a Wave. 

183. The term wave is applied to any state of motion 
transmitted through a substance the elements of which are 
slightly disturbed. The length of a wave is the distance be- 
tween two consecutive surfaces of equal displacement, that is, 
two surfaces, the particles in which are, at the instant con- 
sidered, in the same state of motion. In the case of the last 
article, a solitary wave, of the length 2\, is propagated in the 
positive direction, and a similar wave in the negative direction, 
so that every portion of fluid in the tube has a phase of motion, 
and is afterwards at rest. Instances of the solitary wave may 
be seen in the effect of a gust of wind on a corn-field, or in the 
expanding circles produced by di-opping a stone into still water. 
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If the original disturbance be repeated at the instant when 
the positive and negative waves, after traversing each other, 
have just cleared the space AB^ and the process be continued, 
so that- a series of waves follow closely on each other, then a 
particle of fluid, once set in motion, will vibrate, isochronously, 
and if a number of points be taken at successive distances 2\, 
the points of division will be the positions of all the particles 
of fluid which, at any one instant, are in the same state of 
vibration. 

184. The nature of the original disturbance will determine 
the character of the wave, that is, the form, extent, and rapidity 
of the vibrations of which it consists. 

Suppose, for instance, that the air in a tube is set in motion 
by the oscillations of a disc, the plane of which is perpendicular 
to the axis of the tube? When the disc moves in the direction 
OA, fig. Art. (181), the air on the side A is condensed, and on 
the other side is rarefied : if the motion of the disc then cease, 
a condensing wave will be propagated in the direction OA, and 
a rarefying wave in the direction OB, provided the separation 
of the two portions of air by the disc be complete ; but, when 
this separation does not exist or when vibrations can be trans- 
mitted through the disc, a complete wave, half condensing and 
half rarefying, will be propagated in each direction*. 

If the disc make a complete oscillation, starting from rest 
and returning to its original position, complete waves will be 
propagated in each direction. 

It should be observed that the range of vibration of the disc 
is not necessarily comparable with the length of the wave pro- 
duced ; the space through which the disc oscillates may be very 
small compared with th^ space AB, In fact, whatever be the 
extent of the disc oscillations, the wave AB depends only on the 
time of the oscillations, and on the velocity of propagation. 



» • The term wave is sometimes applied to either of these portions ; each being 
the distance between points of zero velocity. 
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185. The vtbratuma of the air tn a tuhe closed at one end. 

Let P be the closed end. Then if a disturbance be excited 
over a space AB, (2X), it will in general cause two waves tra- 
velling in opposite directions, and one will impinge on the fixed 
end P. 

The analytical condition is that for all values of t the value 
of f^ is zero at the point P, and we have to determine the modifi- 
cation introduced by this condition into our previous results. 

Let OP=ci then 

P(c4-af)+/(c-a<)=0, 
for all values of t ; 

=-4-('-^)) 

= — /(2c— a; — af), 
and u =/(« — at) —/(2c "X'-aij^ 

observing that /(a) is zero except for values of « between ± X. 

Now consider the motion at Q, a section of the tube between 
OandP. 

Let x — OQy and first suppose x<c—\. From ^ = , 

i. e. after the wave has passed over Q^ 



BOA Q Q'P 

/(aj-aO=0, 

and /(2c — a; — ai) = until 2c — a; — a^ = X, 
2c — a; — X c — X-^C'-x 



or < = 



a a 

AP+PQ 



a 
/(2c — x — at) is then finite, but again vanishes when 

2<j — a; — a< = — X, 
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. 2c-a; + \ AP + PQ + 2\ 

or t=: ==-■ ; 

a a 

and for aU greater values of I is evanescent. 

The motion of Q is therefore the same as if, when the front 
of the wave arrives at P, another wave, (2X), were to start im- 
mediately, and travel in the opposite direction, following the 
negative wave at a distance 2AP. 

In other words the wave impinging on P is there reflected, 
and its motion exactly reversed. 

If the distance of a point Qf from P be < \, then for a cer- 
tain time the motion of Q' will be the result of the superposition 
of two motions, namely, those due respectively to the inci- 
dent and reflected waves: it will be caused by the reflected 

wave only when t > — ^ , and will cease altogether when 
^ BP^PQ 

t > 4 

a 

186. The vibrqttans of the air in a tube open at one end. 

Let P be the open end at a distance c from 0. The air in 
the tube at P being in immediate communication with the atmo- 
sphere, it may be assumed that its condensation is zero. This 
assumption is usually made for purposes of calculation, but it 
appears from experiment that the point of zero condensation is 
at a little distance beyond the open end*. 

We have then 5 = when x = c; 

or P(c H- at) —f{c — a^) = for all values of t ; 

=f{2c — x — at), 
and u.^f(x — at) -\-f{2c — a; — at). 



• Mr Hopkins, On Aeinal Vibratuma. CamJb. Phil. Trans. 1838. 
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By exactly the same reasoning as in Art. (185) it may be 
shewn that the wave on arriving at Pis reflected and travels in 
the contrary direction with the same velocity. 

187. The vibrations in a tube of finite length. 

By the preceding investigations it appears that, if. a disturb- 
ance be caused in a tube of finite length, the two waves, which 
start at first in opposite directions, will be both reflected on 
arriving at the respective ends of the tube, and their motions 
reversed, whether the ends of the tube are open or closed. 



P B A A' B' Q 

If PQ be the tube and AB the portion initially disturbed, 
the two waves will after reflection be superimposed at A'ff, 
which is at the same distance from. Q that AB is from P; and 
the motion as thus described will recur continually. 

The time of a complete oscillation of the two waves will be 

AP + PQ+QA 2PQ 

— ^^— , or — - . 

a a 

If the initial disturbance extend over the whole of the tube, 
the motion of any portion of air in it will always be the result 
of the superposition of the two motions arising from the two 
waves propagated in opposite directions. 

188. Prop. To find the general equations for the vibrations 
of an elastic fluid. 

The process of forming these equations is almost identically 
the same as that before employed for the simple case of recti- 
linear motion ; we shall indicate it briefly. 

If p = i>{H-5), and^ = /c2>{l+/35), 
the general equation of motion is 
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where u, v, and w^ are the component velocities, and '^ is a 
function such that 

d^lr cNr , dylr 

u = ^r- « V = —T- « and w = -r^ , 
cte * dy' dz' 

assaming that vdx + vdy + k^ J;3 is a perfect differentiaL 

Neglecting the sqnares of 8 and of the velocities, we obtain 

Also, substituting for p in the equation of continuity, 

and therefore ^=o'f^+^+^'i 
and tneretore, ^^ =a \^^ + -^+ ^j, 

wherea*=/iq8, 
the eqaation which, with 

di dd> , ddt 

determines the motion. 

189. A disturbance is eoccited in a homogmeKms atmosphere 
80 as to proceed symmetrically from a centre ; it is required to 
determine the motion. 

In other words the problem is, to determine the laws of the 
propagation of spherical atmospheric waves. 

Taking the centre of the disturbance as the origin, the 
velocity (F) and condensation at any point will be functions of 
the distance (r) from the origin. 

The equation of the previous article becomes 

de"^ \dr^^rdr)' 

^r ^'(^<^)«^«^(^<^). 
^"^^ "W"'' dr' ' 

r and t being here independent variables. 
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Hence, r<f}^F{r + at)+f{r'-at), 
and therefore, since F= -^ , and a's = — -^ , 

F= hnr^ at) +f(r -at)}-^ {F(r + at)+f{r- at) } . 

...(a). 

and.a8='-{f'{r-at)-F'{r + at)} j 

In order to determine these functions, the initial values of 
V and 8 must be given for all values of r from to go , and we 
must, besides, take iaccount of the condition that, at the origin, 
F= always, a condition obviously true, if the disturbance be 
symmetrical with respect to the centre. 

Let -^(r) and ;^{r) be the initial values of V and as, these 
functions being given for all values of r from to oo . 

^ ,,. dF{r) ^j\r) . . fir) ^F'{r) 

Then, tW =^ / > %W - r ' 

and therefore, - ^(r) + -/(r) =/^ (r) dr = '^^{r) + J, ) 

I •••• \P)j 
f{r) - ^(r) =^Jrx{r) dr = ^/r) + c, J 

b and o being arbitrary constants. 

Suppose, if possible, that the expression for F, (a), can be 
expanded in powers of r ; then, since F must vanish with r for 
all values of t, the terms involving negative powers of r must 
destroy each other, and this condition will be satisfied by 
assuming 

F{r +at)+f{r-at) = Tr + rV+ ... 

and J?"(r + at) +f(r-at) = T + T^r+ ... 
From the first of these 

F'{r + at)-f'(r-at)=l^+... 

and therefore, making r evanescent, and putting z for at^ 

^W+/(-«) = 0, F'{z)-/'i-z) = 0,... (7), 

for positive values of z. 
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By means of these equations it can be shewn that the con- 
stants in (/8) will disappear in the final expressions for the com- 
binations o{ F(zy and/(«) which determine Fand s. 

Thus, taking account of the constants only, we obtain from (fi) 
F{r)=l{br-c), f{r)=l(br + c); 

.-. F{r + at) = lb{r+at) - |c, F'(r+at)=^b, 
and, iir>at, 

f(r-at)=lb(r-at)+le, /'(r-a«)=^i. 
If r < (rf, 

i 

F(<9t - r) = i J {at - r) - - c, F'(at - r) = i J, 

but, from (7), ifr<at, 

f{r-aty=-F{at-r) 

= ^b{r-at) + -o, 

the same as when r > at. 

Sabstituting in (a)^we find V—O and s=0; the constants 
may therefore be omitted, and we obtain from (/8), puttings for r, 

2/(z) = z^!r^{z) + x,{z), 1 ... 

2F'{z)=-<lr,{z) + z\ir{z)-x{z)], \ ^ ^^ 

By these equations, if the initial disturbance be given, tlie 
subsequent motion is determined. 

Poisson, M^cantque, Art. 660. 

190. Determination of the velocity of propagation of a 
spherical wave. 

Let the initial disturbance extend from r = to r= a ; then 
•^(r) and x(r) have given values from r = to r = a, and are zero 
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from r S3 a to r = GO . The integrals ir^(r) and Xti^) w® constant 
for all values of r greater than a, and, if we assume that/(«) and 
F{z) vanish when = 00, these integrals will vanish when r = 00 , 
and will therefore vanish for all values of r from a to 00 . 

Hence, from the equations (S), if r < a, F(r+at) and F'(r+at) 

are finite as long as 

. a — r 

t< ; 

a 

9\Bof{r''at) and/'(r — a<), are finite as long as 

t<-; 
a 

and, when ^ > - > 

we find from (7) that /{r-^at) and f'(r — at) are finite for 

values of t less than : it appears then that the original 

surface of disturbance, for which i* = a, is in motion during 

the time — • 
a 

l(r>a, F{r + at) and F'{r + at) are zero, and we have 

F=J/(r-af)-i/(r-aO, (1), 

But, from the equations {S),f(r — at) and /'(r — a^) are finite 
from 

t == to t = , 

a a 

and therefore the particles of fluid about the spherical surface of 

2a 

which r is the radius are in motion during the time — . 

Moreover, the motion of a particle at the distance r com- 
mences when t = , and of a particle at the distance r' when 
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t = , and the motion extends from the sphere r to the sphere r 

in the time ; a therefore represents the velocity with which 

the wave motion is propagated. 

At a considerable distance from the centre of the initial dis- 

.1 . • 

turbance, the terms involving -^ may be neglected, and we obtain 

the relation before obtained in the case of vibrations in a straight 
tube. This result might have been anticipated, for at a consider- 
able distance from the centre a small portion of the wave front 
would be approximately plane, and would therefore follow the 
laws of motion of a plane wave. 

191. Nature of the motion when the initial displacement is 
small but not symmetrical with regard to a centre. 

In the case of a spherical wave, suppose a conical surface ' 
described, of very small vertical angle, with its vertex at the 
centre of the sphere ; we may conceive the air within this cone 
to be isolated, without aflfecting its motion in any way. 

Now, whatever be the form of the initial surface of displace- 
ment, we can suppose the aerial mass divided into a number of 
cones having their vertices at the origin, in each of which the 
velocity of propagation will be the same, and of the nature of 
the propagation of a spherical wave. After the lapse of a finite 
time, the several portions of the surface of disturbance, or wave 
surface, will be sensibly at the same distances from the origin, if 
the initial disturbance be of small extent, and therefore the wave 
surface will approximate, as it expands, to a spherical form. 

192. Intensity of Sound. 

From the equation (1) of Art. (190), it appears that V di- 
minishes with r; and, as the intensity of sound is measured, 
in a given medium, by the square of F, it follows that at large 

distances from a centre of disturbance the intensity varies as -3 . 
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193. Comparison with observation of the theoretical velocity 
of sound. 

If D be the density of air at rest, and tcD its pressnTe, and 
if A be the height of the barometer, and a the density of mercury, 

KD=gah^ 
and the expression for the velocity V^, becomes 



y= 



Now taking a foot and a second as units of space and time, 
g = 32*2, and in dry air at the freezing temperature, the height 
of the barometer being 29*927 inches, the experiments of Biot 

give -^ = 10463. 

The quantity )8 may be determined by observations on the 
increase of temperature in a given mass of air produced by a 
given condensation. From the experiments of Clement and 
• Desormes the value obtained is 1*3492. 

Hence, the velocity of sound at the freezing temperature 

r 29*927) h 

= J32-2 X 10463 x 1-3492 x ^^j~^[ , 

which is approximately 1064 feet per second, and is less than the 
velocity, 1090 feet per second, given by observations*. 

The discrepancy depends chiefly on the uncertainty of the 
value of /8, as determined by direct observation; /8 is in fact best 

determined by equating the expression kJ (gh -^/Sj to the ob- 
served velocity. 

If the temperature be t when the density is D the pressure 
is kD (1 + at)y and we must therefore employ /c (1+ a^ instead 
of /c, and the expression for the velocity is then 

s/k^ (1 + a^. 



* For a list of the authorities on ^hich this statement depends, see Herschel's 
Sound, Art. 16. 
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194 The quantity /S is identical with the quantity X of 
Art. 81 ; for, if the pressure of the air at rest be ^2) (1 + ae), the 
pressure of the air in motion 

= KD{l+s){l+a{t+fJL8)} 

=^(1+Xs). 

But in Art. 178, the expression for the pressure ctf the air in 
motion is 

.*. fi is the same as \, 

It must be observed that, X being independent of the tem- 
perature (Art. 81), the value of fi employed in Article 178 is the 
value of the fi of this article when the temperature is zero. 

Propagation of Sound in Vapour. 

195. The remark made in Art. 178, on the effect of a sudden 
compression of air in raising its temperature, enables us to explain 
the known fact that sound can be propagated through vapour in 
its state of greatest or saturating density. 

The effect of a compression of the vapour, without change of 
temperature, would be the precipitation, in the form of dew, of 
some portion of it, but the compressions which are caused by 
rapid vibrations are always accompanied by an increase of tem- 
perature, the vapour remains uncondensed, and the vibrations are 
propagated through it in the same way as through the air. 

196. The effect of simultaneous disturbances from different 
centres may be determined by observing that the equation, 






being linear, is satisfied if we take for <}> the sum of any number 
of particular solutions, 
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that is, if we take for ^ an expression of the form 

T 



where r, r^,... are the distances of a point in the fluid from the 
several centres of disturbance. 

The condensation, -^ , is therefore the sum of the several 

at 

partial condensations, and the velocities parallel to the axes at 

any point of the fluid, are given by the equations, 

^d^ __d(}> dr d<f> dr^ 
" dx dr dx dr^ dx 

X ddx , X, d4> 
or, tt = - -y^ + -^ -7- + ... 
r ar r^ ar^ 

and «=^ ^+2^4^+- 
r ar r^ dr^ 

z dd) . «, d(b 
r ar r^ dr^ 

where (a;, y, z) (aj^, y^, ^J... are the co-ordinates of the point 
referred to axes originating in the several centres. 

The velocity in any direction is therefore the sum of the 
velocities in that direction due to the partial disturbances. 

197. Reflection of a spherical wave at a fl^oced plane. 

Suppose that two exactly similar spherical waves proceed 
from two centres ; that is, let the velocities and condensations in 
the two waves be the same, simultaneously, at the same distances 
from the centres, and consider the nature of the disturbance 
which takes place at the plane which is equidistant from the 
two centres. 
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By the preceding article^ it is clear that the resultant 
motions of the particles at this plane will be entirely parallel to 
the plane; it appears moreover, by the same reasoning, that 
the two waves will pass through each other, and afterwards 
proceed, as if each alone had been originally excited, and that, 
if a series of pairs of waves proceed from the two centres, the 
disturbance at any point will result from the combination, by the 
superposition of small motions, of the partial disturbances. 

If now a rigid plane occupy the place of the geometrical 
plane equidistant from the centres, one of the centres of disturb* 
ance may be removed, without any other alteration in the cir** 
cumstances of the motion, and, if the rigid plane be perfectly 
smooth, the velocities of the aerial particles in contact with it 
will be entirely parallel to it, and its action upon the spherical 
wave will be represented by a reflected wave following exactly 
the same laws of propagation as the incident wave. 



The Refraction of Sound. 

198. W^ have seen that a distm'bance in an aerial column 
produces two waves travelling in opposite directions, and that 
in these two waves the conditions v = o^, v = — cw, are respec- 
tively satisfied. 

If then anything occur to destroy the relation v = + ew in 
either wave, the effect will be the production of two new 
waves. 

Suppose the aerial column to consist of two parts, containing 
different gases, and that one of the waves formed in one part 
impinges on the plane of separation^ and thus produces a disturb- 
ance in the other part. 

The states of motion of the two gases may be represented re- 
spectively by the systems of equations, 

t;=/(a;-aO -\'F{x + at)\ 
as =f{x - at) - fIx + at)y 

V = ^{x - at) + ^{x + a't)] ^ 
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observing that the state of motion to which /and i^ refer is that 
which exists after the commencement of the impulse of the 
wave. 

At the plane of separation the two media must have the 
same motion and the same elasticity ; 

hence, if p, p\ be the densities of the two media, 

/«:p(l + /8«) = /^>'(l+/8V), 

/8 and /8' being constants depending on the heat developed by 
compression, and therefore, since in the position of equilibrium 
the pressures /cp, k'p are equal, 

If then a? = Z at the plane of separation, these two con- 
ditions give 

f{l"at) + F{l + ai)=^<f>{l'-a't) + ^{l+a:t), (1), 

/(Z- at) - F{l + at) = fi {<^(Z - a't) - ^{l+a't)}, (2), 

putting /^ = g-r • 

Let x = ±a mark the range of initial disturbance; then 
t?, t?', s, and s' are all ^ero initially except for values of x be- 
tween + ou 

Hence, considering the second medium, 

^(a;) = 0, and *(«) = 0, 

and therefore ^{x + at) = always, from a; = Z to a? = oo . 

The relation v' = a's' is therefore established, and a single 
wave is propagated. 

But, considering the first medium, we obtain from (1) and 
(2), taking account of <E>(Z + at) = 0, 

and therefore, unless fi = l, there will be a reflected wave. 



CHAPTER XIII. 



MUSICAL SOUNDS. 



199. Any mechanical impulse of the air, of a sufficient 
degree of violence and suddenness, will produce a sound, and 
a series of impulses, following each other with sufficient rapidity, 
will produce the sensation of a ctotinued sound. If the series 
of impulses are variable in their character, and follow no regular 
law of production, the result is a noise^ but if the impulses are of 
the same kind, and produced at regular intervals, the result is 
a musical note. 

A sound of such a nature is defined by three characteristics ; 
these are, the intensity of the sound, which depends on the 
extent of vibration of the aerial particles, the j)itch of the note, 
which depends on the rapidity with which the successive waves 
impinge on the ear, and a quality by which notes of the same 
intensity and pitch are distinguishable from each other, and 
which seems to be determined by the nature of the instruments 
employed in the production of the sound; the word timbre is 
sometimes used to express this quality*. 

The velocity of propagation being the same for waves of any 
length, it will be seen that the pitch of a note is determined by 
the length of the wave, or by the time of vibration, and is higher 
or lower, as the time of vibration, or the length of the wave, is 
less or greater. 

200. Peop. To determine the notes which can he produced 
from a tvhe closed at one end. 



* A further distinction \b sometiines made by using the word tone. Thus the 
tone of a flute is different from that of other instruments, but the qualities of the 
notes obtained from different flutes may be different. 

B. H. \^ 
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We may conceive a series of similar waves produced by the 
rapid oscillations of a disc in the column of air, the successi^ 
oscillations being exactly similar to each other. 

Suppose the disc to be at one end of the tob^, the other end 
being closed, and that the motion of the air is steady, if such 
a motion be possible. By steady motion is here meant the 
perpetual recurrence, at any one point, of the same vibration. 

Let the disc be at the origin, and take I for the length of the 
tube ; then, sinc6 the velocity at the closed end is zero, 

= F(l + at)+f{l'-at) (1). 

Since the vibration of the disc is regular, the velocity at the 
origin may be represented by a periodic function (f> {at), and 

.-. <f>{at) = F{at) +f{-at) (2). 

These two equations, if ^ be given, determine Fsjiif. 
The equation (1) is true for all values of t, and therefore, 
puttmg t — for ty 

Fiat) ^-f {21 -at), 
and <f> {at) =/(- at) -/(2Z - at), 
a functional equation for the determination of/. 

The function <f> being periodic, we may hence infer that/ is 
periodic, and that its period is the same as that of <f>. 

If \ be the length of a wave proceeding from a complete 
vibration of the disc, - is the period of 0, and therefore of/ 

We have, generally, 

v= F{x^-at)-\-f{x-at)\ 

but F{x + at)= pU-VaU + ^^^jt 

= -/{^-«(« + ^^}from (1), 
= -/(2Z-a<-a;), 
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and therefore the points at which t7==0 are given by the 
equation 

f{x - at) ^f{il - a; - at). 

Now / remains unchanged when t is changed by any mul- 
tiple of - ; 

'^ a 

/. X'~at = 2l'-'X-'at± m\ 
or, 6 — a? = ±m- . 

These points of zero velocity are called nodes; their distances 
from the closed end are 0, «, 2^, 3-,.,., and the distance 

Ji ji ja 

between two consecutive nodes is half the length of a wave. 

Assuming the oscillations of the disc to be exactly the same 
in both directions, the values of /will recur with opposite signs 

whenever at is changed by an odd multiple of ^. 

But, if 8-0, F{x + at) =/(aj - at) , 
or, f{2l — at—x)=^ — /(^ "" ^0 > 

or, Z — a? = + (2m + 1) j • 

This gives a series of points of zero condensations, the dis- 
tances of which from the closed end are7,3-r,5-r,... 

4: 4 4 

These points are called loops. 

If the length I of the tube were a multiple of — , the origin 

would be a node, which is clearly impossible, and therefore the 
motion cannot be steady; if however the length be an odd 

multiple of - > the origin will be a loop, and this is consistent 

with the circumstances of the motion. 
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Taking the origin as a loop and the closed end as a node, it 

is evident that the greatest value of - is Z, and therefore the 

vibration of longest period which can be kept up in the tube is 
that for which X = 4Z. The sound thus produced is the funda- 
mental note of the tube, or the lowest note which can be obtained 

4Z 
from it, and the time of vibration for this note is — . 

a 

A state of regular vibration is always possible when X is 

such that 

and tlierefore the times of vibration corresponding to the notes, 
placed in ascending order, which can be produced from tlie 
tube, are 

4Z 4Z 4Z 

a 3a ' 5a ' * 

being in the ratios 1 :-:-:,.. . 

O '0 



Eeflectwn at the Disc. 

201. Supposing that the vibrations of the disc are main- 
tained, we have to consider its effect on the returning wave, and 
for this it is sufficient to remark that the motion would be 
practically very small compared with the rate of propagation of 
the aerial, vibrations it excites, and the returning wave will be 
reflected by it as if it were fixed. The state of vibration of 
any partidle will therefore result from the coexistence of a number 
of vibrations arising from the various waves which travel back- 
wards and forwards in the tiibe and which are continually 
reinforced by new oscillations of the disc. 

202. It is important to observe that the continuance of the 
somid depends on the fact that the tube is of finite length, and 
not merely upon the repetition of the impulses by the disc, the 
effects of which are to reinforce the fading intensities of the 
original vibration. In fact, a vibration once produced will be 
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perpjetually reflected at the ends of the tube, until it is destroyed 
by the friction of the tube, the imperfect elasticity of the closed 
end, or the friction of the air itself, so that if the disc were to 
make oscillations and then to be removed, the note would be 
produced but its intensity would rapidly diminish. As a matter 
of fact such a note would not in general be heard at all after the 
cessation of the disturbance. 

203. Effect of discontinuous oscillations of the disc. 

Conceive the disc oscillations to take place at separated in- 
tervals; then, neglecting the faint echos arising from the con- 
tinued reflections, a number of discrete waves would be propa- 
gated, and would produce on the ear, if of sufficient intensity, 
the sensation of a continued series of short cracking sounds. If, 
however, the intervals between the oscillations be made very 
small, so as to be inappreciable by the ear, the sensation will be 
that of a continued note. 

This has been in several ways put to the test of experiment ; 
for instance, in the Sirene of Cagniard de la Tour. In this 
instrument, the wind of a bellows is emitted through a small 
aperture close to which revolves a disc pierced with a number 
of holes arranged in a circle concentric with the axis of rotation ; 
and, as the disc revolves, the intervals between the holes act as 
a cover and intercept the air. When the disc revolves with 
sufficient rapidity, the result is a continued note*. 

204. We have supposed throughout the previous investiga- 
tion that the force controlling the motion of the disc is sufficiently 
powerful to render the oscillations independent of the varying 
resistance ofiered by the air, and it has resulted that the steady 
motion requisite for the production of a musical note is not 
possible except for certain definite relations between the length 
of the tube and the time of oscillation of the disc. 

In practice this is riot the case, for, whatever mode of exciting 
a vibration be adopted, it is found that the action of the air 



* In Herschers Sound, Part II., an acoount will be found of experiments elu- 
cidating this point. 
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witiiin the tube modifies the original vibration, and that vibra- 
tions consistent with the possibility of steady motion are gene- 
rally established, so that either the fundamental note or one of 
its harmonics is sounded, 

205. P£OP. To determine the notes which can he produced 
from a tvhe open at one end. 

Suppose the vibrations excited by a disc at the other end, 
at which the origin is taken. 

As in Art (186), we have 

F{l+at)^f{l^at), 

and therefore 

F{x + at) ^F[l'{-aU + ^~^ 

=f(2l-'at-x)y 

and a8=f(x—at)—f{2l'-at'-x). 

The function being periodic, if « = 0, we have 

2l'-at — x==x — at± m\, 

and therefore ? — a; = ± ^ o > 

giving a series of loops at distances m - from the open end. 

If then l = m~y a series of notes can be obtained of which 

the times of vibration are 

2Z 2? 2Z 2Z 
a* 2a' 3a' 4a'"* 

It may be noticed that the time of vibration of the funda- 
mental note of the open tube is half that of the fundamental 
note of a closed tube of the same length, and the note is there- 
fore an octave higher. 
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206. Other notes than the harmonics just discussed can be 

obtained from tubes bj making apertures at different points, and 

thus establishing communications with the external air. If, for 

instance, at a distance c from the end at which the disturbance 

is excited, an aperture be made of sufficient size, the air within 

the tube can only vibrate steadily when this aperture coincides 

with the position of a loop, and therefore 2c will be the longest 

2c ' 
possible wave, and — the time of vibration of the lowest 

a 

possible note. The other portion of the tube will be inoperative, 
unless indeed its length be a multiple of 2c, in which case it 
might be anticipated that the air within it would vibrate in 
unison with the air in the length c, and thus perhaps increase 
the intensity of the sound. 

By properly placing apertures, the notes of the diatonic scale, 
and their harmonics, can thus be produced from a single tube*. 

The construction oisi flute is an illustration of the preceding 
theory: it must be observed, however, that on account of the 
small size of the apertures and the difficulty referred to in Art. 
186, the distances of the apertures from the ends are not exactly 
the same as would be given by the theory. 



207. Case of a tube closed at both ends. 

The effect of an aerial disturbance in a tube closed at both 
ends is given by the results of Arts. 185 and 187. 

To find the notes producible from the tube, we must consider 
the conditions necessary for steady motion ; and it is clear that 
for this purpose the two ends must be nodes, and that, if Z be 
the whole length of the tube, and \ the length of the wave, 



* The ratios of the times of vibration corresponding to a set of notes in the 
diatonic scale are 

8 4 3 2 3^1 
' 9' 5' 4' 3' 5' 15' 2' 

ending at the octave of the first note. 
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I mnst be a multiple of - . The times of the vibrations of the 

notes which can be produced are therefore 

2Z 2Z 2Z • 

a * 2a' 3a''** 

the same as for a tube open at one end. 

We may suppose the disturbing cause to take effect at an 
opening, or emhotichure, at the middle of the tube. 

208. Case of a tube open at both ends. 

The condition necessary for steady motion is that the two 
ends should be loops, and this case is therefore at once reduced 
to that of a tube open at one end and having the disturbance 
excited at the other. If, however, the embouchure be in the 
middle of the tube the lowest note which can be obtained will 
be an octave higher than if the disturbance were excited at 
the end. 

In fact, each of the two preceding cases, if the embouchure 
be in the middle of the tube, is equivalent to the combination of 
tubes, each of half the length of the tube considered; and it is 
easy to see that the two portions may vibrate in unison, and that, 
if the disturbance be excited at their plane of junction, they will 
do so. 

209. The preceding investigations are applicable to the cases 
of tubes having a curved axis, provided the sectional area be not 
very large. 

Organ pipes, for instance, may be bent or crooked in form, 
and it is found that the pitch of the note depends on the length 
of the axis of the tube, and is not affected by the form of 
the axis. 

The Vibrations of Strings. 

210. A piece of string or wire, tightly stretched between 
two fixed points, can be made to vibrate, and if the vibrations be 
sufficiently rapid, a musical note will be produced. 



B 
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Let APB be a chord, stretched between the two points -4, jB, 
and represent by t its tension in the position of rest : neglecting 
the curvature due to the weight of the cord, APB will be a 
straight line, and t will be constant. We shall suppose the cord 
perfectly flexible and only slightly extensible. 

Let AP QB be the position of the vibrating cord at the time t^ 
P Q being the position of the element PQ, and taking A for the 
origin, and AB for the axis of x, let x-\-u, y^ z, be the co-ordi- 
nates of P', the position of P; u, y, z are therefore the displace- 
ments of P in directions of the axes, and are functions of x 
and t. 

Let the tension at P = T, PQ = Sx, P'Qf =S8; then, resolv- 
ing the tensions at P' and Q' parallel to the axes, their differences 
are respectively 

Also, the increased extension being proportional to the in- 
crease of tension, 

Sx fi ' 

fi being a constant*. 

Now 8s' = {Sx + SuY + S/ + 8«^ 

and, considering the small extensibility of the string, the angle 
made with -45 by the tangent at any point will be always very 

01/ oz 

small : hence the squares of -J^ and k- may be neglected, and 

we have 

Bs = Sx-^- Su, 

and therefore in the limit 



* If the string be very slightly extensible, fi is large, and is conveniently deter- 
mined by the extension produced when a given weight is supported by a given length 
of string. In fact n is then approximately the modulus of elasticity of the string. 
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K7 be the length and to the weight of the string, the mass of 
PQ = — p , and the equations of motion are 






_ d {^ d(x + u) ] ^^ 



wSxd^y _ d ( rpdy\^ 
gl df d8\ da) ' 

wSx d^z _^d f rp dz\ ^ 
gl d^ " d8\ ds) 

Putting ^ = c'and^=a«, 

taking account of the above relations, and neglecting the products 

du dy du dz 
dxds ' dxds^ 

these equations become 

d^u^ ^d^u d^y ^ ^ d^y d*z _^ ^d^z 

The variables being separated, it appears that the three sets 
of vibrations are independent of each other, and the motion 
therefore results from the co-existence of the three vibrations. 

These equations can be treated as in previous Articles, 
and it appears that c and a are respectively the velocities of 
propagation of longitudinal and transversal vibrations, the former 
being independent of the tension, and the latter depending on the 
tension, but not on the extensibility of the cord. 

Let h be the length of the cord, of which the weight is t, 

T h 
then — =T, and c^^hg^ that is, the velocity of propagation of 

transversal vibrations is the velocity which would he acquired by a 
heavy body falling through half the length of a portion of the cord, 
of which the weight is equal to the tension. 

The equations for y and z being the same, it follows that, if 
the original displacement be in a plane through ABj the motion 
will be always in that plane. 
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211. Reflection. It may be shewn, exactly as in the case of 
aerial vibrations, that any disturbance of the cord will produce 
two waves, travelling in opposite directions, and continually re- 
flected at the fixed end of the chord. 

Nodes and ventral segments. Assuming the motion in one 
plane, the plane xy^ the transversal vibrations are given by the 
equation 

and since, at the points A and By y — 0^ and -^ = 0, we have, for 

all values of t, 

O^F{at)+f{--at), 

= F{1+ at) +f(l-at) ; 
.\ F{x + at)^Fh+a(t-^^^y^ 

= -/(2Z-aj-a«), 
and tf =/(aj — at) — /(2Z — a? — at), 

or, if a?' = 2i — aj, 

-y =/(a?' - at) -f(2l -X" at). 

It is inferred from this equation that if the string were con- 
tinued beyond B, the displacement of a portion I would be always 
the same as that of AB, but in the opposite direction, and the 
point jB would remain at rest. 




The curve may evidently be continued above and below^the 
line, and it follows therefore that, if the cord be divided into any 
number of parts of equal length, regular recmTcnce of the same 
vibrations may exist in each part, and the points of division re- 
main at rest 

These points are nodes, and the portions between them are 
called ventral segments. 
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212. Harmonics. The time of a complete oscillation of the 
whole string is — , but if it be divided into ventral segments of 

the length - , all the portions will oscillate simultaneously in the 

time - , and the note produced will depend on \. 

The harmonics of the string are therefore given by the equation 

and the times of vibrations of the notes are 

2Z 2Z 2Z 

a ' 2a' 3a' 



213. Coexistence of harmonics. The functions F and / 
being arbitrary, the equation for y may be written 

y = Fj(a; -f a«) + i^,(a? + aO + ... -^ fix- at) ^-fj^x-at) + ... 

or ^=^1+2^2+ 

if^j, ^2, ... be vibrations represented by the functions F^^ f^ 
-^9^/2^ ••• ^^d therefore two or more vibrations of different kinds 
may coexist. 

In practical confirmation of this result it is well known, that, 
besides the fundamental note of a stretched cord or wire, several 
of its harmonics may be heard at the same time, or indeed any 
number of the harmonics if the vibrations have suflScient 
intensity. 

214. Particular solution of the equation for transversal 
vibrations. 

The equation, j^ = ^^77^> is satisfied if, n being an integer, 

/ . W7ra^ . r» . WTraA / ., nirx -rif • n'irx\ 
y = (ulcos — J — h i^sm — j— 1 [-4 cos— ^ — f-^sin— y-j , 

which is a particular form of the general solution. 
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Introducing the condition that ;^ = 0, when a; = and when 

a; = I, we find that A' = 0. If the string have initially no motion, 
B=0, and the form of the string at any time is given by the 
equation 

^ . mrx nirat 
y =: p sm —J- cos —J— , 

implying that the initial form of displacement is 

r, . nirx 
y=/3sm-^. 

The equation of motion is also satisfied if y be the sum of 
a series of terms of the same form, tliat is, if 

-H^ . nirx mrat 
y = 2,p sm —J- cos —j — , 

the values of fi being assigned arbitrarily for all positive integral 
values of n. 

In this case, i(y=f{x) be the initial form of displacement, 
we shall have 

2i9sin-y-=/(iK), 

the value oif(x) being given from a? = to a; = /. 

By a known theorem, (See Todhunter's Integral Calculus, 
Chapter xiii), 

f{x) = j2,^ sm-y-j Bm-^f{v)dv, 
and the values of /3 are determined by comparing the two series. 
Thus, if /3^ be the coefficient of sin—v- , 

In a similar manner particular solutions can be found for 
the cases of aerial vibrations in closed or open tubes. 
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215. The vibraUona of a stretched pba» mmwftrwwe. 

Take. the case of a plane membrane stretched tightty in 
two directions at right angles, and let ^^ ^ be the tensions in 
these directions. 

The axes of x and y being parallel to these directions, let 
X, y, z he the co-ordinates of a point of the membrane when 
slightly disturbed. Then x and y differ from their values in 
the position of rest by small quantities of the second order, and 
the equation of motion of a small element Sx.Syis 

epSxSy -^ = ^ (% "^^^ ^ ^ + 5^ (f'^^ ^^ ^) ^y> 

e being the thickness and p the density of the membrane, and 
0, 0' the inclinations to the axis of z of the tangents at the point 
{x, y, z) which are in the planes Y=^y, X=sx, respectively. 

But sin^=tan^ = -j-, and sin^ = tan^=^-; 

ooj ' ay 

.'. the equation of motion becomes 

Taking t =s t\ we fall upon the case of the vibrations of the 
membrane of a drum, and, measuring r from the centre of the 
drum-head, the equation may be transformed into 

d^z _ fd^z 1 dz\ 
^P W \df^ '^ rdi^J ' 

In Rouih and Watson's Solutions the integration of this 
equation is discussed and it is shewn that, if « = epa\ a general 
primitive is 

z==r(f>{at+r cos 0) eZd + ["-^ {at + r cos 0) log (r sin'^) d0, 
(f) and yjt being arbitrary functions. 

ITie Monochord, 

216. The results of theory may be tested by this instru- 
ment, which in its simplest form consists of a piece of wire or 
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catgut fastened at one end, and stretched over two fixed edges 
B and (7, fixed to a sonnding-board, by a weight at the other 




D 



end. Between the points B^ C, is a moveable bridge, by means 
of which any point of the string can be reduced to rest, and 
therefore by varying the weight and the position of the bridge 
any note can be produced. 

This apparatus may be employed to determine the rates of 
vibration of musical notes. Thus, if the bridge be moved until 
the fundamental note of BP is the same as any particular note, 
that is, in unison with it, and if jSP= Z, the time of vibration 



-va- 



where w is the weight of Z, and t the tension. The length I can 
be obtained from a graduated scale on AD, and t is the weight 
suspended to the string. 

For the exemplification of the theory of harmonics it is con- 
venient to have two wires of the same substance, and of the 
same length, fastened to the sounding-board, and for this purpose 
it is not necessary to produce the tension by means of a weight. 
The wires may, be tightened by screws, and equality of tension 
can be secured by sounding their fundamental notes. The move- 
able bridge may be so constructed as to be in contact with one 
wire and not with the other. 

Longitudinal Vibrations of Bods. 

217. Suppose that vibrations are excited in a straight rod 
which is slightly compressible and slightly extensible in the 
direction of its axis, and that the motion of every particle in the 
same normal section is the same and in direction of the axis. 

Let AB be the axis of the rod, the end A being fixed. 
Taking A for the origin, let x be the distance of a particular 
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section P fcom A when undistnrbed, and x + u its- distance AF 
at the time ^, PQ = Bx, the length of an element, Q the position 
of Q at the time ^, T the tension, or resistance to compression, at 
P', and r+STat Q^. 

The equation of motion is therefore 

"gl d?"^^' 
w being the weight and I the length of the rod. 

Let aa be the extension, or compression, of a length a of the 
rod produced by a force PT, and assume that the law of extension 
is the same as that of elastic strings. This assumption, if not 
true within the extreme limits of possible extension or com- 
pression, is justifiable for the small extensions which take place 
in vibrations, and we have, since hu is the extension of Sa?, 

hu_hxT T^^l^u 

aa a W ^^ Wadx' 

, d\ Ig W d^u 

and -:75^=~ — T7-8- 

dtr a w doer 

This equation is the same as that which defines the longi- 
tudinal vibrations of elastic strings, and might have been de- 
duced from it by neglecting transversal motions ; also, putting 

it appears that c is the velocity of propagation. 

dxL 
If both ends of the rod are fixed, we have w = 0, and — = 0, 

when aj = 0, or 7, and, comparing tension with condensation, 
there is an exact analogy between this case and that of a column 
of air in a tube closed at both ends. If one end is free, 

when x^ly and the analogous case is that of air in a tube open 
at one end. 
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The times of vibration of the fundamental notes in these two 

cases are therefore — and — respectively. 

c c 

The Propagation of Sound through Liquids, 

218. Liquids, it is well known, are not absolutely in- 
compressible^ but, as very great force is required to produce 
a sensible compression, it is sufficient in all ordinary cases to 
neglect the change produced in tiie volume of a compressed 
liquid. 

The great elasticity of water and other liquids renders how- 
ever such media more capable of transmitting small vibratory 
motions than the air, and the velocity of propagation is in fact 
more than four times that of sound in air. 

Suppose vibrations propagated along a column of water 
confined in a straight tube ; substituting the compressibility of 
water for that of the rod, the case is the same as that of 
Art. (217), and therefore if aa be the compression of a length a 
of the column produced by a force W, and w the weight of a 
length Z of the column, the velocity of propagation is given by 

the expression (-^ — j . 

219. It has been found that an additional pressure of one 
atmosphere produces in water, at the freezing temperature, a 
compression given by a = *000049589 ; that is, al is the dimi- 
nution produced in the height of a column I of water by the 
weight of a column of mercury 29*927 inches in height. 

If p be the density of mercury, a that of water, and if k be 

the sectional area of the column, 

1 
to =:galKj and W^ j^ gpK (29*927) ; 

and the velocity of sound in water = |— — (29-^7)1 



-( 



32;2 y 29-927 x 13-595 ^ 
"12 X -00004958 / 



B. H. VI 



since, at the freezing temperature, — = 13*595. 
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Calculating by logarithmic tables the value of this expression, 
we obtain, as the velocity of sound in water, 4693 feet per second. 

By experiments made in the Lake of Geneva in 1826, the 
velocity of sound was found to be 4708 feet per second, the 
temperature of the water being about 8* (7. 

The compressibility of the water, at the freezing point, was 
found to be the same as at the temperature 8® (7, and therefore 
the quantity a may be considered as unaflFected by a change of 
temperature. Moreover, since the atmospheric pressure employed 
is that of a standard atmosphere, the quantity p (29*927) is also 
unaffected by a change of temperature. 

The only element then which can vary in the expression for 
the velocity is the density of water, and, as this density is a 
maximum for a temperature of about 4° (7, it may be anticipated 
that the densities at 0** and at 8° (7 will be very nearly the same. 

Such in effect is the case, the densities of water at 0^ 4^ 
and 8®, being, according to the results of Despretz*, in the ratios 
•999873 : 1 : '999878. 

The velocity of sound should therefore be very nearly the 
same at 8^(7 as at 0°(7, and we must look for the causes of the 
discrepancy noticed above in the presence of extraneous sub- 
stances in the water, and in the numerous errors to which 
observations of such a kind are necessarily liable. 

It may be noticed that the heat developed by compression 
does not appear to affect in a sensible degree the velocity of 
sound in water. 

220. When two strings of the same kind, very nearly 
in unison vith each other, are set in vibration together, an 
intermitting sound is produced, and the alternations of in- 
tensity follow each other at regular intervals. If, for instance, 
the two strings belonging to any note of a pianoforte are not 
quite in unison, the note heard is alternately loud and faintt. 



• Dixon's Treatise on Heat, page 73. 

+ K there are three strings to a note, as is frequently the case, there will be a 
triple series of beats, arising from each pair of strings. 
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Such alternations of intensity are called heats, and the more 
nearly the strings are in unison the greater is the interval between 
the beats. 

Let T, T be the times of vibration in fractions of a second of 
two strings, and suppose the vibrations to commence in the same 
phase ; at first, the two vibrations will reinforce each other, but 
the faster string will gain on the other, until the vibrations are 
in opposite phases, in which case the two vibrations will partially 
destroy each other, and if the strings are exactly alike, and 
nearly in unison, there will be an instant of almost perfect silence, 
after which the vibrations will again gradually reinforce each 
other. 

Let the faster gain one vibration in x seconds ; then 

x[ > 1 = 1, or a? = 



(J-?)". 



T — T 



which is the period of the beats, and is evidently greater, as 
t' — T is smaller in comparison with t or t . 

221. It is not essential to the production of beats that the 
two strings should be nearly in unison ; beats will also be heard 
when two strings form very nearly a concord. Suppose for 
instance in the case of a perfect fifth, in which the ratio of the 
vibrations should be 3 : 2, that one string makes 201 vibrations 
while the other makes 300 ; then about the 100th of the first or 
the 150th of the second, the former will have gained half a vibra- 
tion on the other, and the two will be opposed. 

Beats will result which are very distinctly marked ; and in a 
similar manner beats can be obtained from other concords. 

The earliest notice of these sounds is by Sauveur, about 
1700. Their theory is given in Smith's HarmonicSy a treatise 
published in 1749. 

222. Of a diflferent nature are the resultant sounds which are 
sometimes heard when the concord of two notes is perfect. In 
the case of a perfect fifth every second vibration of one coincides 
with every third of the other, and the effect produced is that of a 
note exactly one octave below the lowest note of the concord. 

VI— ^ 
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These soands, called Tartini'S beats, are discussed in a 
treatise, by Tartini, dated 1754. The term svbharmonica has 
been lately applied to them by musical writers. 

In general, if in a certain fraction (t) of a second, one note 
makes m vibrations and the other w, the period of vibration of 
the resultant subharmonic is t, m and n being supposed prime 
to each other. 

223. Limits of avdibility. A.iiy aerial disturbance of suffi- 
cient intensity will produce a sound of some kind, but for the 
production of a note or continuous sound, it is necessary that 
periodical vibrations should recur with a certain degree of ra- 
pidity. It is stated by writers on music that when the number 
of vibrations is less than 16 per second, the successive impulses 
are separately appreciated, and the sensation of a continuous 
sound therefore implies that the number is greater than 16 per 
second. 

On the other hand, if the number of vibrations be greatly 
increased, that is, if the pitch of the note be very much raised, 
the sound becomes gradually faint, and beyond a certain limit is 
quite lost. This limit varies for diflferent persons, but the gene- 
ral range of human hearing from the lowest note of an organ to 
the highest appreciable sound appears to be about nine octaves. 

Hence the times of vibration of the extreme notes, and there- 
fore the lengths of the corresponding waves, are approximately 
in the ratio 2® : 1. 

If a be the velocity of sound, and I the length of an organ- 
pipe, its fundamental note arises from vibrations of which the 

2? . . 1 

period is — , and, equating this to — , 

we obtain Z = — = -— - = 34 feet nearly, 

and the wave length is therefore about 68 feet. 

68 
Hence the shortest wave length is about — ^ feet or 1.6 inches. 
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From a series of experiments performed by Savart, It appears 
that this range may be extended, and that the limits of sensibility 
of the ear are frequently separated by eleven octaves. 

In taking 1090 feet per second as the velocity of sound, we 
have supposed that the temperature is near the freezing point ; 
if the temperature be greater the velocity is greater, and the 
length I may therefore be increased, or, if I be given, the time of 
vibration will be diminished. This is in accordance with the 
known fact that the pitch of an ordinary open organ-pipe is 
raised by an increase of temperature. 
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224. The metacentre in a liquid of variable density. 

If a body floating between two liquids be displaced in a 
vertical plane with regard to which it is symmetrical, the pres- 
sures of the liquids are equivalent to two forces jpFand jp'F' 
acting through M and M\ as in Article 65. 

These may be replaced by forces qpV and qp'V* acting 
through the centres of gravity of Fand V and a couple 

Hence, if a body, floating in a liquid of variable density, be 
slightly displaced, the pressures consist of a series of vertical 
forces, and of a series of couples. 

The vertical forces are equivalent to a single force, equal to 
the weight of the whole liquid displaced, and acting through its 
original centre of gravity. 

The couples consist of a series, the terms of which are of 

the form 

Ak'eBp, 

where Bp is the difference of density of the strata separated by 
the section A. 

Hence, if po be the density at the surface, the resultant 
couple 

=^A,k,'p,e+x{Ak'Bp)e, 

and, if H be the centre of gravity of the whole mass (U) of 
liquid displaced, and M the metacentre, 

U.HM^^Aoh'po + XAJc'Sp 



= ^oVpo -h j j j y^'dxdy 0' {z) dz ; 
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(f> (z) being the densitj at the depth «, and the limits of x and 
t/ being given by the curve of section at that depth. 

225. This result may be given in a different form. 
For, if AB be the surface, and 0(7 the greatest depth. 



JAJ^dp = {Ak^p),^^Ld {AJ(?) , 
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and, if vertical lines through the boundaries of the sections PQ, 
PQ meet AB in curves Ll^ Ll\ —d{AI(f) is the moment of 
inertia of th^ area between the curves L, L\ about the horizontal 
^ line Ox perpendicular to the plane of displacement ; 



and 



U.RM 



^\\9fdydx, 



OA being the axis of y, and p the density at the extremity of 
the vertical ordinate of the body drawn through the point (a?, y). 

If the body have a flat base, p will be constant for the 
corresponding portion of the integral. 

226. We can also obtain the formula hy the method of 
Art. 58, as follows. 

Taking AGB as the plane of floatation, and aCB as the 
liquid-surface after displacement, let JBT' be the centre of gravity 
of the fluid displaced by aDh, 

Take the vertical through G as axis of Zy and Ga as axis 
of y'y then if P be any point (a?, y, z) within the body, aud PI 
the perpendicular on GAj 

Pl=izcos0+ysin0 
= z+y0 ultimately. 

And if the density p = <j>(z)y the density at P before dis^ 

placement 

= (f>{z+y0) 

to the first order. 
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Henoe^ if CT be ibe mass of liqnid dispboed. 




U.HK^jjj^ {<l>{z)+y0<l>'{z)}ydzdydx, 

U.H'K'=^jjr il>{z)ydzdydx, 

where z' is the length, nP'^ of the ordinate nP produced to meet 
the surface of the body in P'. 

By subtraction, we obtain 

U.EL=jjf il>{z)ydzdydx+jjr 0t/'il>'{z)dzdydx. 

In the first integral z is less than yd, and therefore ^ {z) to 
the first order is eqnal to 

^(0) + «f (0); 

the first integral then * 

= ^ (0) lly^Ody db to the first order, 

and the second integral 

= 0fj{<f>{z')^<l>{^y0)]fdydx. 

Further, 4>{-y0) = 4> (0) -yO ^' (0), 
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and therefore Z7. HL = ^ 1 1 y* ^ («') dy dxy 

neglecting small quantities of the second order. 
But HL = . HMf and we thus obtain 

U.HM=^jJ7/'i>{z')dydx, 

the integration extending over the plane of floatation. 

227. If the floating body be a solid of revolution, having its 
axis vertical, the above formula can be somewhat simplified. 

For, the plane of floatation being a circular area, z' is a 
Amotion of r the distance of P' from the axis, and, changing 
the independent variables from x and y to r and ^, we have 

U.HM^4: f ' r <f> {z') r« cos»^ dr dd 

Jo Jo 
= I ^{z)'irr^dr 

Jo 

= I irfyi^dvj 

Jo 

p being the density corresponding to the section of radius r. 

228. Or, for the particular case of a solid of revolution, the 
following proof may be given. 
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Take the vertex as origin, the axis of the body for axis 
of Zj and Oy horizontal, the axis of displacement being parallel 
to a?. Let PEQ be a horizontal section, and PEQ a section 
through E inclined at a small angle 6 to PEQ. 
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Then if <f> be the angle between EP and the tangent at P, 

EF = EP+EP,e cot (f>, 
and EQf ^EQ-EQ^B cot 0, ultimately ; 

.-. FQ^PQ to the 1st order, 
and the area PEQl = that of PEQ, 

If E be the middle point of P' ^, 

jE;JS;'==i(jEP'--jE;^)==jEP.5.cot^ = ytfcot^. 

In the position of displacement, let Oil i/ 

be the perpendicular from upon the vertical ^ 

through E'\ 

then OL'^OE.e^-EE 

= Z0 + y0COt(f>f 

and the moment about of the fluid pressure 

= XgpTTt^ dz [z6-\-y0 cot ^} 

= 1 5'^/57r/j« + yj^[cfe, where OG^c. 

If the equilibrium be stable, this moment must be greater 

than 

W. OG.0, 

W being the weight of the body. 

Also W . 0H=^ \ gpin^z dzj 

and, if the line of action of the resultant fluid pressure meet the 
axis in M, the moment = W. OM. ; 

.-. W.OM=jffpir!/'(z-^y^'jdz; 
and W. HM= j gpiry^ -^ dz^ 

Jo 

remembering that p is a function of z and therefore of y. 
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EXAMPLES. 

1. An isosceles triangular lamina ABC floats with its base AB 

horizontal, and above the surface, in a liquid, the density of which 

varies as the depth: if h be the depth of C below the surfitce, the 

height of the metacentre above G is 

1, ,G 
^Asec^. 

2. An elliptic lamina floats half immersed, with its transverse 
axis (2a) vertical^ in a liquid, the density of which varies as the 
square of the depth ; prove that the depth of the metacentre is 

32 ae^ . 

e being the eccentricity. 

3. A right circular cylinder rests in a liquid with its axis 
vertical and a length c immersed. The density at a depth z being 
^ (z\ shew that the depth of the metacentre is 



f. 



a? 



z^(z)dz--r-^(a) 



\ ^ («) dz 

Jo 



4. A paraboloid of revolution floats with its axis vertical and 
vertex downwards in a liquid, the density of which varies as the 
depth; the equilibrium will be stable or unstable, according as 4c is 
less or greater than 3 (w + a), where c is the length of the axis, a the 
length immersed, and m the latus rectum of the generating parabola. 

d. A prolate spheroid floats half immersed, with its axis ver- 
tical, in a liquid, the density of which varies as the square of the 
depth; the height of the metacentre above the surface is 

15 a'- 6^ 
24 6 * 

6. A homogeneous cone floats with its vertex downwards in a 
liquid whose density varies as the square of the depth ; if the density 
of the cone be equal to that of the liquid at a depth equal to a flfbh ' 
of the height of the cone, find the vertical angle when the equilibrium 
is neutral. . 
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229. The relation to which allimon is made in Art. 98 may 
he demonstrated a^ follows. 

Take any point on the surface, and take two directions 
OA^ OB at right angles to each other. 

Let <, ^ be the tensions in these directions, and T', T the 
tangential actions in the same directions. 

Oz being the normal at 0, draw four planes parallel to, and 
very near to, the normal planes A Ozy BOz^ cutting the surface 
in CD, BE, EF, FG. 

Then, ultimately, the tangential actions, T. GB and T. EF 
on GB and EF are equal and opposite, as are also those on 
EB and GF. 




Hence, by taking moments about OZ^ it appears that 

Let the tangent lines to OA^ OB be axes of x and y, and 
let {x, 0, z) be coordinates of A. 

The value of -7- at -4 = ^ ^ + 5 'TJi a? + ..., the expressions 

d^z 

-t;^ , ... being the values of the differential coefficients at 0. So 

dz J _ d*z 
at/ dxdy 

The equations of the tangent line to OA at J[ are 

X=aj, Z'-z—sx.Y, 



where «=-i — 5-, 

ax ay 

and its direction-cosines are 



0, ' 
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Similarly, the direction-cosines of the tangent at B are 



1 - gy 



0, 



V(i + ^y) ' ^' 7(1 + .y) • 

Taking p for the normal pressure at 0, and resolving the 
forces on CZ>-&i^ parallel to Oz^ we obtain ultimately 

2^. CD— + 2t'.DE^+ T. CD. ax-- T.EFl-^sx) 

+ T.ED.sy- T. GF{r^sy) =^. CD.DE^ 

or _ + --^22';i— 7-=i> (1). 



230. The form of rehiive eguilibrium of a mass of rotating 
liquid. 

The following proof of Jacobi's statement, quoted in Art. 
(116), is taken from a paper by Liouville in the Journal de 
VEcoh Polytechniquej Tome xiv. 

Taking the axis of rotation for the axis of z^ suppose, if 
possible, that the surface of the liquid is of the form given by 
the equation 

rTv+r^'+'-'' «• 

Then, if Jlf be the mass of the liquid, the resultant attractions 
on a particle at the point (a?, y, z) of the surface are respectively 
-4a?, By^ and Cfe*. 



See the M4c<miqae CiU^ Tome ii^ or Dahainer« Cowre de Micanique, 



MISCELLANEOUS PROBLEMS. 

1. A HEMISPHERICAL bowl is filled with water ; if the internal 
surface be divided by horizontal planes into n portions, on each of 
which the whole pressure is the same, and \ be the depth of the r^^ 
of these planes, prove that 



a beiug the radius. 



^= 'ft 



2. A tube, in the form of an equilateral triangle, is filled with 
equal volumes of three liquids, the densities of which are as 1 : 2 : 3 ; 
the triangle is hung over a smooth peg ; find the positions of equi* 
librium. 

3. A rigid spherical envelope of radius a is filled with elastic 
fluid of mass M which is acted on by a repulsive force = fi (dist.)* from 
a point in the surface of the envelope : k being a constant depending 
on the nature of the fluid, shew that the total normal pressure on 
the envelope is 

I aj€ ^ ax 



dx 



/:(•''-■) 



4. A vessel is in the form of a right cone without weight, the 
vertical angle being 2a ; the vessel is filled with homogeneous liquid 
and then suspended by a point in the rim : if )8 be the inclination of 
the axis of the cone to the vertical, shew that 

3 

cot 2p = cot 2a - J cosec 2a. 

6. If the depths of the angular points of a triangle below the 
surface of a fluid be a, h, c, shew that the depth of the centre of pres- 
sure below the centre of gravity is 

{ h^cY + { c-af + {a-hy 
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6. Find the centre of pressure upon a portion of a vertical 
cylinder containing fluid, the portion being such as when unwrapped 
to form an isosceles triangle, the base of which when forming part of 
the cylinder is horizontal, and the vertex at the sur&ce of the fluid. 
If this portion be divided into two equal parts by a vertical plane^ 
find the least couple which will prevent either of the parts from turn- 
ing round. 

7. Two cubical vessels of height a have their bases horizontal 
and a common vertical &ce, in which an aperture is cut in the form 
of an equilateral triangle, whose vertex is in the base and opposite 
side horizontal, the length of the side being a. Fitted into this 
aperture is a prism of length l{l<,a)y which slides freely. Equal 
volumes of two fluids, the specific gravities of which are in the ratio 
27 : 8, are poured into the respective vessels. Determine under 
what conditions the prism may be in equilibrium, and prove that it 
never can be so unless 

I be >qO. 
o 

8. A spherical shell, whose interior radius is a» is filled with 
fluid of uniform density p, and revolves with uniform angular velo- 
city Q) about the vertical diameter of the shell; shew that, if the 
total normal pressure on the upper half of the shell be to that on the 
lower half as m : n, the pressure at the highest point of the fluid is 



(3wi — nga <i)'a'| 



^ • 9. A closed vessel full of liquid is made to revolve with uniform 
^ angular velocity cd about a vertical axis through its highest point; 
,« ^ shew that the total pressure of the liquid on the surface of the vessel 

is increased by ^ AT^p^ : A being the area of the surface, h the radius 



5C 



r 



^i ^ of gyration of the surface about the vertical axis, and p the density 
^ of the liquid. 

10. Two very smidl spheres, of the same size but different den- 
sities, are connected by a fine string and immersed in a fluid^ which 
rotates uniformly about a fixed axis, and is not acted upon by any 
forces ; the density of the fluid being intermediate between the 
densities of the spheres, find their position of relative equilibrium. 
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11. A hollow sphere, filled with equal quantities of two incom- 
pressible fluids which do not mix, revolves uniformly about its vertical 
diameter, and the fluid particles are relatively at rest. Find the 
angular velocity when the lighter fluid just touches the lowest point 
in the sur^Mse of the sphere. 

12. A conical vessel is divided into two parts by a plane through 
its axis, and the parts are prevented from separating by a string which 
is a diameter of the rim of the vessel and is perpendicular to the di- 
viding plane, and by a hinge at the vertex. Supposing the vessel 
placed with its vertex downwards, its axis vertical, and to be filled 
with fluid, compare the tension of the string with the weight of the 
fluid. 

13. All space being supposed filled with an elastic fluid whose 
volume at a given density is known, the particles of which are at- 
tracted to a given point by a force varying as the distance ; find the 
pressure on a circular disc placed with its centre at the centre of force. 

14. A hoUow cylinder is filled with inelastic fluid and made to 
revolve about a vertical axis attached to the centre of its upper plane 
face with a velocity suf^cient to retain it at the sanie inclination to 
the axis. Find at what point of the face a hole might be bored with- 
out loss of fluid. 

15. A mass of inelastic fluid is contained between three coordi- 
nate planes, each of which attracts with a force varying as the distance, 
and the absolute forces of attraction /x, /a', /a", are in harmonic pro- 
gression. Half an ellipsoid is fixed with its plane face against one of 
the co-ordinate planes, and its surface touching the other planes,^ its 
axes being parallel to the co-ordinate axes and proportional to 

_1 J_ JL 

If thera be not sufficient fluid quite to cover the ellipsoid, the 
uncovered part will be bounded by a circle. 

16. A uiiiform inelastic fluid contained in a closed vessel revolves 
about a fixed axis with a given angulai: velocity, and l^as in it a par- 
ticle of solid matter which at a given epoch has a given position in 
the fluid and the same motion as the adjacent particles of fluid, find 
what its course in the fluid will be afterwards ; neglecting the resist- 

B. H. \^ 
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ance. What will be the difference if the fluid and pjorticle, instead 
of being contained in a cloeed vessel, be attracted to the axis of revo- 
lution by a force yarying as the distance ) 

17. A mass of homogeneous fluid is subject to the mutual gravi- 
tation of its particles, and to a repulsive force tending from a plane 
through its centre of gravity and varying as the perpendicular distance 
from that plane; shew that the conditions of equilibrium will be 
satisfied if the surface be a prolate spheroid of a certain ellipticity, 
provided the repulsive force be not too great. 

18. A right cylindrical vessel on a plane base contains a certain 
quantity of elastic fluid, which is confined within it by a disc exactly 
similar and parallel to the base ; shew that the pressure of the flaid 
on the curved sur&ce of the cylinder is independent of the position 
of the disc, the temperature of the fluid being constant. 

19. The pressure of a quantity of air, saturated with vapour, is 
observed : the mixture is then compressed into half its former volume, 
and, afler the temperature has been lowered xmtil it becomes the same 
as at first, the pressure is again observed ; hence find what would be 
the pressure of the air (occupying its original space) if it were de- 
prived of its vapour without having its temperature changed. 

20. A cylindrical diving-bell is suspended with its axis vertical 
at a depth such that the water rises half way up the bell : fi.nd the 
least distance of the centre of gravity of the bell from the centre of 
its upper surface, consistent with the condition that the eqiiilibrium 
may be stable with reference to an angular displacement of the axis. 

21. A cylinder makes vertical oscillations in a fluid contained 
in another cylinder, the radius of which is n times that of the former; 
shew that the depth of the axis immeraed when in a position of rest 
is gt'n'-Hr^ (^' — 1) where t is the time of an oscillation. 

22. A vessel in the form of a paraboloid with its axis vertical, 
contains a qu^tity of fluid equal in volume to that of a segment of 
a paraboloid, of the same latus rectum, floating in it : if this be raised 
till its vertex is just in the surface of the fluid, and if it then sink to 
a depth equal to | of its axis before returning, shew that the density 
of the fluid : that of the paraboloid : : 48 : 7. 

23. A right circular cone has a plane base in the form of an 
ellipse; the cone floats on a fluid with its longest generating line I 
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horizontal : if 2a be the yertical angle of the cone, and j3 the angle 
between the plane base and the shortest generating line, shew that 

cot 5 = cot 4a — - cbsec 4a, 

o 

24. Two rods of the same substance have their ends fastened 
together at a given angle, and float in a heavy fluid with the angle 
immersed; shew that the problem of finding the positions of equi- 
librium is the same as that of drawing normals to a parabola from a 
point within it. Hence And the number of positions of equilibrium. 

25. A hollow hemispherical cup is closed by a lid of the same 
small thickness and of the same substance ; shew that, if it float in a 
liquid of known speciflc gravity with its centre in the surfJEUse, the 
inclination of the lid to the vertical will be 11° 15'. 

26. A hollow cylinder containing air is fitted with an air-tight 
piston which when the cylinder is placed vertically is at a given 
height above the base ; the cylinder being now inverted and placed 
vertically in a fluid sinks partly below the surface ; find the position 
of equilibrium. 

27. "Water rests upon mercury, and a cone is too heavy to rest 
without its vertex penetrating the mercury ; find the density of the 
cone that the equilibrium may be stable, 



?-• 



28. A solid generated by the revolution of the curve y oc « 

around the Bj^a of or, fioats in a fiuid with a portion h of the axis 

1 
immersed. If the solid be depressed through (w*-^ - 1)^, it will, on 

its return, just emerge from the fluid, 

29. A right cone is floating with its axis vertical and vertex 

downwards in a fluid, and - th part of the axis is inunersed; a weight 

equal to the weight of the cone is placed on the base, upon which the 
cone sinks till its axis is totally immersed, before riging, shew that 

W* + W' + 71 = 7. 

30. A thin cylinder, closed at the bottom, but open at the top, 
has a closely fitting piston without weight capable of moving in it 
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without Motion. If this cylinder be filled with atmosph^c air, and, 
being just immersed in water with its axis vertical, be allowed to 
sink, find its velocity when it is at a given depth, the resistance being 
neglected. 

31. A solid cone whose axis is vertical and vertex downwards 
is moveable about an axis coincident with a generating line ; to what 
depth must the £fystem be immersed in water, in order that the equi- 
librium of the cone may be stable) 

32. A right prism on a square base has another prism, also on 
a square base, attached to it, so that their axes are coincident and 
sides parallel, and the whole floats on a fluid with their common 
plane in the plane of floatation. If the sides of the bases of the two 
prisms are in the ratio 2:1, find their limiting heights in order that 
the equilibrium may be stable. 

33. A heavy cube is moveable about an axis, which passes 
through, and bisects, the opposite sides of one face ; this axis being 
fixed horizontally within an empty vessel, so that the cube is sus- 
pended in the position of equilibrium, find the depth to which fluid 
must be poured in, so as to render the equilibrium unstable, and the 
greatest ratio of the densities of the cube and fluid, that this may be 
possible. 

Supposing the cube half immersed and the equilibrium stable, 
find the time of a small oscillation. 

34. If a solid ellipsoid, every particle of which attracts with a 
force varying"] inversely as the square of the distance, be surrounded 
by a mass of homogeneous liquid, find the surfisuses of equal pressure. 

35. A straight uniform rod consisting of matter attracting as 
(dist)~* is surrounded by fluid at rest subject to its attraction only : 
shew that the diflerential equation to the meridian sections of the 
surfisu^es of equal pressure can be put in the form 

r, / being the distances of the point xy from the ends of the rod, and 
}ff the angle subtended by the rod at that point. 

36« A right circular cylinder, whose axis is vertical, contains a 
quantity of liquid, the density of which varies as the depth, and a 
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right cone, whose axis is coincident with that of the cylinder, and 
which is of equal base, is allowed to sink slowly into the liquid with 
its vertex downwards. If the cone be in equilibrium when just 
immersed, prove that the density of the cone is equal to the initial 

density of the liquid at a depth equal to y^th the length of the axis 

of the cone. 

37. If a given quantity of homogeneous matter be formed into 
a paraboloid of revolution and allowed to float in water with the 
vertex downwards, the square of the distance of the centre of gravity 
from the plane of floatation will be inversely proportional to the 
latus rectuuL 

38. A semicircidar cylinder rests with its axis vertical in a 
liquid of twice its own density; if it be moveable about the line of 
intersection of its vertical plane £Eice with the sur&ce. And the con- 
dition of stability. 

39. Two equal light spheres of the same substance are attached 
by strings of lengths r, / to a point in the bottom of a vessel of 
water— they are mutually repulsive and rest at a distance x from 
each other : shew that the line joining them is inclined to the horizon 

at sin — . : 

a? N/2(r* + /*)-«* 

also if ^(o?) be the repulsion 

Fx 

P being the fluid pressure on either sphere. 

40. An embankment of triangular section ABC supports the 
pressure of water on the side BG : And the condition of its not being 
overturned about the angle A when the water reaches to B, the 
vertex of the triangle : and shew that, when the area of the triangle 
is reduced to the minimum consistent with stability for a given depth 
of water. 



tan (7 = 



tanuis 



3-« ' 



8-1 

where 8 is the specific gravity of the embankment. 
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41. A spherical shell, the internal surface of which is smooth, is 
jnst filled with inelastic fluid, and, being suspended from a fixed 
point by a wire or rod fastened to its surface, is made to oscillate as 
a pendulum in a vertical plane; detei*mine at any instant the sur- 
&ces of equal pressure in the fluid. If the motion be at any instant 
suddenly stopped, find the impulsive pressure at any point, and the 
whole impulse on the internal surface of the shelL 

42. A mass (if) of fluid, in which the density at any point is 
the sum of a given constant quantity and a quantity bearing a given 
constant ratio to the pressure at that point, revolves about a fixed 
axis with a given constant angular velocity, and is attracted to a 
point in that axis by a given force which varies as the distance : find 
the form of the free surface; and shew that its least semi-diameter 
(6) is determined by the equation, 

6 «* afdiCy 



Jq 



when m and c are given constants. 

43. A centre of force, repelling inversely as the square of the 
distance, lies below the sur&ce of a homogeneous inelastic fluid, 
which is also acted on by gravity and is at rest : the intensity of the 
force, at a point in the surfiice of the fluid vertically above its centre, 
is equal to that of gravity : prove that the external surface of the 
fluid has a horizontal asymptotic plane, and that the centre of force 
is environed by an internal cavity, the summit of which is at the 
external surface of the fluid. 

Find the volume of the cavity in terms of its length. 

44. A candle of s.g. p floats vertically in still water of s.g. <r. 
It is lighted and the flame is observed to descend towards the water 
with uniform velocity w, and the velocity with which the candle 
bums is V : prove that 



cm 

17= 



iT-p 

Prove also, that if the flame be extinguished when a length I of 
candle remains, the candle will rise out of the water if t; be 



^ 



— ; 
P 
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but if V be ^J— 

the time of an oscillation will be 



V <rflr 



^9 

45. A cylindrical tube, containing air, is closed at one extremity 
by a fixed plate, the other extremity being open; a piston just fitting 
the tube slides within it, and the centres of the plate and piston are 
connected by an elastic string, the modulus of elasticity of which is 
equal to the atmospheric pressure on the piston; prove that, if ^ be 
the natural length of the string, and a its length when the air 
between the piston and the fixed plate is in its natural state, I being 
less than a, the length of the string in the position of equilibrium 
will be (^a)*. If the piston be sHghtly displaced from this position, 
find the time of a small oseillation. 

46. A piston without weight fits into a vertical cylinder, closed 
at its base and filled with air, and is initially at the top of the 
cylinder; if water be slowly poured on the top of the piston, shew 
that the upper surface of the water will be lowest when the depth of 
the water is tJipK) — ^, where /* is the height of the water barometer^ 
and a the height of the cylinder. 

47. An elastic spherical envelop is in equilibrium when it con- 
tains air at twice the atmospheric density, and its radius is twice the 

natural size : if the barometer fall - th of an inch, find the time of a 

n 

small oscillation in the magnitude of the envelope. 

48. The main of the water supply of a town is one foot in 
diameter, and side pipes four inches in diameter leave it at intervals 
successively; find the velocity in the main after any number of these 
side pipes have been passed ; that before passing any of them being 
given, and the water being supposed to flow freely and steadily 
in all. 

49. A closed cubical box, very nearly filled with fluid, is placed 
on a smooth horizontal table, so that two of its faces are parallel to 
the edge of the table, and a string, passing over the edge and sup- 
porting a weight, is fastened to the middle point of the base of the 
nearest &ce; determine the surfaces of equal pressure in the fluid 
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during the motion, and compare the pressures on the top and on the 
base of the box. 

If a small sphere of greater density than the fluid be suspended 
in it bj a string fastened to the top of the box, and another small 
sphere of less density than the fluid be attached by a string to the 
base of the box. And the directions of the strings when the spheres 
are in equilibrium relative to the fluid. 

What would be the effect on these spheres of suddenly destroying 
the motion of the box? 

50. A closed cylindrical vessel one foot in height is half full of 
water, the other half being occupied by atmospheric air; if two small 
apertures be made, one at the base of the cylinder and the other €ive 
inches above it, shew that the density of the air in the yessel will 

decrease untU it is (l - A) timee ita original value approximately, 

and then increase again, h being the height of a water barometer in 
feet. 

51. Incompressible fluid is at rest under the action of forces 

a" 6" c" 

respectively parallel to the axes, and a particle, the density of which 
is less than that of the fluid, is placed anywhere in the surface 

of y^ :^ 

prove that, neglecting the resistance, the vielocity of the particle 
when crossing the surface defined by the quantity m! varies as 

52.' If the particles of a mass of fluid rotating uniformly about 
a flxed axis, attract one another according to such a law that the 
surfaces of equal pressure are similar coaxial oblate spheroids, prove 
that the resultant attraction of a spheroid, the particles of which 
attract according to the same law, is the resultant of two forces 
perpendicular to the equator and the axis of revolution respectivelyi 
and varyiag as the distance of the attracted point from them. 
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53. A spherical shell, the internal sur&ce of which is smooth, 
is filled with inelastic fluid, and, being suspended from a fixed point 
by a string fastened to a point in its surface, is made to swing as a 
conical pendulum; determine at any instant the sur&ces of equal 
pressure in the fluid. 

54. A hollow cylinder of height 2h and radius c with both ends 
closed contains water, and is placed with the centre of its base in 
contact with the highest point of a rough sphere of radius r; the 
weight of the water is equal to that of the cylinder, shew that the 
equilibrium will be stable if the water occupy a length of the cylinder 
which lies between the roots of 

2ic'-4(2r-% + c» = 0. 

55. A parabolic lamina, bounded by a double ordinate perpen- 
dicular to the axis, floats in a liquid with its focus in the sur&ce 

and its axis inclined at an angle tan"^-^ to the vertical ; ' ^piroYe 

that the density of the liquid is to that of the lamina as 216 : 121, 
and that the length of the bounding ordinate is three times the latuj 
rectum. 

b^, A parabolical cup, the weight of which is TT, standing on a 
horizontable table, contains a quantity of water, the weight of which 
is T^YT; if >^ be the height of the centre of gravity of the cup and 
the contained water, the equilibrium will be stfible provided the 
latus rectum of the parabola be 

> 2(71+1) A. 

57. A cone of vertical angle 2a floats in a cylinder of radius a 
with a length A of its axis immersed. If it be pushed vertically 
downwards through a small space, shew that the time of an oscil- 
lation is 

, ^ —l? tan' a) A 



J^ 



^a'g 



58. A hollow prolate spheroid is just filled with liquid, which is 
attracted to the two foci with forces varying inversely as the square 
of the distance, the absolute forces being the same; find the whole 
pressure on the sur&ce of the spheroid. 
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59. A solid is composed of two cubes, symmetricallj joined 
together, but of different material and size. It floats with the com- 
mon plane in the surface of a fluid. Find the condition of stabilily. 

60. A quantity of fluid whose density Yaries as its depth fills an 
inverted paraboloid, of latus rectum c, to a height h; prove that, if 
it be poured into a vessel of the form generated by the revolution 
round the axis of x of the curve 

a*y' = 2€h'x{a-x) {2a — x) 

where a is any constant, its density will vary as the square of its 
deptL 

61. A soap-bubble film at first rectangular is bounded by the 
sides of a cylindrical wet tube, and by diametral wires ; if one of the 
wires be turned round the axis of the tube, and the film be left to 
settle itself, shew that the conditions of its equilibrium will be satis- 
fied by the helicoidal form, the weight of the film being neglected. 

62. If a solid of revolution be immersed in a heavy homogeneous 
fiuid with its axis vertical, prove that, when the total normal pres- 
sure on the surface is a minimum, its form must be such that the 
numerical value of the diameter of curvature of the meridian at any 
point is a harmonic mean between the segments of the normal to the 
surface at that point intercepted between the point and the sur&ce of 
the fluid and between the point and the axis, respectively. 

63. A cylindrical aperture cut through a solid cylinder, with 
its axis parallel to that of the cylinder, is filled with fluid of the 
same density as the cylinder, and closed so that no fluid can escape; 
the cylinder being made to roll on a rough horizontal plane, shew 
that its motion will be uniform. 

Determine also the surfaces of equal pi'essure at any instant, and 
trace their changes through a whole revolution of the cylinder. 

64. A slender fluid ring revolves uniformly round a centre of 
force situated at its centre, the force varying inversely as the square 
of the distance; find approximately the form of a section of the ring. 

65. A vessel of given capacity, in the form of a surface of revo- 
lution with two circular ends, is just filled with inelastic fluid which 
revolves about the axis of the vessel, and is supposed to be free from 
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the action of gravity: investigate the form of the vessel that the 
whole pressure which the fluid exerts upon it may be the least 
possible, the magnitudes of the circular ends being given. 

Shew that, for a certain relation between the radii of the circular 
ends, the generating curve of the sur&ce is the common catenary. 

66. A vertical tube, open at both ends and of the same trans- 
verse section throughout, is kept at a uniform temperature: sup- 
posing the increase of temperature of any portion of air within the 
tube to be proportional to the time, shew that the velocity of the 
current of air at a distance x from the bottom is given by the 

equation 

v' + 2gx , gv + ka ha 

o - = log ' + r- • 

2gc^ Cg gv-\-ka 

How may the constants c, , c, be determined ? 

67. A right circular cone, with axis vertical and vertex up- 
wards, is initially full of fluid which escapes by a small orifice in 
the curved surface; assuming the motion to be approximately steady, 
determine 

(1) The time of emptying; 

(2) The locus of the foci of the parabolic paths described by 
individual particles of fluid ; 

(3) The mean height above the orifice reached by the jet during 
the motion. 

68. A small body floats on the surface of a liquid which rotates 
with uniform angular velocity about a vertical axis: shew that it 
cannot be in relative equilibrium unless its centre of gravity either 
lies on the axis or coincides with the centre of gravity of the fluid 
displaced, and find what will happen when neither of these conditions 
is fulfilled. 

69. A spherical shell, the internal surface of which is smooth, is 
just filled with inelastic fluid, and, being placed initially very near 
the highest point of a fixed rough sphere, is allowed to roll down; 
determine at any time the surfaces of equal pressure in the fluid. 

If the motion be at any instant suddenly arrested, compare the 
whole impulsive actions on the portions into which the internal sur- 
face is divided by a horizontal plane through its centre. 
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70. On a horizontal plane stand a frastum of a cone filled ^ith 
fluid and an empty hemispherical bowl. A small orifice is made in 
the former, in the vertical plane through the axes of both vessels, and 
at a height equal to a radius of the latter. Given that the bowl 
stands altogether within the range of the stream as it first issues, 
determine the quantity of fluid which will be poured into it. 

71. A sphere of less specific gravity than water is placed at a 
given depth in a stream running with a given uniform velocity, and 
then lefb to the action of the stream ; find the motion and path of the 
sphere. 

72. In the eruption of a volcano, it has been remarked that every 
ejection of stones is accompanied with an explosion like artillery, 
when heard at a distance, but that when near, the sound resembles 
rather that of a loud and deep sigh, unaccompanied by any sudden 
burst; explain this phenomenon, and apply the principle of your 
explanation to shew that a flash of lightning may produce a length- 
ened peal of thunder, without the reverberation of the clouds. 

73. If there be vibrating plates at each end of a tube, how must 
the times of vibration be related, so that musical notes may be pro- 
duced? 

74. The same musical note is produced in each of two railway 
trains travelling in the same direction ; shew that a person standing 
on the line between the trains will hear beats, and determine the 
number of beats per second, when the pitch of the note and the velo- 
cities of the trains are given. 

75. A uniform bent tube of given length, the two legs of which 
are vertical and of the same height, is filled with fluid. A heavy 
plug exactly fitting the tube is placed upon the surface of the fluid in 
one of the open ends of the tube, and is allowed to descend by its 
own weight; determine the greatest depth to which it will sink; and 
if the length and weight of the plug be small, shew that it will dis- 
place very nearly twice its own weight of the fluid. 

In the latter case determine the amplitude and time of an oscil- 
lation. 

76. A globule of inelastic fluid &lls under gravity through a 
medium, which exerts on it at any point of its surface a pressure 



MISCELLANEOUS PROBLEMS. 285 

which is equal to a eonstant pressure increased, if the sur&ce at that 
point be moving in the direction opposite to that in which the pres- 
sure acts, and diminished, if in the same direction, by a quantity 
proportional to the normal velocity of the surface at that point ; shew 
that when the globule has attained its terminal velocity its figure 
will be a sphere. 

77. A circular cricket-field is surrounded by a fence consisting 
of a great number of equidistant palings, the plane of each being 
perpendicidar to the radius; a player at the centre upon striking a 
ball hears an echo of the sound of the blow, while to a spectator 
placed elsewhere the echo is replaced by a metallic ringing sound: 
explain this. 

78. At a station on a railway passed at full speed by a train, a 
certain musical note is sounded; explain the difference of the sounds 
heard by a person in the train as it approaches to and recedes from 
the station. 

79. If a body float at rest, shew that for any displacement, con- 
sistent with the condition that the weight of the fluid displaced be 
equal to that of the float, the difference of the distances of the centres 
of gravity of the float and of the fluid displaced below the surface of 
the fluid will, in general, be a maximum or minimum according as 
the equilibrium is unstable or stable. 

Moreover if -^ be this difference, and the body be symmetrical 
with respect to a vertical plane, perpendicular to the line about 
which the displacement aforesaid is made, and be the inclination of 
any flxed line in the body and in that plane to the vertical, the time 
of a small oscillation will be that of a simple pendulum of which the 

length is -j™, where k is the radius of gyration about a line through 

the centre of gravity parallel to the axis of displacement 

Mention any conditions which limit the generality of these 
theorems. 

80. If the earth be supposed spherical and covered with an 
ocean of small depth, and if the attraction of the particles of water 
on each other be omitted, the ellipticity of the ocean spheroid will be 
given by the equation, 

_ centrifugal force at the equator 
"" force of gravity at the earth's surface ' 
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81. A pneumatic railway carriage can move freely without fnc- 
tion in a tunnel which it exactly fits. It is placed at rest at one end, 
and an engine begins to exhaust the air at the other, pumping oat 
equal volumes in equal times. 

Shew that at dme t the distance of the carriage from the end to 
which it is travelling is determined by an equation of the form 

cTup - dx , 
» -T-g + 6 ^ + w (aj + 6«) = wa, 

%^. A sphere of homogeneous liquid is at rest, its snr&ce sus- 
taining a constant pressure m^ and no forces being in action. If a 
concentric spherical portion, of radius a, be suddenly annihilated, 
shew that when the radii of the internal and external sur&ces are 
respectively r and -ff, the velocity F of the internal surface is given 
by the equation 

/I l\^,_2tgra'-r^ 
\r R) 3 p r^ ' 

where p is the density. 

If at any instant the motion be stopped by a concentric inelastic 
sphere, prove that the whole impulse on the sphere is to the whole 
momentum destroyed in the ratio of the internal and external radii 

83. A mass of fluid is in motion in any manner, and an indefi- 
nitely small portion, the principal moments of which are A, By C, is 
suddenly solidified; prove that, if the coordinate axes coincide in 
direction with the principal axes of the solidified portion, and u, v, w, 
be the component velocities at the points (a;, y, z), the initial compo- 
nent angular velocities of the solidified portion will respectively be 

A-^B-C dv A-B-^G dw ^A+B-hC dw A-^B-C du 
2A dz 2A dy' 2B dx" 2B dz* 

A-B + C du "A+B + C dv 
20 dy 2C dx' 

84. A swollen river flows through two bridges, first through -4, 
then through B, the breadth of its channel being considerably nar- 
rower at each bridge than between them, where the section of the 
trough of the river is a constant rectangle ; the river is at its greatest 
height so that the motion may be considered steady: consider (1) the 
effect of the variation of the normal section on the velocity of the 
main current, (2) the corresponding variation of the pressure. 



i'-i'.=«V,,^ p. 
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(3) Shew that the sur&ce of the fluid in motion will not be hori- 
ssontal, (4) that there will be parts of the fluid C, G\ near the banks 
between A and B which have no velocity parallel to AB, and that 
there will be side currents from (7, C\ towards A as well as towards B. 

85. Prove that in order that indefinite plane waves may be 
transmitted, without alteration, with a uniform velocity a in a 
homogeneous fluid medium, the pressure and density must be con- 
nected by the equation 

where p^ and p^ are the pressure and density in the undisturbed part 
of the fluid. 

86. Air is confined between two planes near each other and 
a small circular disturbance is excited about any point ; investigate 
the differential equation for the propagation of the motion, and prove 

that, if -^ be the velocity of a particle at a distance r from the origin, 

the equation is satisfied by 

^= I \l/{at + rcoa0)dO 
where ^ is an arbitrary function. 

87. Prove that) if the Earth be considered as a homogeneous 
mass of fluid in the form of a spheroid, revolving with a uniform 
angular velocity about its axis, gravity at any point acts along the 
normal, and is proportional to the parfc of the normal intercepted 
between the point of contact and the plane of the equator. 

If the Earth be completely covered by a sea of small depth, prove 
that the depth in latitude I is veiy nearly equal to jBr(l— csin'Z), 
where ff is the depth at the equator, and c the ellipticity of the 
Earth. 

88. A mass M of fluid is running roimd a circular channel 
of radius a with velocity u : another equal mass of fluid is running 
round a channel of radius b with velocity v ; the radius of the one 
channel is made to increase and the other to diminish till each has 
the original value of the other : shew that the work required to pro- 
duce the change is 
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Hence shew that the motion of a floid in a circular whirlpool will 
be stable or unstable according as the areas described by particles in 
equal times increase or diminish from centre to circumference. 

89. A small rigid vertical cylinder, containing air, is rigidly 

closed at the bottom, and covered at the top by a disc of very small 

weight which fits it air tight. Supposing the air in the cylinder to 

2ir 
be set in vibration, prove that the period of a vibration is — , m being 

m 

a root of the equation 

, ml K0n 
m tan — = • ; 

where I is the length of the tube, a the velocity of sound in air, /x the 
mass, K the area of the disk, jt? oc p (1 + ps) the relation between the 
pressure and density when the latter is suddenly changed from p to 
p(l + «), and n the pressure of the air in the cylinder before motion 
commences. 

90. The base of an infinite cylinder is the space contained be- 
tween an equilateral hyperbola and its asymptotes. A plane is drawn 
perpendicular to the base, and cutting it in a straight line parallel to 
an asymptote, and the portion of the cylinder between this plane and 
its parallel asymptote is filled with homogeneous fluid, under the 
action of no impressed forces. The plane being suddenly removed, 
determine the motion ; and prove that the free surface of the fluid 
will remain plane, and advance with a uniform velocity proportional 
to ^iff, where -or is the pressure at an infinite distance, which is sup- 
posed to remain constant throughout the motion. 

91. A solid body is floating in a liquid of variable density and 
its position is slightly changed so that the mass of liquid displaced 
remains unaltered. lif{z) be the density at a depth z, and (a;, y, z) 
the coordinates of any point in the immersed sui*face of the body, 
referred to the surface as the plane xy, prove that the point in the 
plane of floatation about which the body turns is the centre of gravity 
of that plane treated as a lamina, the density of which at the point 
{x, y) \b/(z), 

92. A mass (M) of homogeneous liquid revolves in relative 
equilibrium about a fixed axis with a uniform angular velocity such 
that the ellipticity (c) of its surface is small. If the part fiM of the 
mass were collected into an. infinitely dense material point at the 



MISCELLANEOUS PROBLEMS. 289 

centre, and the density of the remaining part (1 — ft) Jf were dimin- 
ished in the ratio of 1 — //, to 1, find what would be the ellipticiiy of 
the new surface of equilibrium supposing the time of rotation to be 
the same as before. 

93. A mass of homogeneous incompressible fluid subject to no 
external force but gravity is in motion; prove that the particles 
cannot describe circles about a common vertical axis unless the sur- 
£a,ces of equal velocity be cylinders, and find an expression for the 
angular velocity of each cylinder if all surfaces of equal pressure are 
spheres. 

94. The portions Ax, Ax, of a stretched string xAoi are of dif- 
ferent thicknesses; prove that any small transversal vibrations travel- 
ling from xto A will, on arriving at ^, be partly, reflected and partly 
transmitted to Aaf, and that the displacements due to the incident, • 
reflected and transmitted vibrations are to each other as 1 + /x : 1 — /u. 

: 2, where /x is the ratio of the velocity of propagation m Ax\x} that 
in Ax\ 

95. A homogeneous incompressible fluid, enclosed in a boundary 
which can change both in shape and area, but not in volume enclosed, 
is acted on by a force whose components are 

k k h 

^ aj + y + «' x-{-y-{-z x + y + z 

respectively ; when the time t = 0, the fluid is at rest^ and the pros- 

sure = ifcp log ^ — I ; afterwards the pressure at the boundary is 

always 

prove that the components of the velocity will always be <(y + «), 
^(« + a;), ^(aJ + y), and that the curve described by the particle, whose 
coordinates, when < = 0, were (^^, y^ «o>) ^^ ^^r its equations 

^o-yJ Vo-v a+y+« 

96. When the motion of an incompressible fluid is entirely in 
the direction of one plane and is steady, prove that, if U=C he the 
equation to a system of lines of motion, 

dU d /d'U d'U\^dU d rd'U ^ d'U\ 
dy'dx\dg(f dy" /^ dx' dyKdaf dy'J' 
' B.H. ^^ 
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97. A cylindrical vessel with its axis vertical contains liquid, 
and it is heated at the base in such a manner, that the denediy at 
a point in the liquid at a distance x above the base at a time t 
measured from a fixed epoch when the height of the liquid was «, is 
Pq(1 +m^>-7ut;)~^ If in the course of the motion which must- neces- 
sarily ensue, no vapour is given off and the liquid is always continu- 
ous, prove that the velocity and pressure are given by the equations 

mx p a , 1-^mt — nx 



mx P 9 J 



l+w«' Pq n ®(l + «i^)(l-nc)* 
assuming that there is no pressure at the upper surface. 

98. A homogeneous liquid is in motion, and P, Q are two ad- 
jacent particles, such that the projections on the coordinate axes of 
the line joining them are respectively propoi'tional to co', co'', «'", 
(see Art 154) ; shew that, during the subsequent motion of the 
liquid, the projections of the line joining P and Q will remain pro- 
portional to <!)', <!)", w". 

99. A hollow prism whose edges are vertical and ends horizontal 
has for a horizontal section the equilateral triangle ABCy of which 
Z>, Ey F are the middle points of the sides, G the centre of gravity, 
and Ky Z, M the middle points of AG, BG, CG. The prism is filled 
with water, and the whole is set rotating about a vertical axis through 
Z>. Shew that if the prism be suddenly stopped, the fluid will be 
initially at rest at A, B, 0, G ; that the initial velocities at D, E, 
F are equal, and also those at iT, Z, M\ and that the velocity at D 
is three times the velocity at iT, and in the opposite direction. 

100. If p be the density, and r the radius of a string fastened 
tightly between two points, prove that the velocity of transmission of 
transversal vibrations is 



*• V wp 



r being the tension. 



101. The diameters of the strings pf a violin, supposed to be of 
the same material, are as 2, 3, 4, 6. The velocity of transmission of 
the transversal vibrations on any string is to that on the string of 
next higher note as 2 to 3. Find the position of the sounding point,, 
supposed to be placed in the direction of the resultant of the pressures 
on the bridge of the violin, the curvature of which is neglected. 
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102. A cord is strotcbed between two points, and loaded at its 
middle point witb a small weigbt w ; adopting tbe partioular solution 
of Art (21 4), sbew tbat^ if < be tbe time of vibration of tbe cord for 
any possible note, tbe values of t are given hj tbe equation 



tan-!— ^/ — i= — n/wm-, 
{t W t) mo 



wbere I is tbe leugtb, r tbe tension, and m tbe mass of a unit of 
lengtb of tbe cord. 

103. Supposing tbe effect of friction in tbe case of aerial vibra- 
tions in a tube of uniform bore to be tbe production of a retarding 
acceleration on eacb particle equal to y* x velocity, sbew tbat tbe 
equation of motion will be satisfied by taking as tbe type of tbe 
vibrations tbe expression 



"•-•^"■"xf-NA^-'}. 



wbere a is tbe velocity of propagation. 
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Vol. I. Text, 16«. Vol. II. Translation, 6s, May be had separately. 

Plato's Gorgias, literally translated, with an 

Introductory Essay containing a Summary of the Argument. By E. M. 
COPE, M.A., Fellow of Trinity College. Svo. 7s. 

Platonis Protagoras. The Protagoras of Plato. 

The Greek Text revised, with an Analysis and English Notes. By W. 
WAYTE, M.A., Fellow of King's College, Cambridge, and Assistant Master 
at Eton. Svo. 6s. 6d. 

Plautus. Aulularia. With Notes, Critical and 

Exegetical, and an Introduction on Plautian Prosody. By Dr. WILLIAM 
WAGNER. Svo. 9«. . 

Sophocles. (Edipus Coloneus. With Notes, 

intended principally to explain and defend the Text of tiie Manuscripts as 
opposed to conjectural emendation. By the Rev. C. E. PALMER, M.A. 9*. 
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Verse-Translations from Propertius, Book Y. 

With a Revised Latin Text, and Brief English Notes. By F. A. PALEY, 
M.A., Editor of Propertius, Ovid's Fasti, &c. Fcp 8vo. 3«. 

Propertius, The Elegies of. With English Notes 

and a Preface on the State of Latin Scholarship. By F. A. PALEY, Editor 
of ^schyluB, &c. With copious Indices. 10^. %d, 

Theocritus, recensuit, brevi commentario in- 

struxit F. A. PALEY, M.A. Crown Svo. 4«. M, 

P. Yirgilii Maronis Opera. Edidit et syllabarum 

quantitates novo eo que facili modo notavit THOMAS JARRETT, M.A., Lin- 
guae HehrasB apus Gantabrigiensis Professor regius. One Vol., 8vo., price 12«. 

Translations into English and Latin, by C. S. 

CALVERLEY, M.A., late Fellow of Christ's College, Cambridge. Post 8vo. 

Arundines Cami. Sive Musarum Cantabrigien- 

sium Lusus Canori. CoUegit atque edidit HENRICUS DRURY, A.M., 
Archidiaconus Wiltonensis CoUegii Caiani in Grsecis ac Latinis Literis quon- 
dam Prselector. Equitare in anmdine longa. Editio Sexta. Curavit 
HENRICUS JOHANNES HODGSON, A.M., Collegu SS. Trinitatis quon- 
dam Socius. Crown 8vo. 7«. 6<f. 

Foliorum Silvula. Part I. Being Passages for 

Translation into Latin Elegiac and Heroic Verse, edited by HUBERT A. 
HOLDEN, LL.D., late Fellow of Trinity College, Head Master of Queen 
Elizabeth's School, Ipswich. Fourth Edition, Post 8vo. 7^. 6^. 

Foliorum Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. By HUBERT 
A. HOLDEN, LL.D. Third Edition. Post 8vo. 5*. 

Foliorum Silvula. Part HI. Being Select 

Passages for Translation into Greek Verse, edited with Notes by HUBERT 
A. HOLDEN, LL.D. Post 8vo. 8«. 

Folia SilvulaB, sive EclogaB Poetarum Anglicorum 

in Latinum et Grsecum conversse quas disposuit HUBERTUS A. HOLDEN 
LL.D. Volumen Prius continens Fasciculos I. II. 8vo. lOa. 6d. 

Foliorum CenturiaB. Selections for Translation 

into Latin and Greek Prose, chiefly from the University and College Examina- 
tion Papers. By HUBERT A. HOLDEN, LL.D. Third Edition, Post 8vo. S3, 

Progressive Exercises in Greek Tragic Senarii, 

followed by a Selection from the Greek Verses of Shrewsbuiy School, and 
prefaced by a short Account of the Iambic Metre and Style of Greek Tragedy. 
For the use of Schools and Private Students. Edited by B. H. KENNEDY, 
D.D., Head Master of Shrewsbury School. Second Edition, revised, 8vo. Se, 
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WORKS BY THE LATE J. W. DONALDSON, D.D. 

A Complete Latin Grammar. Second Edition. 

Very much enlarged, and adapted for the use of University Students. 
8vo. 14«. 

The enlarged Edition of the Latin Grammar has been prepared toith the same 
object as the corresponding work on the Greek Language. It is, however, 
especially designed to serve as a convenient handbook for those students who 
wish to acquire the habit of writing Latin; and with this view is furnish^ 
with an Antibarbarus. with a full discussion of the most important synonyms, 
and with a variety of information not generally contained in works of this 
description. 

A Complete Greek Grammar. Third Edition. 

Very much enlarged, and adapted for the use of University Students. 
8vo. I6s. 

This enlarged Edition has been prepared with the intention of placing ivithin 
the reach of Students at the Universities, and in the highest classes at Schools, 
a Manual of Instruction and Reference, which, without exceeding the limits 
of the most popular works of the kind, would exhibit a more exact and 
philosophical arrangement of the materials than any similar book; uwuld 
connect itself more immediately with the researches of comparative I'hilologers ; 
and would contain the sort of information which the author's long experience 
as a teacher and examiner has indicated to him as most likely to meet the 
actual wants of those who are engaged in the critical study of the best Greek 
authors. 

Without being formally based on any German work, it has been written with 
constant reference to the latest and most esteemed of Greek Grammars used on 
the Continent. 

Index of Passages of Greek Authors quoted or referred to in Dr. Donaldson's 

Greek Grammar, price Qd. 

Varronianus. A Critical and Historical Intro- 
duction to the Ethnography of Ancient Italy and to the Philological Study 
of the Latin Language. Third Edition, revised and cortsiderably enlarged. 
8vo. 16«. 

Independently of the original matter which will be found in almost every page, 
it is believed that this book presents a collection of known facts respecting the 
old languages of Italy which will be found in no single work, whether British 
or Foreign, and which must be gleaned from a considerable number of rare 
and expensive publications ; and while the lists of Oscan and Etruscan glosses, 
and the reprint of fragments and inscriptions, may render the treatise an 
indispensable addition to the dictionary, and a convenient manual for the 
professed student of Latin, it is hoped that the classical traveller in Italy will 
firid the information amassed and arranged in these pages, sufficient to spare 
him the trouble of carrying with him a voluminous library of reference m 
regard to the subjects of which it treats. 

The Theatre of the Greeks. 

A Treatise on the History and Exhibition of the Greek Drama : with various 
Supplements. Seventh Edition, revised, enlarged, and in part remodelled; 
with numerous illustrations from the best ancient authorities. Svo. 14«. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University Teachixig. 
A Practical Essay on Liberal Education. Grown Svo. 6s. 
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The Greek Testament : with a Critically revised 

Text; a Digest of yarious Readings; Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Commentary. 
For the Use of Theological Students and Ministers. By HENRY ALFORD. 
D.D., Dean of Canterbury. 4 vols. 8vo. Sold separately. 

Vol. I. FiETH EDITION, Containing the Four Gt)spels. 1/. 8». — ^Vol. II. fifth 
EDITION, containing the Acts of the Apostles, Epistles to the Romans and 
Corinthians. 1/. 49. — Vol. III. fou&th edition, containing the Epistles 
to the Gralatians, Ephesians, Philippians, Colossians, Thessalonians, — ^to 
Timotheus, Titus, and Philemon. 18«. — ^Vol. IV. Part I. third edition. 
The Epistle to tiie Hebrews : The Catholic Epistles of St. James and 
St. Peter. 18«. — Vol. IV. Part II. third edition. The Epistles of 
St. John and St. Jude, and the Revelation. 14«. 

Companion to the Greek Testament. Designed 

for the use of Theological Students and the Upper Forms in Schools. By A. C. 
BARRETT, M.A. Second Edition^ revised and enlarged. Fcp. 8yo. ba. 

An Historical and Explanatory Treatise on the 

Book of Common Prayer. Bv W ILLIAM GILSON HUMPHRY, B.D., late 
Fellow of Trinitv Colle^, Cambridge ; Vicar of St. Martin's in the Fields, 
Westminster. Third Edition, revised and enlarged. Fcp. 8vo. 49. M. 

Annotations on the Acts of the Apostles. De- 
signed principally for the use of Candidates for the Ordinary B.A. Degree, 
Students for Hofy Orders, &c., with College and Senate-House Examination 
Papers. By the Rev. T. R. MASKEW. Second Edition, enlarged, 12mo. 6a. 

Tertnlliani Liber Apologeticns. 

The Apology of Tertullian. With English Notes and a Preface, intended as 
an introduction to the Study of Patristical and Ecclesiastical Latinity. By 
H. A. WOODHAM, LL.D. Second Edition, 8vo. 8«. 6rf. 

The Mathematical and other Writings of Robert 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity College, with a Biographical 
Memoir by the Very Reverend HARVEY GOODWIN, D D., Dean of Ely. 
8vo. 16«. 

The Mathematical Writings of Duncan Farquhar- 

SON GREGORY, M.A., late Fellow of Trinity CoUege, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinity College, Cambridge. With a 
Biographical Memoir by ROBERT LESLIE ELLIS, M.A., late FeUow of 
Trinity College. 8vo. 12«. 

Astronomy and General Physics considered with 

reference to Natural Theology (Bridgewater Treatise). By the late Rev. W. 
WHEWELL. New Edition, uniform with the Aldine Editions. 6a. 

Lectures on the History of Moral Philosophy 

in England. By the late Rev. W. WHEWELL, D.D., Master of Trinity 
College, Cambridge. New and Improved Edition, with Additional Lectures. 
Crown 8vo. 8«. 

The Additional Lectures are printed separately in Octavo^ for the convenience 
of those who have purchased the former Edition. Price 3«. 6d. 
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Elements of Morality, including Polity. By the 

late Eev. W. WHEWELL, D.D. New Edition, in 8vo. 16«. 

Kent's Commentary on International Law, re- 
vised with Notes and Cases brought down to the present time. Edited by 
J. T. ABDY, LL.D., Barrister at Law, Regius Professor of Laws in the Uni- 
yersity of Cambridge, and Law Lecturer at Gresham College. 8vo. 16«. 

A Manual of the Roman Civil Law, arranged 

according to the Syllabus of Dr. Hallifax, Designed for the use of Students in 
the Universities and Inns of Court. By G. LEAPING WELL, LL.D. 8vo. 12». 

A Syriac Grammar. By G. PmLLiPS, D.D., 

President of Queens' College. Third Edition, revised and enlarged, Svo. 7«. 6e^ 

A Concise Grammar of the Arabic Language. 

By W. J. BEAMONT, M.A. Revised by Shkikh Ali Nady el Bahbany, 
one of the Sheikhs of the El Azhar Mosque in Cairo. 12mo. 7«. 

The Student's Guide to the University of 

Cambridge. Seeond Edition, revised and corrected in accord- 
ance with the recent regulations. Fcap. 8vo. 5*. 

This Yolume is intended to give such preliminary information as may he useAil to pareu^: -^o 
are desirous of sending their sons to the University, to put them in possession of tiie leta..^g 
facts, and to indicate the points to which their attention should be directed in seekhig fiirther 
information from the tutor. 

Suggestions are also given to the younger members of the University on expenses and course of 
reading. 

CONTSMTS. 

Introductiox, by J. B. Seelet, M.A., FeUow On Law Studies and Law Degrees, by J. T. 
of Christ's College, Cambridge. Abut, LL.D., Regius Professor of Laws. 

°° ^^\.l^:^^^^i-YX^^i Medical8tudyandDegrees.byO.M.H.K™.T. 

Hall. ^•^* 

On the Choice ofa College, by J. B.Sbelby,M.A. On Theological Examinations, by the Bight 
On the Course of Raiding for tiie Classical Bev. the Lono Bishop or Ely. 

Oa ,S? oS.Sw'^X^r the Ma«.em.tical giJ^™"' «•*-. ^ Fellow It Magdalene 

Tripos, by the Rev. W. M. Campion, Fellow ^""^ge. 

and Tutor of Queens' College. Examinations for the Civil Service of India, by 
On the Course of Reading for the Moral Sciences the Rev. H. Latham. 

Tripos, by the Rev. J. B. Matoe, Fellow Local Examinations of the University, by H. J. 

and 'Tutor of St. JoWs College. Roby, M.A., late FeUow of St John's 

On the Course of Reading for the Natural College. 

Sciences Tripos, by J. D. Liveino, M.A., ^ , ^ * , 

Professor of Chemistry, late Fellow of St. -Diplomatic Service. 

John's College. Detailed Account of the several Colleges. 

Cambridge Examination Papers, 1859. Being 

Supplement to the Cambridge University Calendar. 12mo. 6a. 
Containing those set for the Tyrwhitt's Hebrew Scholarships. — Theological 
Examinations. — Cams Prize. — Crosse Scholarships. — Law Degree Ex- 
amination. — Mathematical Tripos. — The Ordinary B.A. Degree. — Smith's 
Prize. — University Scholarships. — Classical Tripos. — Moral Sciences 
Tripos. — Chancellor's Legal Medals. — Chancellor's Medals. — Bell's Scho- 
larships. — Natural Sciences Tripos. — Previous Examination. — Theological 
Examination. With Lists of Ordinary Degrees, and of those who have 
passed the Previous and Theological Examinations. 
The Examination Papers of 1856, price 2«. 6^. ; 1857 and 1858, 3<. ^., may still 

be had. 
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